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ABSTRACT. Let X and Y be two real-valued random variables. Let (X;,Y7), (X2, Y2),...
be independent identically distributed copies of (X,Y’). Suppose there are two players A

and B. Player A has access to X1, X5,... and player B has access to Y7,Y5,.... Without
communication, what joint probability distributions can players A and B jointly simulate?
That is, if k, m are fixed positive integers, what probability distributions on {1,...,m}? are

equal to the distribution of (f(X1,...,Xz), g(Y1,...,Y%)) for some f,g: R¥ — {1,...,m}?
When X and Y are standard Gaussians with fixed correlation p € (—1,1), we show that
the set of probability distributions that can be noninteractively simulated from k& Gaussian
samples is the same for any k& > m?. Previously, it was not even known if this number of
samples m? would be finite or not, except when m < 2.
Consequently, a straightforward brute-force search deciding whether or not a probability
distribution on {1,...,m}? is within distance 0 < ¢ < |p| of being noninteractively simu-

lated from k correlated Gaussian samples has run time bounded by (5/¢)™(1o8(c/2)/log |p|)m2’
improving a bound of Ghazi, Kamath and Raghavendra.

A nonlinear central limit theorem (i.e. invariance principle) of Mossel then generalizes
this result to decide whether or not a probability distribution on {1,...,m}? is within
distance 0 < € < |p| of being noninteractively simulated from k samples of a given finite
discrete distribution (X,Y) in run time that does not depend on k, with constants that
again improve a bound of Ghazi, Kamath and Raghavendra.
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1. INTRODUCTION

Let (X,Y) € R x R be a random vector. Let (X1,Y)), (Xs,Y2),... be independent iden-
tically distributed (i.i.d.) copies of (X,Y"). Suppose there are two players A and B. Player
A has access to X, Xs, ... and player B has access to Y7, Ys,.... Without communication,

Date: February 21, 2022.

Key words and phrases. information theory, noninteractive simulation, correlated random variables, noise
stability.

S. H. is Supported by NSF Grant CCF 1911216.



what joint distributions can players A and B jointly simulate? That is, what joint distri-
butions can be noninteractively simulated by the two players? Put another way, if k, m are
fixed positive integers, what probability distributions on {1,...,m}? can be written as the
distribution of (f(X1,...,Xs), g(Y1,...,Ys)), where f,g: R¥ — {1 ..., m}? Put another
way, how can the “correlation information” of random samples from (X, Y’) be reformulated
using functions of those random samples?

The statement of this noninteractive simulation problem was attributed to Slepian by
[Wit'75] without reference, perhaps as a reference to [SW73]. As a preliminary example, note
that if X is independent of Y, then (f(Xy,..., Xk), g(Y1,...,Y%)) has a product distribution,
so we cannot write any non-product distribution as (f(Xi,..., Xx), g(Y1,...,Y%)) in this
case. But if X is not independent of Y, then it can be much harder to determine which
distributions can or cannot be written as (f(X1,...,Xy), g(Y1,...,Ys)) for any k& > 2, for
some f,g: R¥ — {1,...,m}. Recall also that if W is a uniformly distributed random variable
in [0,1], then for any m > 0, any probability distribution on {1,...,m}? can be written as
h(W) using a function h: [0,1] — {1,...,m}* by defining h so that P(h(W) = (i, 7)) is its
specified value for all 1 < 4,5 < m. That is, it is always possible to simulate correlated
discrete random variables using shared randomness. In noninteractive simulation, perfect
shared randomness means that X =Y, i.e. X and Y are perfectly correlated.

The purpose of the noninteractive simulation problem is to limit the amount of correlated
random variables that players A and B can sample, while any amount of independent ran-
domness should be allowed to the players. For this reason, the following formulation of the
noninteractive simulation problem is considered morally equivalent to our first formulation: if
k,m are fixed positive integers, what probability distributions on {1,...,m}? can be written
as the distribution of (f(Xi,..., Xy, W), g(Y1,..., Y%, Z)), where f,g: R* — {1,... m}?
Here W, Z are uniform random variables on [0, 1] independent of each other and independent
of Xq,..., Xy, Y1,..., Y, representing any private (independent) randomness that players A
and B each have.

If we interpret the independent randomness of W, Z as giving random choices among
values of f,g, we can equivalently remove the W, Z and just enlarge the range of f, g
from {1,...,m} to the simplex with m vertices. (Recall that any element of the simplex
Ap o= A{(z1,...,2m) € R™: 2, > 0V1 <4 < m, Y " 2z = 1} can be interpreted as a
probability distribution on {1,...,m}. So, given f: R¥ — A,,, then we can associate to f
some f: R¥T — {1 ... m} such that for any x1,..., 2, € R* f(xy,... 2, W) is a random
variable on {1,...,m} whose distribution is equal to f(z1,...,xx), which is a distribution
induced on the standard basis {ei,...,e,} € R™. Conversely, if f: R¥t — {1 ... m}
is given, then define f: R* — A,, so that f(x1,...,7.) is equal to the distribution of
flzy,..., 2, W)on {1,...,m}.)

We therefore arrive at the formulation of the noninteractive simulation problem we will
use most often below: if k,m are fixed positive integers, what probability distributions on
{1,...,m}? can be written as the expected value of the matrix

f(Xa, oo, Xe)ig(Ya, oo Ye) ihi<ij<m,

where f,g: RF — A,,?
Applications of the noninteractive simulation problem include: cryptography, design of

error-correcting codes [MORT06, [Yan(7], and design of autonomous agents [KAT6]. For
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example, an autonomous drone delivering a package might have to make decisions, using
randomness, without consulting its dispatcher, due to a nonexistent cell-phone signal.

