A FOURIER APPROACH TO LEVINE’S HAT PUZZLE

STEVEN HEILMAN AND OMER TAMUZ

ABSTRACT. We consider Lionel Levine’s notorious hat puzzle with two
players. Each player has a stack of hats on their head, and each hat is
chosen independently to be either black or white. After observing only
the other player’s hats, players simultaneously choose one of their own
hats. The players win if both chosen hats are black. In this note, we
observe an upper bound on the probability of success, using Chang’s
lemma, a result in Boolean harmonic analysis.

1. INTRODUCTION

Fix n > 1, and let X1,...,X,,,Y1,...,Y, be independent identically dis-
tributed random variables with P[X; = 1] = P[X; = —1] = 1/2. Denote
X = (X1,...,Xpn), Y = (Y1,...,Y,). The two player version of Lionel
Levine’s notorious hat puzzle is to find f,g: {—1,1}" — {1,...,n} that
maximize

(1.1) Uty =P[Xfy) = Yyx) =1].

The interpretation is that f, g are the players’ strategies, and X; = 1 if the
first player’s ¢th hat is black, and Y; = 1 if the second player’s ith hat is
black. Hence the expression in (1.1) is the probability that both players
choose a black hat.

We would like to understand how high this probability can be. Let [n] =
{1,...,n}, let

Up=max{Us, : f,g: {—1,1}" = [n]},

and observe that U,11 > U, for all n > 1. We would like to know U :=
limy, 00 Up, = sup,,>1 Unp.-

It was conjectured in [BFGT22, AFKK23] that U = 7/20 = 0.35. In
[BFG122] it was shown that U > 7/20, and, using a simple argument, that
U < 3/8 = 0.375. Using a computer assisted proof, they improved this
upper bound to U < 81/224 ~ 0.3616. As far as we know, this is the best
known upper bound.

In this note we take a Fourier approach to this question. While we do
not improve the best known upper bound, our technique yields that U <
0.37406, without computer assistance (Theorem 1). A longer, additional
argument leads to the slightly improve bound U < .37193.
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We can write (1.1) as
1 1
Urg =E|5(Xsr) +1) - 5Fe0 + 1]

and since X and Y are independent, ]E[Xf(y)] = 0, and so Uf, can be
rewritten as

1

Ufg = ZE[Xf(Y) ’ Yg(X)] +

1
1
Maximizing this expression over f, g is of course equivalent to maximizing

(1.2) Wig i =E[Xfy) - Yoo

This corresponds to a game in which the two players win a dollar if the
colors of their chosen hats match, and lose a dollar if they mismatch. This
equivalent form will be more convenient for our purposes.

To see the connection to boolean harmonic analysis, given f,g: {—1,1}" —
[n] and 1 <4, j < n, denote

Fij = E[Y; - Lifv)=5)
(1.3) Gij = E[X; - Lg(x)=})-

A first observation (Lemma 3.1) is that

(1.4) E[X ) Yyx)] = Y FiiGiie
ij=1

The advantage of this representation is that F;; depends only on f, and Gj;
depends only on g. Moreover, these are simply the level one Fourier coeffi-
cients of the level sets of f and g. Indeed, given a function ¢: {—1,1}" — R,
its Fourier transform ¢: 2"l 5 R is given by

(1.5) 3(S) =E .

p(V)- 1]V

1€S

When S = {i} is a singleton we write ¢(i) := @({i}). Then Fj; (L2 ©;(),

where ¢; = Il{f:j}.

A useful consequence of (1.4), which we will exploit, is that it implies
that W; , can be upper bounded using the Cauchy-Schwarz inequality, given
estimates of Fj; and Gj;:

n n
E[Xpw)Ya)] < | D FE > Giy
ig=1 i =1



2. BOOLEAN HARMONIC ANALYSIS

Fixn > 1, and consider the vector space RI=11" of functions h: {-1,1}" —
R. Define an inner product on our vector space by

(h,u) := E[h(X) - u(X)], for all h,u € RI=L1}",

We will use two important results. The first is Plancherel’s Theorem,
which states that given h,u: {—1,1}" — R,

(2.1) (hyu)y = > hW(S)a(S).
SCln]
The second (and less trivial) result is Chang’s inequality.