Generally speaking, noninteractive simulation asks how much “correlation information”
between two random variables can be transferred to another pair of random variables. Let
f,g: R* — A,, and let E denote the expected value of a random variable. At one extreme, if
X, Y are independent, then Ef (Xy, ..., X3)ig(Y1,..., Yy); = Ef(Xq,..., Xk)iEg(Y1,. .., Y%);
for all 1 < 4,7 < m, i.e. one can only noninteractively simulate product distributions using
a source of independent random variables X, Y. At the other extreme, if X =Y, i.e. X and
Y are perfectly correlated, and if there exist z,2’ € R, z # 2’ with P(X = z) > 0,P(X =
x') > 0, then we can noninteractively simulate non-product distributions supported on two
diagonal points. For example, define f,g: R? — A, by

f(X1,Xs) = g(Xq, Xs) = (1{X1:z}7 1{X17éac})-

Then
PXy=2) ,ifi=j=1
Ef(X1, X2)ig(V1,Y2); = {P(Xy #2) , ifi=j=2
0 , otherwise.

Evidently, this probability distribution on {1,2}? is not a product distribution.

In between these two extremes (independence of X and Y versus perfectly correlated
X =Y), one would like to have some notion of the “correlation amount” of random variables,
and then deduce what distributions can or cannot be noninteractively simulated from a
specific distribution (X,Y).

Various notions of “correlation amount” between two random variables (such as mutual
information, common information, etc.) attempt to express the intrinsic amount of correla-
tion that two random variables have. Note that the covariance of two random variables is
not an “intrinsic” notion of their “amount of correlation” since applying a function to the
random variables (such as multiplying one of them by —1) might increase their covariance.
Apparently introduced to the subject by Witsenhausen [Wit75], one useful notion of amount
of correlation of real-valued random variables X,Y is the Hirschfeld-Gebelein-Rényi
maximal correlation [Hir35, [Geb41, R59], defined to be

pu(X,Y) = sup Eo(X)p(Y). (1)

¢,%: R—R measurable :

Ep(X)=0,E(¢(X))*=1,

Eyp(Y)=0,E(y(Y))*=1
(In the case that no function ¢ satisfies E¢(X) = 0 and E(4(X))? = 1, i.e. when X is
constant almost surely, we define py/(X,Y’) to be zero, and similarly for Y.) As shown in
[R59], the supremum in the definition of py/(X,Y) might not be attained. In particular,
it could occur that pp(X,Y) = 1 while there do not exist f,g: R — R such that f(X) =
g(Y). Nevertheless, in the noninteractive simulation problem, we will typically assume that

It is observed e.g. in [KAI6] that noninteractive simulation of (U, V) from (X,Y’) is only
possible when

pM(Xv Y) > pM(U7 V)
That is, noninteractive simulation cannot increase the Hirschfeld-Gebelein-Rényi maximal

correlation. For a formal statement of this fact, see Definition [I.I]and Proposition [I.2] below.
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If X,Y are A-valued random variables, recall that their total variation distance is defined to
be
dry(X,Y) :=sup |P(X € D) —P(Y € D)|.
DCA

Definition 1.1. Let (X,Y) and (U, V) be two pairs of real-valued random variables. We
say that (U, V) can be noninteractively simulated from an infinite number of samples of
(X,Y) if the following condition holds. Let (X1,Y7), (X5, Y3),... be i.i.d. copies of (X,Y).
For any positive integer n, there exist positive integers k,,m,, there exist f,,g,: R x
{1,...,m,} — R such that, if W,,, Z,, are uniformly distributed in {1, ..., m,}, independent
of each other, and independent of (X3,Y}),..., (Xk,, Ys, ), and if

Up = fn<X1,...,an,Wn), Vi 1= gn(YIJ'”?Ykan)7 Vn =1

Then
lim drv((U, V), (Un, V,,)) = 0.
n—oo

Proposition 1.2 ([KA16, Observation 1]). If (U, V') can be noninteractively simulated from
an infinite number of samples of (X,Y), then

pm(X,Y) > pu (U, V).

(See also [KATI6, Observation 2] for an analogue of Proposition 1.2 with hypercontractivity
constants in place of the Hirschfeld-Gebelein-Rényi maximal correlation.)
Our main problem of interest is the following.

Problem 1.3 (Noninteractive Simulation Problem). Determine which real-valued pair
of random wvariables (U, V') can be noninteractively simulated from an infinite number of
samples of a given pair of real-valued random variables (X,Y).

Despite results such as Proposition the noninteractive simulation problem can be
difficult to solve even in very simple cases [GK73|,[Wyn75 Wit75, KA16, (GKS16, YT21]. For
example, if (X,Y) is uniform on the set of three points {(0,0), (0,1), (1,0)} C R?, then it is
an open problem if a pair (U, V') of uniform {—1, 1}-valued random variables with correlation
49 can be noninteractively simulated by sampling from (X,Y") [KA16, (GKRIS]. (Note that
pu(U, V) = .49 while pp(X,Y) = 1/2, using EX = EY = 1/3 and E(1/9/2(X —1/3))? =1,
E(1/9/2(X—1/3))(1/9/2(Y—1/3)) =1/2,s0 Propositiondoes not exclude the possibility
that (X,Y) can noninteractively simulate (U, V').)

The case that (X,Y) € R x R is a p-correlated standard Gaussian for some —1 < p < 1
has been studied extensively [DMNI7, DMNI8|, [GKR1§|, and we will focus on this case of
the noninteractive simulation problem. (That is, EX = EY = 0, EX? = EY? = 1 and
EXY =pe(-1,1).)

When (X,Y) are p-correlated standard Gaussians, it follows from Hermite-Fourier anal-
ysis that py(X,Y) = |p|. So, if (U,V) is a pair of real-valued random variables such
that |p| < pu(U,V) < 1, then (U,V) cannot be noninteractively simulated from (X,Y)
by Proposition [1.2] This fact gives many examples of (U, V) that cannot be noninterac-
tively simulated from (X,Y’), but it still does not indicate exactly what distributions can
be noninteractively simulated by correlated Gaussians. In principle, one could find what
(U, V) could be noninteractively simulated from correlated Gaussians using the algorithms

of [DMN17, [DMNI18, [GKRI8|, but such algorithms seem quite inefficient. On the other
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hand, the main result of the current paper improves on the efficiency (i.e. run time) of those

algorithms.
A basic question considered, but not resolved, in [DMN17, [DMN18, [GKR1S§] is: if the play-
ers want to simulate a correlated distribution on {1,...,m}? where m > 0 is a fixed integer,

is there a certain number k of samples (Xi,Y7), ..., (Xk, Yi) such that, taking more than k
samples does not change the set of distributions that can be noninteractively simulated from
(X,Y)? Put another way, does the “expressive power” of sampling from correlated Gaus-
sians strictly increase with the number k£ of samples used in the noninteractive simulation
problem?

The case m = 2 of this problem is well understood [DMNI§|. If we fix 0 < a,b < 1,
and we only consider f,g: R — Ay such that Ef(X) = (a,1 —a) and Eg(Y) = (b,1 —b),
then the matrix (Ef(X);g(Y);)1<ij<2 has only one free parameter since fo = 1 — f; and
g2 =1—g;. Let O(t) := ffoo e=%"/2ds/+/2x for all t € R. From Borell’s Inequality [Bor85),
for any 0 < p < 1 we have

El_[_oo,(p—l(a))(X)l[_oo@—l(b))(Y) < ]Ef(X)lg(Y)l < ]El[_oo7(1>—1(a))(X)l[_oo’@—l(b))(Y).

So, the set of all probability distributions on {1,2}? that can be noninteractively simulated
from a pair (X,Y") of standard p-correlated Gaussians can be written as the set of matrices

of the form
c a—c
b—c 1—a—b+c)’

where and 0 < a,b < 1 are arbitrary and

]El_[_oo’q)fl(a)) (X)l[_oo’q)fl(b)) (Y) S & S El[_oo7(1)71(a))(X)l[_o()’(pfl(b))(Y).

Moreover, one sample from (X,Y) suffices to simulate such a distribution. Similarly, when
—1 < p < 0, Borell’s inequality reverses compared to before:

El_[_oo@—l(a))(X)1[_00@—1(5))(}/) Z ]Ef(X)lg(Y)l Z ]El[_oo@—l(a))(X)l[_oq.;p—l(b))(Y).

So, the set of all probability distributions on {1,2}? that can be noninteractively simulated
from a pair (X,Y") of standard p-correlated Gaussians can be written as the set of matrices

of the form
c a—c
b—c 1—a—-b+c)’

where and 0 < a,b < 1 are arbitrary and

Unfortunately, determining which probability distributions on {1,...,m}* can be non-
interactively simulated from correlated Gaussians is much more difficult when m > 2. In
particular, it was not known whether a finite or an infinite number of samples was needed to
noninteractively simulate anything that could be noninteractively simulated from correlated
Gaussians. When XY are standard Gaussians with fixed correlation p € (—1,1), it was
shown in [DMNI17, DMNI8] and [GKRIS| that a large number of samples closely approx-
imates the noninteractive simulation ability of an infinite number of samples. Moreover,
the number of samples required to decide whether or not a target distribution is e-close to
being noninteractively simulatable from (X,Y") is bounded by exp(poly(m, 1%{), e)) [GKRI1S,
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Theorem 1.4]. We cannot find a run time bound in [GKRIS| for the associated algorithm,
but presumably it would be at least as large as exp exp(poly(m, l%p, %))
In this work, we show that the set of distributions on {1,...,m}? that can be nonin-
teractively simulated from & Gaussian samples is the same for any k& > m? — 1. That is,
— 1 samples suffices to exhaust the noninteractive simulation ability of p-correlated Gaus-
sians (see Corollary . As a corollary, the run time required to decide whether or not

a target distribution is & close to being noninteractively simulatable from (X,Y’) is at most

(1 +4/g)mUos (</2)/ oglol) ™ , as shown in Section [1.4.1}

(In order to obtain the statement in the abstract for m? samples in place of m? — 1, we
use one additional sample to randomize the outcome, i.e. to express f,g: RF — A,, as an
average of f,g: R¥ — {e1,...,en}.)

As shown in [DMNI8] (GKRI8|, the case that (X,Y") are correlated Gaussians implies a
similar result for distributions (X,Y) € {1,...,p}? for arbitrary p > 1. A nonlinear central
limit theorem (i.e. invariance principle) implies that the noninteractive simulation problem
can be solved for arbitrary finite discrete sources with a run time that does not depend on
the dimension k. The run time required to decide whether or not a target distribution is
e-close to being noninteractively simulatable from (X,Y") is at most

3600m log(m/e) log(1l/a)
2™ /¢) (I—p)e

(5/c)"" ,

where p < 1 is the Herschfeld-Gebelein-Rényi maximal entropy of (X,Y’), and « is the
smallest nonzero probability that (X,Y") takes a particular value. For the formal statement,
see Theorem [I.12] In contrast, the run time of the algorithm of [GKRI8, Theorem 1.6]
is implicitly stated as exp exp exp(poly(m log L ~)), though it is mentioned that this
bound could be made explicit.