Lemma 2.1 (Chang’s Inequality, [[MR14],[0’D14, page 126]).
Let h: {—1,1}" — {0,1}, and denote o := P[h(X) = 1]. Then

(2.2) > [h(k)[? < 207 log(1/a).
k=1

Here log denotes the natural logarithm.
The bound of (2.2) is tight for small « tending to zero. Another bound
is useful for large a:

Lemma 2.2. Let h: {—1,1}" — {0, 1}, and denote o := P[h(X) = 1]. Then
>Rk < a2
k=1

Proof. Let u(z) = h(—z), and note that u(S) = (—1)'5@(5’). Hence, by
Plancherel (2.1),

(hyuy = > (—=1)ISIA(S) 2.

5C[n]
It follows (again by Plancherel) that
(2.3) (hoh—uy=2 > [W(9)
SCln]: |S] odd

Since |h|? = h,
o = B[A(X)] = E[h(X) - h(X)] = (h,h).

Additionally, (h,u) > 0 since h,u > 0. Thus,
(2.3)

S RSP <

SCln]: |S] odd

%((h,h} (b)) < (Y2 < af2.

Finally, since S = {k} is of odd size, we have that

YolhmP< D> RSP <a/2
k=1

SC[n]: |S| odd



O

Putting these lemmas together we have that for any h: {—1,1}" — {0,1}
and a = P[h(X) = 1] it holds that

(2.4) Z| (E)|? < min{2a?log(1/a), a/2}.
k=1
3. PrROOFS
Recall that
1 1
U =su El-(X +1) - =(Y, +1)].
w2t fgs (10 [2( s #1500 +1)
Our main result is the following.

Theorem 1. U < 0.37406.

In fact, with some additional effort we improve this bound to U < .37193
in Section 4.
It will be more convenient to study

W =4U — 1 =su max X Y '
n>Il)f,g {(~L,1}"—[n] E[Xj(r) - Yorx)]

In terms of W, Theorem 1 states that W < 0.496235. We prove this theorem
in the remainder of this note.
We begin by showing (1.4).

Lemma 3.1. For any f,g: {-1,1}" — {1,...,n} we have

IE’[XJ“(Y g(X Z Fi;Gji.
i,j=1

Proof. Using the independence of X and Y,

E[Xjy) Yy = Z E[X;-Yi- Ligx)=iy - Lipor)=j)

In the next lemma we show that W < 1/2 (corresponding to U < 3/8, as
in [BFG'22]), and that this bound can be furthermore improved if we can
restrict the probability that f (or g) is large.



Lemma 3.2. Let k>0 and let 0 < € < 1/4. Assume that
(3.1) Plg(X) > k] < c.
Then .
E[X ) Yo0] < 5 — (1— 427"
Proof. Recall our notation Wy, = E[X )Yy X)]. Since X is independent
of Y, since X and —X have the same distribution, and since Y and —Y have
the same distribution, (X,Y) has the same joint distribution as (X, -Y),
(—X,Y) or (—X,-Y). Hence
Wig = E[=X5(v)Yox)] = B[=X50) Yo x0] = E[X ) Yo-x)]-
Summing these and rearranging yields
AWpg = E[(X5(v) = Xp(-v) Yorx) = Yo-x))]-
Let By be the event that Y7 = Yy = -+ = Y;_1, and note that P[By] =
2~(k=2) Write
AWrg =E[(Xfr) = Xp3) Vorx) = Yo-x)) sy
(3.2) +E|(Xy0) = Xy Voo = Yo-x) L}