’1p67

1.1. More Detailed Introduction. Unless otherwise stated, all functions and sets consid-
ered in this paper are measurable. Define

n+1
) = inyi, Vo= (z1, . %n1),y = Y1, Yny1) € R

||| := (z,z)'/?, Vo e R

(@) = (1) 2 exp(— |2 f2), Vo e R

Api={a=(ar,...,a) ER™: > a;=1,Y1<i<m, a; >0} (2)

i=1

For any f: R™™ — A,,, we denote the components of f as f = (fi,..., fm), so that
fi(x) = (f(z),e;), Vo e R"™ and V 1 < i < m, where ¢; € R"™ is a vector with a 1 in its
it" entry and zeros in its other entries.
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Let f: R™™' — [0, 1] be measurable and let p € (—1,1). Define the Ornstein-Uhlenbeck
operator with correlation p applied to f by

T,f(z) == s fap+yvV1 =) Vs (y) dy
) (3)
_ lly—pz||

_ (1 _ p2)—(n+1)/2(2ﬂ_)—(n+1)/2 f(y)e 2(1—p2) dy, Vo € R,

Rn+l

If X is a real-valued standard Gaussian random variable, it is well-known that (X, 7,(X))
is a pair of p-correlated standard Gaussians, and we will use this fact freely throughout the
paper. The noise stability of Q C R"™ with correlation p € (—1,1) is P((X,Y) € QxQ) =
fenis Lo@) T, o) () da

For any measurable f, g: R"™ — A, define C,(f, g) € R™™ such that

Cf9) = (| f@Dg@)mn(@ds) . (4)
Rn+1 1<i,j<m
Definition 1.4 (Simulatable Probability Distribution Matrices). Let p € (—1,1). Let
m > 3. Define the set of discrete probability distributions on {1,...,m}? from p-correlated
Gaussian sources of dimension n + 1 to be

Spm(n+1):= {Cp(f, g) ER™™: f g: R"T Am}. (5)

The following special case of Problem [1.3|asks if a finite number of samples from correlated
Gaussians suffices to express the set of probability distributions on {1,...,m}? that can be
noninteractively simulated from an arbitrary number of samples.

Problem 1.5 (Non-Interactive Simulation, Gaussian Sources, [DMNIS, [GKRIS]).
Let m > 3. Fiz —1 < p < 1. How closely does S,,(n + 1) approzimate the closure of
U221 Som(9) ? In particular, is it true that

Spm(n+1) =UR,S,m(4)
for sufficiently large n?

Below, we refer to the boundary of S,,,(n + 1) as the (m* — 2)-dimensional boundary of
S,m(n+1), noting that S, ,,(n+1) is an (m*—1)-dimensional set contained in {(M;;)1<i j<m C

i.j=1

Definition 1.6 (Simulatable Probability Distribution Matrices, Extreme Points).
Let p € (—1,1). Let m > 3. Fix a,b € A,,. Define the boundary set of extreme points
of probability distributions on {1, ..., m}? from p-correlated Gaussian sources of dimension
n+ 1 to be

ExtS, m(n + 1) 1= {o,,(f, 9) € 0S,m(n+1): f,9: R™ 5 {er,... em} C Am}. (6)

This set is nonempty since for any 1 <i < m, f = g = ¢; satisfies C,(f, g) € S, m(n+1),
since C,(f, g) is a matrix of zeros with a single 1 entry.

Since S, ,,(n+1) is the bilinear image of a convex set, we might say that the set S, ,,(n+1)
is a biconvex set [AH86, (GPKO07]. Since S, ,,(n+1) is not convex, we cannot characterize its

boundary points as the extrema of linear functionals. (One can show that extrema of linear
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functions on S, ,,(n+ 1) are the same for all n+1 > m?, but we will not explicitly show this
since it is insufficient to solve Problem [1.5])

Still, since S, ,,(n+1) is the bilinear image of a convex set, we can characterize its boundary
as the local minima of quadratic functions. We will then show that minima of quadratic
functions of noise stability are low-dimensional. We therefore arrive at the following problem.

Problem 1.7 (Quadratic Minimization of Bilinear Noise Stability). Let m > 3. Fiz
—1<p<1. Fiz D,Z cR™™ such that d;j > 0 for all 1 < 7,5 < m. Find measurable sets
Qp, o Qo Q. Q’ C R™ with U, Q; = U™ Q) = R™! that minimize

m

Z f: dij ( /Rn+1 (x)Tplﬂ;(fU)%ﬂ(ﬂ?) dz — Zij>27

=1 j5=1

Certain choices of D, Z will lead to a trivial minimum in Problem [I.7] So, we will need
to make some extra assumptions on Z in order to get a nontrivial minimum in Problem
[1.7. We will return to this point later in Lemma [2.5 since the considerations are a bit
technical. The issue here is analogous to a similar issue for linear functions of the noise
stability. For example, since Y " [;.. Lo, (2)T,1a; (2)Vn+1(x) dz = 1 always holds, if
we view the quantity D" [z, Lo, ()Tl (%)yn+1(2) dz as a linear function of pairs of
arbitrary partitions, then all partitions maximize this linear function. But any other linear
function of noise stability of the form (7) (with (d;;)1<ij<m not all equal) will have nontrivial
maximizers. Put another way, there is one particular linear function of noise stability whose
optima do not tell us anything interesting. Analogously, there are some quadratic functions
of noise stability whose optima do not tell us anything interesting.