Consider the first term on the right hand side. Since Plg(—X) > k] =
Plg(X) > k] < ¢, we have that P[g(X) > k or g(—X) > k] < 2, by the
union bound. Now, if g(X) < k and g(—X) < k then, under the event By,
Yg(X) = Yg(fX)- Hence
Yox) = Yo-x)) - Limyy = (Yo0x) = Yo-x)) - Lg(x)2k or o~ x)2k) * LBy}
We thus have by independence of X and Y that
E[(Xs(v) = Xp-v) Yorx) = Yo=x)) sy
= E[(X5(v) = Xp-v) - Vo) = Yo(-x)) - Lig(x)2k or o(- X2k} - LBy )]
<SE[4- Ligx)2k or g(~x)2k} * 1py ]
— 4P[g(X) > k or g(~X) > k, By]
— 4P[g(X) > & or g(~X) > KIP[By]
< 82~ (=2,

Consider now the second term on the right hand side of (3.2). Noting
that P[Xf(y) = Xf(,y)‘Y = y] > 1/2 for any y, we get that

E[(Xg0r) = X)) (Vo) = Yyx)) U | < 2P[B] = 2(1 — 27472,
Substituting these two bounds back into (3.2) and diving by 4, we get

1

1
<2 (k—2) o= (k=2) _ 1 k+1
Wsg 1 (862 +2(1-2 ) =3 (1 —4e)2 .



Finally, let us apply the upper bound (2.4) to the case not covered by
Lemma 3.2.

Lemma 3.3. Let Qf C [n] be 8 indices (or n indices if n < 8) i € [n] with
the largest values of P[f(X) = i]. Similarly define Q4 C [n]. Assume that

PIf(X) ¢ Q] >.009079  and  Plg(X) ¢ Q] > .009079.

Then

Proof. For any j € [n|, define o := P[f(X) = j], and recall that Fj; :=
Il{/f:\J}(z) We prove the claim by bounding the quantity

> IF

j=1 i=1

(3-3) 1 ==

Indeed, by (1.4) and the Cauchy-Schwarz inequality we have that
E[XoYreo] < IFI-1IG],

and so it suffices to show that || F||2, |G||* < 0.4962357.

Without loss of generality, we can apply a permutation to [n] so that
Plf(X)=1] > P[f(X)=2] > --- > P[f(X) = n], and the assumption on f
becomes

P[f(X) > 8] > .009079.

Since we have already applied the Cauchy-Schwarz inequality, we can apply
another permutation to [n] to similarly get this conclusion for the function
g. Below we will only bound || F||, the case of g being identical.

Denote o’ ~ .116101 as the unique 0 < a < 1/2 such that 2a?log(1/a) =
/2. Since (Fy;)i; are the first level Fourier coefficients of 1;;_;;, we can
use (2.4) to upper bound | F|? by

n

o
(3.4) 3y (2%2 log(1/;)1a, <ar} + ?Jl{ajzw}).
j=1

Subsequently, and given the lemma hypotheses, we can bound ||F||? by the
maximum of (3.4) subject to the constraints:

n n
(3.5) S >.009, ar>ar>c>an Y oaj=1
j=9 Jj=1

These constraints imply ag < 1/9. Note also that 1/9 < o/. The function
z(a) = 202 10g(1/a)l{qcary + (@/2)1{a>qr} is convex for 0 < o < o and
linear for o/ < a < 1. So, if ag, a9, ... is a maximum of (3.4) subject to
the constraints (3.5), we may assume that aq,...,a3 > o/, o = 0 for all
j > 9, and therefore ag < 1 — 8¢/ < .0712, since z(«) is strictly convex
for 0 < a < 1/9, and all a; with j > 9 are in this region. The function
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a = (1 —a)/2 +2a%log(1/a) is convex for 0 < a < .0712, so (3.4) is at
most 4a’ + 2(1 — 8a/)?log(1/(1 — 8a’)) < .4912, or

8
202 log(1/ag) Z %

(009079) log(1/.009079) + (1 — .009079)/2 ~ .49626356.
O

Combining with Lemma 3.3 then gives an unconditional upper bound
which is worse than that of [BFG™22], albeit without computer assistance.