1.2. Previous Related Work. In [HT21], it was shown that linear functions of noise sta-
bility of two partitions of the form

Z JIRICLAMEIETE

have maximizers that are low dimensional (i.e. there exist optimal sets of the form: some
sets in R?™~2 crossed with R"72™3) subject to a volume constraint that v,,1() = aj,
Yna1() = b; for all 1 < i < m, where a,b € A,, are fixed. This result resolved an
open problem from [DMNI17, DMNI8, [GKRIg|. One could call such a result a “dimension
reduction.” The same dimension reduction result could also apply to maximizers of more
general linear functions of the form

>3t [ ta@hig @@, ™)

i=1 j=1 Rl

where (d;;)1<;j<m are arbitrary real constants (that are not all equal), though the proof
written in [HT21] does not incorporate this generality.
It was also shown in [HT21] that the quadratic function of a single partition

Z [ 100 @ne(e) do ®
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has maximizers that are low dimensional, subject to a volume constraint that =, 1(€;) = a;
for all 1 <i < m, where a € A,, is fixed.

Both of these results used the same calculus of variations strategy. For both results, the
key step of the proof is to consider an infinitesimal translation of the optimizing sets. If the
partitions are not low-dimensional, then one can obtain a positive second derivative with
respect to this infinitesimal translation, contradicting the maximality of the partitions.

In particular, [HT21] provided the first variational proof of Borell’s inequality, i.e. spec-
ifying which sets maximize in the case m = 2. Later, we showed in [Hei2lc] that this
strategy could be extended to prove a robust version of Borell’s inequality, proving some con-
jectures of Eldan [EId15]. In that result, we consider noise stability plus a “penalty term,”
and we show that if this penalty term is sufficiently small, then the sets maximizing noise
stability still maximize the noise stability plus a penalty term.

The strategy of [HT21l, [Hei2lc] was recently adapted in [HNPT21] to the setting of func-
tions taking values in spheres, rather than functions taking values in the simplex.

In this work, we carry this calculus of variations strategy forward for quadratic functions
of the noise stability of two partitions, as in Problem [I.7] In this setting, we did not seem
to use any special property of quadratic functions in Problem [1.7] Indeed, it could be the
case that any local optima of functions of noise stability could be low-dimensional (except
in trivial cases, such as maximizing Y77, 37" [o. Lo, (2)Tpla; () V41 () dz, since this
quantity is always one for partitions {Q;}7*, and {€}}7, of R**!)

1.3. Outline of the Proof of the Structure Theorem. The proof elaborates upon the
strategy of [HT21], originating in a corresponding argument for the Gaussian surface area
from [MR15, BBJ17, [MN22, [Hei21h]). For didactic purposes, we will postpone a discussion
of technical difficulties (such as existence and regularity of a minimizer) to Section [2.1}

Suppose there exist measurable €, ..., Q,,,Q},...,Q  C R"" locally minimizing Prob-
lem [1.7] Suppose we call the quantity in Problem

Fo(Q, .. Qo Q).

A second variation argument (Lemma below) implies that, if X,Y: R™™! — R"*! are
vector fields, then there is a particular quadratic form @,: R"™ x R™*! — R such that

2
% RO+ SR, D+ 5K (9, 9 V() 9, 4 5T (2)) = QX V).
The key lemma, Lemma shows that when X =Y = v € R is the constant vector,
then we get an eigenfunction of the quadratic form () with a negative eigenvalue, for any
v € V, where V is a linear subspace of codimension m? — 1, unless v is perpendicular to
all normal vectors of all boundaries of y,...,€,,,Q},...,Q . That is, @,(v,v) < 0 when
p > 0 for all v € V, unless v is perpendicular to all normal vectors of all boundaries of

Qo 00, ., (And Q,(v, —v) < 0 when p < 0.)

1.4. Our Contribution. Our first main Theorem [I.§ shows that if we have a pair of parti-
tions whose image under C,, is in the boundary of S, ,,(n+ 1), then these sets can be written
(in a nontrivial way) as minimizers of Problem and these sets are (m? — 1)-dimensional.

Theorem 1.8 (Main Structure Theorem/ Dimension Reduction). Fiz —1 < p < 1.

Letm > 2. Letn >0 withn+1>m?—1. Let Qy,...Q, Q... Q. C R be a pair
9



of partitions of R". Assume that Cp(la,,. .., 1la,,la;, ..., la; ) € ExtS,n(n+1). Then
there exists Z € R™ ™ such that Qy,...Qp, Q... Q2 C R minimizes Problem and
such that, after rotating the sets Qq, ..., Q,...Q  and applying Lebesque measure zero
changes to these sets, there exist measurable sets ©4,...0,,,0,...0, C R™ ! such that,

0 =0, x RV =@ x R™?>™  y1<i<m.

Remark 1.9. The case p = 0 of Theorem is easy, so we always assume p # 0 below,
unless otherwise stated.

The main corollary below answers Problem affirmatively.

Corollary 1.10 (Main Corollary, Gaussian Case). Let —1 < p < 1 and let m > 2 be an
integer. Then the set of m x m probability distribution matrices from p-correlated Gaussian
sources of dimension k is the same for any k > m? — 1, i.e.

Sp,m(m2 - 1) = U;)ilsp,m(j>
Proof. From Theorem [L.8] the boundary extreme points ExtS, (k) of S, (k) satisfy
ExtS, (k) = ExtS,n(m* — 1), Vk>m®—1.

Since S, (k) is the bilinear image of a convex set, this “low-dimensionality” property extends
also to the set of all extreme points, and then the interior of S, ,,, so that

Spmlk) = Sym(m? —1), Yk >m?—1.

(We now justify the previous sentence. Since C,(-,) is a bilinear function, a point in the
boundary of S, ,,(k) that is not an extreme point can be written as a convex combination of
points in ExtS, (k). For example, if C,(fi,...) satisfies P(|f;| € {0,1}) < 1, then we can
write C,(f1,...) as a convex combination of C,(tg1,...) + C,((1 —t)gi,...) =tCh(gr,...) +
(1—)Cy(g}, .. .) for some g1, g;: R¥ — {0,1}.) O

1.4.1. An Efficient Algorithm for Noninteractive Simulation from Gaussian Sources. Corol-
lary has an algorithm associated to it, for computing which probability distributions
can be noninteractively simulated from correlated Gaussians. Such algorithms have already
been implicitly provided in [DMN17, DMN18|, (GKR18] albeit with a dependence on the am-
bient dimension of the Gaussian random variables. Corollary removes this dimension-
dependence, thereby improving the run time of these algorithms.

We briefly describe this algorithm. Let ¢ > 0 with 0 < ¢ < |p|. Let f: R™™ — A,,.
Let {h;};enn+1 denote the Hermite polynomials, which are an orthonormal basis of La(7,41)
with respect to the inner product (f,g) — [z f(2)g(2)Vns1(x)dz. Consider the map

) = (Jgnsr f(@)hj(2)ynsa (@) dz), s, Il < lozes2) - Let {f®} be a maximal e-separated
set for functions from R™™! to N with respect to the metric ||H(f)||,, where N is an €/2-net

for A,,. Since an €/2-net for A,, has size at most (1+4/¢)™, and the dimension of the range
of H is at most (log(g/2)/log|p|)" !, the set {f®} has cardinality at most

(1 + 4/e)mlos(e/2)/ Toglp)"

Corollary says we may assume that n + 1 = m? — 1, so the maximal separated set has
cardinality

(1+4/e)™ m(log(e/2)/ loglp))™” *17
10



and this provides a bound on the run time of the algorithm. This run time should be
compared with |[GKRIS, Theorem 1.4], which does not explicitly state a run time bound

in this case, but presumably their methods give an implicit run time at least as large as
11

exp exp(poly(m, gt )
1.4.2. Noninteractive Simulation from Discrete Finite Sources. Theorem and Corollary
concern the noninteractive simulation problem where (X,Y') are correlated Gaussian
random variables with correlation p € (—1,1). Let p > 0, p € Z. As shown in [DMNIS§], if
(X,Y) are random variables in {1,...,p}?, then Problem [I.3|reduces to the case that (X,Y)
are correlated Gaussians in Problem[1.3] (A similar statement was shown in [GKR18], though
Theorem and Corollary do not seem to substantially improve upon the methods of
IGKR1S].)

Before stating the main noninteractive simulation result, we state the Gap version of Prob-
lem . The problem below decides if (U, V') can be well approximated using a noninteractive
simulation with source (X,Y).

Problem 1.11 (Gap Noninteractive Simulation Problem). Let (X,Y") be random vari-
ables with values in {1,...,p}?. Let (U, V) be random variables with values in {1,...,m}>.
Let (X1,Y1), (X2, Ys),... be i.i.d. copies of (X,Y). Let 0 < e < 1. Distinguish between the
following two cases.

o (Case 1) There exists n > 0 and there exist f,g: {1,...,p}" — Ay, such that
drv(f(X1,..., Xn),9(Y1, ..., Y,), (U V)) <e.
e (Case 2) For alln > 0 and for all f,g: {1,...,p}" = A, we have
drv(f(X1,..., Xn),9(Y1, ..., Y,), (U V)) > 10e.

Theorem 1.12 (Improved Dimension-Free Noninteractive Simulation). Let p :=

.....

and « > 0. Then there exists an algorithm that solves Problem [1.11] in time

3600m log(m/e) log(1/a)
(I—p)e

(520
In particular, this algorithm does not depend on the dimension n.

This run time should be compared with [GKRIS, Theorem 1.6], which gives a similar
bound that is not explicit, although it is remarked in [GKR18] that an explicit bound could
be written.

Since the argument of Theorem was already shown in [DMNI8] on the final page, we
briefly describe how our result fits into the argument of [DMNIS].

The final page of [DMN18] uses the invariance principle from Section 6 of [Mos10] or [IM12],
Theorem 3.6]. We begin with f,g: {1,...,p}" — A,,. Corollary implies that [DMNI8|
Theorem 1.5, Theorem 5] hold with ng := m?. (We note a few differences in notation: our
{1,...,p}is Z in [DMNI18|, and our m is k in [DMNI18].) In their notation, we then associate
f,g with new functions with domain R™ where mq := ng/k? = m?/k?, where k > 0 is an
upper bound on the influences of the new functions. Denote p := pp(X,Y) from , and
assume that p < 1. Lemma 6.2 in [Mos10] says, we may choose

- (1—p)e
~ 100mlog(m/e)
11

(9)



to get a bound of ¢/m in that Lemma. Then the invariance principle [IM12, Theorem 3.6]
requires an influence bound of the form

18log(1l/a) 1800m log(m/e) log(1/a)
9 oy @ 15 (1—p)e

< < ( ) . 10
" (100-2m> = \100- 2" (10)

So, the number of variables that suffice for the last page of [DMNIS] is

3600m log(m/e) log(1/a)

mo/k*> = (100-2™/¢) (=pe : (11)
We now have two functions f,'gvz {1,...,p}mo/ #* s A,, that closely approximate the

original discrete functions f, g in total variation distance. We can then apply a brute-force
algorithm similar to that of Section for f,g, as mentioned in [GKR1S].

Let N be an £/2-net for A,, with size at most (1 4 4/¢)™. The set of all functions from
{1,...,p}mo/ * _ N then has cardinality at most

M K2
(14 4/e)™™".

So, searching over all pairs of functions from {1,..., p}™/ * to N solves Problem in run
time

(gt @ (g™

We emphasize that this run time does not depend on the dimension n.