Proof of Theorem 1. Let f,g: {—1,1}" — [n]. Let Qy C [n] be 8 indices (or
n indices if n < 8) i € [n] with the largest values of P[f(X) = ¢]. Similarly
define Q4 C [n].

Suppose for now that Plg(X) ¢ Q4] < .009079. After applying a permu-
tation to [n], we may assume that P[g(X) > 8] < .009079. Then we can
apply Lemma 3.2 with £ =9 and € = .009079 to get

1
E[X,) Y] < 5 = (1 4(.009079))27° ~ 0.4962356.

As discussed after the statement of Theorem 1, this proves Theorem 1, since
(1+ .4962357)/4 < .37406. We get the same conclusion from Lemma 3.2 if
Pf(X) ¢ Q¢] <.009079. The only remaining case to consider is:

P[f(X) ¢ Q] >.009079 and P[g(X) ¢ Q,] > .009079.

In this case, Lemma 3.3 concludes the proof. [l

4. A SMALL IMPROVEMENT

The proof of Lemma 2.2 gives a stronger inequality than the statement of
Lemma 2.2, namely: if h: {—1,1}" — {0, 1}, and if a := P[h(X) = 1], then

(4.1) ShkP<s- > RSP
k=1

|S|>3 odd

So, lower bounding the last quantity leads to an improved bound in Lemma
2.2, which then leads to better constants in Chang’s inequality and the proof
of the Main Theorem 1. This lower bound is stated in Lemma 4.1 below.

There are exactly two cases where the last term in (4.1) is zero, namely
when h = 1 on a subcube of measure 1/2 or 1/4. This follows since this
term is zero when (h + h(—-))® = h + h(—-), which implies that h + h(—-)
has at most two nonzero terms in its first order coefficients. The restriction
that h € {0,1} can then be used to show that these nonzero coefficients have
value either 1 or 1/2. One can “add epsilons” to this argument to obtain
a worse version of Lemma 4.1. We instead prove Lemma 4.1 using other
elementary methods.



FIGURE 1. The solid line shows the upper bound on squared
first order Fourier coefficients from (2.4). The dotted line
shows the better (smaller) upper bound from Lemma 4.1.
No improvement to (2.4) is possible when x = P[A4] €

{1/4,1/2}.

In this section we denote ||f|| := (E[f]*)"/2 for any f: {—1,1}" — R.
Lemma 4.1. Let A C {—1,1}" with AN (—A) =0. If
> LAy (S)]? < .000422,

SC[n]: |S|>30dd
then

Z |]l/{X}(S)‘2 > imin ((2}?[,4])”-6938—1/.697
SCln]: |S|>30dd

[\/4 +4(34)(1/2 — 2P[A]) — 2} 2/.69
68
N [\/4 — 4(40)(1/2 — 2P[A]) — 2}2/.69
80
[\/16 +4(32)(1 — 2P[A]) — 4} 2/.69
64
Proof. Let A C {—1,1}" such that AN(—A) = () and let g := (L43 —1{_4})
so that g: {—1,1}" — {—1,0,1}. Let f: {—1,1}" — R be a linear function
that minimizes

Lipraj<1/4y

Lipra>1/4}

1IP>[A]<1/2>

2
llg — €Il
over all linear functions ¢: {—1,1}" — R. That is, f is the closest possible
linear approximation to g. Write

(4.2) fz) = Za,;xi, Voe{-1,1}".



for some aq,...,a, € R. Define
(4.3) ei=f—gl.
For any 1 <i < n, define
fi(x) = f(z1, ..., Tim1, —Tiy T 1, - -, Tn)s Vaee{-1,1}".
Fix 0 < ¢ < 1 to be chosen later. Since g € {—1,0, 1},
Plf ¢ ({—1,0,1} 4 [—€% €]
<Plf — gl > ] < |If - g jere L) 200,
Similarly, V 1 <i < n, g;(z) :== g(x1,...,Ti—1, —Ti, Tit1,...,Ty) satisfies
| fi — gill = €, and
P(fi ¢ ({=1,0,1} + [—¢,€])] < €079
Combining with (4.4), we get
Pf + f; ¢ {—2,—1,0,1,2} + [—2¢¢,2¢°]] < 262179,
By (4.2), f 4+ fi = 2a;x;, so
Plaz; ¢ {—1,—-1/2,0,1/2,1} + [—€%, €] < 2279, V1<i<n.

(4.4)

1
That is, if € < (1/2)20-9, we have
(4.5) a; € {—1,-1/2,0,1/2,1} + [—€%, ¢, V1<i<n.

We split into cases by how many indices i satisfy |a;| > € in (4.5).
Case 1. 31 < i <n with |a;] € 14 [—€, €.
Case 2. All 1 <1 < n satisfy

a; € [—€, €.

Fix 1 <4 < n. From the Berry-Esseen CLT [JH24, Equation (2)], if G is a
mean zero Gaussian random variable with variance 1, then

n
Z a; X; <t
=1

In particular, choosing t = €® and t = 1 — €, and using |a;| < € for all
1<1<n,

sup |IP -P|G

teR

n
1.12¢¢
‘P[e°<f(X)<1—eC]—IP’ € <G E a? <1—¢ 376.
; no 2
i=1 die1a;

If e < (1/2)Y/(=9)] then (4.4) (and that f, f(—-) have the same distribution
to get an extra 1/2 factor on the right) imply that

(1=e)// iy g=22/2, 1.12¢¢
/ Pz -y 112
/Sy a? V2m S a?

i=1""

(4.6)
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If €¢/4/>°" | a? < 1/6, then we get

i=1 "

1-1/6 €7z2/2dz

" < 20994 1.12/6.
/1/6 V2T / /

That is,
231488 < €2(179) /2 1 18666,
which implies that e2(17¢) > 089656.
In other words, if € < .089656"/2(1=9)] we have shown that ¢/ Srjal <
1/6 does not occur, i.e.

n
Z a? < 36¢%.
=1

That is,

(4.2)
IfI[* < 36€%.

Case 3. Case 1 does not occur, and 3 exactly two 1 < i < j < n
with |a;|,|aj] € 1/2 4 [—€°,€°]. Then all other coefficients are at most €° in
absolute value, so applying Case 2 to the function f — (a;z; + a;jx;) gives

If = (aizi + ajz;)||* < 3662
Compared to Case 2, instead of using (4.4) in (4.6) we use
Plf = (aizi + ajz;) ¢ ({=2,-1,0,1,2} + [—€% €T)]
< PIf — (aiwi + ajz;) — [g — (asi + a;z;)]| > €]
<|If - 9||2 /e (43) 20—c)
Case 4. Case 1 does not occur, and 3 exactly one, three or four indices
1 <i < nwith |a;| € 1/2+ [—€°, €°]. This case is similar to Case 3, but (e.g.
in the case of exactly one index) we get
If — aizi||* < 36€%,
which then implies that, for any ¢ > 0,
PIf ¢ {=1/2,1/2} +t[—€, €]
<Pl f — aimi| > te] < || f — agql|*/[t2€*] < 36/t
But this violates (4.4) when ¢ = 7, so that €2(1=%) < 13/49 (and (t41)e° < 1,

ie. €€ < 1/8), i.e. this cannot occur for small e. Similarly, with exactly three
indices a;, aj, aj near 1/2, we have {(z) := a;x; + ajx; + agpxy and

P[f gé {_3/27 _1/27 1/27 3/2} + t[_3667 366“
< PlIf = U2)| > 3te] < ||f — L(x)|?/[°9¢7] = 4/°.
But this violates (4.4) when ¢ = 2.1, so that €217 < 41/4.41 (and (3t +

1)e¢ < 1/2,ie. € < 1/(2-7.3)), i.e. we cannot have exactly three indices of
this form.
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The remaining case of exactly four indices satisfying |a;| € 1/2 4 [—€€, €]
cannot occur for € small, but we do not need to rule this out, since it will
not improve our bounds later on.