2. EXISTENCE AND REGULARITY

2.1. Preliminaries and Notation. We say that ¥ C R"™! is an n-dimensional C'*° mani-
fold with boundary if > can be locally written as the graph of a C"*> function on a relatively
open subset of {(z1,...,z,) € R": x, > 0}. For any (n + 1)-dimensional C'*° manifold
Q C R™*! such that 09 itself has a boundary, we denote

CE(QR™) = {f: Q —» R f e C°(Q;R™), £(00Q) = 0,

dr >0, f(QN(B(0,7))°) = 0}.
We also denote C§°(2) := Ci°(2;R). We let div denote the divergence of a vector field in
R""!. For any r > 0 and for any z € R"" we let B(z,r) := {y € R"™: |z —y| < r}

be the closed Euclidean ball of radius r centered at x € R"". Here 90%) refers to the
(n — 1)-dimensional boundary of €.

(12)

Definition 2.1 (Reduced Boundary). A measurable set  C R™"*! has locally finite
surface area if, for any r > 0,

sup{/ div(X(z))dz: X € C°(B(0,7),R™™), sup [|X(2)| < 1} < 00.
Q zeRnH1

Equivalently, €2 has locally finite surface area if V1 is a vector-valued Radon measure such
that, for any € R**!, the total variation

IVial (B(z,1):= sup 3 [[Via(G)]
1, O of Bla,1) =1
m>1



is finite [CLI2]. If Q C R™"! has locally finite surface area, we define the reduced boundary
0*Q of Q to be the set of points x € R"! such that

Via(B(z,r))
N(z):=— lim
0t [[Vigl| (B(z, 7))
exists, and it is exactly one element of S™ := {z € R"*!: |[z] = 1}.

The reduced boundary 0*(2 is a subset of the topological boundary 0€2. Also, 0*Q2 and 0f)
coincide with the support of Vg, except for a set of n-dimensional Hausdorff measure zero.
Let Q C R™"! be an (n+1)-dimensional C? submanifold with reduced boundary ¥ := 9*().
Let N: ¥ — S™ be the unit exterior normal to 3. Let X € Cg°(R™™!, R™). We write X
in its components as X = (Xi,..., X,41), so that divX = S} 83 X;. Let ¥: R x
(—1,1) — R™*! such that
d
U(z,0) ==z, d—‘ll(x,s) = X(V(z,s8)), VzeR" se(-1,1). (13)
s
For any s € (—1,1), let Q) := W(Q,s). Note that Q) = Q. Let ©® = 9*Q
€ (—1,1).
Definition 2.2. We call {Q®},_11) as defined above a variation of  C R""1. We also
call {£®)},c(_11) a variation of & = §*Q

For any # € R""! and any s € (—1, 1), define

V(z,s) = /Q(S) G(z,y) dy. (14)

Below, when appropriate, we let dx denote Lebesgue measure, restricted to a surface
Y C R Let Fi={f: R"" — {e1,...,em} C A}, Define

Lann) = { £ R S R flly = [ @) (@) do < oo},

Lemma 2.3 (Existence of a Minimizer). Let —1 < p <1 and let m > 2. Let Q,...Q,,
and Q... Q. be measurable partitions of R™' such that C,(1q,,...,la,., Log, ... 1ar,) s
in the boundary of Spm(n +1). Then 3 Z € R™™ with Z # C,(1q,, ..., la,,la, -, lay)
such that, Problem has a local minimum at Qy,...Qp, ), ... Q. . That is, there exists
a neighborhood U C F X F of Q... Qn, Q... QL with respect to the weak topology of
Hffl Loy(Yny1) such that fi = 1o, .., fm = la,,, 91 = Loy, - -+, Gm = Loy, minimizes

S do( [ BT de =)

i=1 j=1

over all (fi,..., fm),(g1,---,9m) €U.

Proof. Let {h;}jenn+1 denote the Hermite polynomials, which are an orthonormal basis of

Lo(Vp41) with respect to the inner product (f,g) — [guir f(@)g(2)yni1(x)da. For any
f,g € F, define a metric

: 2\ 1/2

19 = (S ([ @)@ - g@hmnt) )

13



This metric metrizes the weak topology of HZZZI Lo(yp41) restricted to F x F. Also C, is a
bilinear function, and it is equal to its second order Taylor series, since for all £;, 5: R**1 —
{e1,...,em}, we have

Co((f,9) + (e1,62)) = Co(f,9) + [Cpler, 9) + Co(f,€2)] + Cplen; €2) (15)

Moreover, this second order Taylor expansion satisfies, using ||7° \/th Lo(rms) < 7] Lo(yms1)?

dp(gl,’ia 0)

IMS

el < 32 e, o
1,)=

La(vyn+1) La(yn+1)

1

17.]

Co(f,e < E HT €94 ‘T fi < E d,(€2.,0).

H P( 2)“2 — /|p] 2,5 Lo(ni1) \V/ ol La(Ynt1) = P( 2,j )
C,(er,e <E HZ €1 ‘Z €9 ——Edai,Ods-,O.
H p( 1 2)”2 - by v 1ol L Lo(vn+1) V el 2 La(yn+1) =1 p( b ) p( 2 )

Here ||-||, denotes the matrix ¢, norm, i.e. the square root of the sum of the squared entries
of a matrix.

Since the second order Taylor expansion of C' is “compatible” (i.e. continuous) with
respect to the metric d, in this way, and the quadratic term C,(e1,e2) satisfies the above
uniform bound, we deduce that there exists a neighborhood U of (f, g) in the weak topology
of H?Z”l Lo(vyn41) restricted to F x F such that C,(U) satisfies an exterior ball condition.
That is, each matrix M € C,(U) N IS,»(n + 1) has some Z # M, Z € R™™ such that
there exists some radius » > 0 and there exists some closed Euclidean ball B = {N €
R™™: ||[N — Z||, < r} centered at Z such that BN C,(U) = M. It follows that Problem
for this Z has a local minimum at the partitions €y, ...Q,,, Q},...Q/ .