Combining all cases

From the Pythagorean Theorem in the form |f||* = ||f —¢|* + ||¢]|°,
where / is a linear function containing some coefficients of f (depending on
the above case under consideration), if € < (1/2)Y/(20=¢) then

(D) [1F17 > (1 —€)? =1 — 2 + €%, or

(2) IFII° < €+ 36¢%, if € < .0896561/21=) or

(3) IIFIIP > 2(1/2 — €)? — 3662 = 1/2 — 2¢° + 2% — 36¢%, if € <
0896561/ 0= or || f]|* < 1/2 — 2¢° + 38€%¢, or

(4) IFII > 4(1/2 — €9)% — 3662 = 1 — 4e° + 4e% — 36¢%, if € < 1/14.6.

Then, from the Pythagorean Theorem in the form ||g||* = || f — gl|*+ | fII,

we have: if € < .089656'/[2(1=9)] and if ¢¢ < 1/14.6, then
(1) ||9|| (1—6) =12+ >1-2¢, or
(2) |lg|l* < 2€2 + 36¢2¢ < 38¢2¢, or
(3) Ilgll* > 2(1/2 — €9)2 — 36€2¢ + €2 > 1/2 — 2¢° — 34€%€, or
llgl|? < 1/2 — 2€° + 40€%, or
(4) |lglI* > 4(1/2 — €9)2 — 3662 + €2 > 1 — 4e® — 32¢2C.
Substituting the definition of € from (4.3), and solving for €2 or €,

<mnf—mﬁz2*gu—uw%Waﬁnw2§L
2) |f —gl* > |lg]|*/ 381/,
(3) |If — gll° > YAHAGVULNGD=2 45002 <179 o

If = glle > YA1W2aD=2 g 012 > 179 or
e
(4) |If — g||c > YAHAEDANADA Hip 19112 < 1.

So, putting everything together, and noting that ||g||> = 2P[A], since
AN (—A) =0, either (1) through (4) hold, or

If — g|l* > min (.0896561/(1"3)7 (1/14.6)2/0)

So, choosing ¢ = .69, we get, either ||f — g||* > .000422, or

1 = gll” = min (272901 = 2PLA) O pi 1y, (2P[A]) 3871,

[\/4 +4(34)(1/2 — 2P[4]) — 2}2/.69
68
V4 —4(40)(1/2 — 2P[A]) — 272/69
+| o |
V16 +4(32)(1 — 2P[A]) — 472/69
| o1 ]

Lipraj<1/4y

Lipa)>1/4}»

]l{[P’[A]<1/2})

Since



12

If=gl*=||f — (Lay - ﬂ{_A})H2 =4||f/2 - (Lay — 11{_A})/2H2
=4 > [Ta()*

|S|>3 0dd

We finally conclude the lemma, noting also that the first term in the mini-
mum is an upper bound for the last term, i.e. we can remove the first term
from the minimum.

O

We used an assumption that A = —A in the previous Lemma, which is
justified by the following structural result for Chang’s inequality maximizers.

Lemma 4.2. Let A C {—1,1}" and let o := P(A). Let z := E[X14(X)] €
R™. Suppose A mazimizes Y ., |15(i)|* subject to the constraint P(B) = «
over all B C {—1,1}". Then A is a half space, i.e. 3 u € R such that

A={xe{-1,1}": (z,2z) > u}.

Proof. Let t € R and S; := {x € {—1,1}": (x,z) > t}. Let u := inf{t €
R: P(S;) < P(A)}. We will first show that, for any € > 0,

Su-i—e C A

Assume for the sake of contradiction that this does not occur. Then there
exists z € A,y ¢ A and t € R such that (z,z) < ¢ and (z,y) > t. Consider
the set A’ defined by A" := (A\ {z}) U {y}. Denote 2z’ := E[X14/(X)] € R".
Then

SO Ta@F =3 IA@P = 1 - =

= ||z =22+ 27" - |2
=227z, y—a) + 27 ly — 2 ?.

By definition of x,y,t, we have (z,y —x) > 0. So,

n n
DT @ =D [La@)f > o.
i=1 =1

We have achieved a contradiction. We conclude that A D S, ..

We now consider what happens when € = 0. By definition of S, we have
P(Sute) < P(A) < P(S,). If P(S,) = P(A), we conclude that A = S,,
and the proof is completed. In the remaining case that P(S,) > P(A), the
cardinality of 0.5, := {z € {—1,1}": (z,2) = u} is larger than one. So, let
x,y € 05, with x € A and y ¢ A. Repeating the above argument, we arrive
at a contradiction. We conclude that A = S, as desired. O
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Proof of Improvement to Theorem 1. Combining Lemma 4.1 with (4.1) and
Lemma 2.1 we have: if h: {—1,1}" — {0,1}, and if a := P[h(X) = 1], then

Z [h(k))? < min [2042 log(1/a),
k=1

a 1 . 1/.6999—1/.69
S~ g min ((QP[A]) /-6938=1/.69,
(4.7) [\/4 +4(34)(1/2 — 2P[4]) — 2} 2/.69
68
N [\/4 — 4(40)(1/2 — 2P[A]) — 2}2/69
80
V16 +4(32)(1 — 2P[A]) — 472/69
| o |7 e
The last quantity is depicted as the dotted line in Figure 1.
Let f,g: {—1,1}" — [n]. Let Q¢ C [n] be 6 indices (or n indices if n < 6)
i € [n] with the largest values of P[f(X) = i]. Similarly define 2, C [n].
Suppose for now that Plg(X) ¢ Q4] < .0168995. After applying a permu-
tation to [n], we may assume that P[g(X) > 6] < .01270673. Then we can
apply Lemma 3.2 with £ = 7 and € = .01270673 to get

Iplaj<1/4

Ipia)>1/4

1
E[Xyv)Y7x)] < 5~ (- 4(.01270673))2~% = 0.485169170625.

As discussed after the statement of Theorem 1, this proves Theorem 1 with
the bound

U = (14 .485169173)/4 < 0.37129229325.

We get the same conclusion from Lemma 3.2 if P[f(X) ¢ Qf] < .01270673.
The only remaining case to consider is:

P[f(X) ¢ Q] > .01270673 and P[g(X) ¢ €] > .01270673.

In this case, as in Lemma 3.3 it suffices to upper bound || F'||? by .485169173.
It then suffices to maximize the sum of the right side of (4.7), as in (3.4),
subject to the constraint

n n
D a; > 01270673, a1 > Zam, Y o5 =1
j=7 Jj=1

These constraints imply 01270673 < o < 1/5 for all 5 < j < 7. In this
range of values, the smallest value of the right side of (4.7) occurs when
a; = .01270673 for all 5 < j < 7 (which can be verified numerically). Also,
this value occurs where the right side of (4.7) is equal to 204? log(1/a;) for
each 5 < 7 < 7. If ag, as, ... maximizes a sum of the terms on the right of
(4.7) subject to these constraints, we then get an upper bound of the form

1—3s)/2+3-2s%log(1
se[.011217136}%3,1/5} <( 5)/2+ 5" log( /3)>
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which is achieved as s = .0168995 with value
(1 —5(.01270673))/2 + 5 - 2(.01270673)? log(1/.01270673) < 0.485169173.
We therefore improved Theorem 1 from a bound of .37406 to a bound of

.37193.
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