O

Example 2.4. Define w;j; = dyi(Sgi — 2ri) — dij(Sk; — 2x;), where d;j, z;; are defined in
Problem and s;; := [paii Lo, ()Tl (@) ynr1(x) dz, V1 < i, j, k < m, and define ujy, =
dik(sik — Zik) — djk(sjk — ij), V1 S i,j, k S m.

It is instructive to consider the following example in which Lemma[2.3]has no content. Let
fi==fm=91="=gm=1/m,sothat C,(f,9);; = s;; =1/m? forall 1 <i,j <m
and for all p € (—1,1). Then let z;; :=2s;; forall 1 <i,5 <m, d;; :=1forall 1 <i,j<m.
Then u;j;, = 0 for all 1 < 4,75,k < m, and the first variation argument in below has
no content, i.e. the regularity Lemma and the first variation condition in Lemma [3.2
do not hold. In fact, any element (s;;)i1<;j<m Of Spm(n + 1) can be written as a quadratic
minimization in Problem , with z; :=s;; +1forall 1 <i,57 <m.

If u;jr, = 0 for all 1 <4, 5,k < m as in this example, then the following Lemma cannot
hold. Indeed, we should not expect arbitrary measurable partitions to have any regularity. It
is then an important technical issue to rule out the case that u;;, = 0 for all 1 <4, 7,k <m.
If s;; — 2;; is nonconstant for all 1 < 7,5 < m, then we can rule out this situation, though
this issue adds an extra layer of complication to the proof of Lemma [2.5]

Lemma 2.5 (Regularity of a Minimizer). There exists a set A in the boundary of S, . (n+
1) such that A has measure zero in ExtS,,,(n + 1), and such that the following holds. Let

Quyee, D, Q.. QL C R be measurable partitions that locally minimize Problem
14



such that Cy(1q,, ..., 1a,,, Loy, ..., lay,) is in 0S, m(n+1)\ A and such that {si; — zij }1<i j<m
are not all equal. Then Qy, ..., 0, Q) ..., Q. have locally finite surface area. Moreover, for
all 1 <i < m and for all x € 0X; (or for all x € 0SY,), there exists a neighborhood U C R™*!
of x such that U N oYy (or UNOQ,) is a finite union of C* n-dimensional manifolds with
boundary.

Proof. Step 1. We begin with some a priori statements about the partitions. Since
Co(lay, -, 1a,,, Lo, ..., 1o, ) isin the boundary of S, (n+1), there exists ¢, € R and there
exists some matrix R € R™*™ (a “normal” vector/matrix) that is normal to the all ones ma-
trix, so that ZZE‘:I rij = 0, R # 0, and such that, if € > 0 is given, then every f,g € F with
dp<f7 (1917 ceey 1Qm)) < ¢ and dﬂ(ga (19’17 ceey 194,1)) < ¢ satisfies | Zzg 1 [ P(f? g)]U’ < 082'
This matrix R exists by .

Note now that we could use R := S — Z # 0 in Problem (recall that we choose
Z # S, otherwise Problem becomes trivial since the sum is automatically zero), so the
equation Z” , Ti; = 0 implies that there exists some 1 <4, 5,k < m such that ry, —rj; # 0.
Define w;ji, := dii(ski — 2ki) — dij(Skj — 2i;), where d;j, z;; are defined in Problem , and
i 1= fRnH lg, (x)Tplgg(x)%H(x) dr, V1 <1,j,k <m, and define u;jk = di(Sir — zik) —
dik(sjk — zjk), V1 < ,7,k < m. We will particularly use d;; := 1 for all 1 < 1,5 < m.

We have shown that u}; # 0 for some 1 < i,j,k < m. Note that uj; = ujy + up; =
Ui, — Wiy, for all 1 < £ < m, so either uj, or uj, are nonzero, for all 1 < ¢ < m. In
summary, there exists some 1 < i,k < m such that ugjk # 0 for all 1 < j < m. (We mention
in passing that we can similarly deduce that: there exists some 1 < v,w < m such that
Uy 7 0 for all 1 < j <m.)

Step 2. From Step 1, fix 1 <4,k < m such that u;; # 0 for all 1 < 7 < m. We now
claim that there exist constants (¢;;)1<j<m such that

%2 {zermT, (Zuwmk) >y, Vi€ {1, mb\ i}, (16)

Similarly, 3 (¢};)1<i<j<m such that

Q, D {x € R Tp(iu;jkl%y 4 vjed{l,...,m}\ {i}}, (17)

By the Lebesgue density theorem [Ste70), 1.2.1, Proposition 1], we may assume that, if

y € ;, then we have lim, 07v,41(€ N B(y, 7)) /Y1 (By, 7)) = 1.
We prove by contradiction. Suppose there exist ¢ € R, ¢,57 € {1,...,m} with i # j
and there exists y € (2} and z € 2} such that

T,,(Z uijk19k> (y) <c, T, < Z uijk,lgk> (2) > ¢
k=1 k=1

By @), 7,(>"4; wijrla,)(x) is a continuous function of z. And by the Lebsgue density
theorem, there exist disjoint measurable sets U;, U, with positive Lebesgue measure such
that U; C Q, U; C Q) such that y,,1(U;) = Yn41(U;) and such that

(Zuwklﬂk> <c, Vy €U, (Zuwklﬂk> >c, Vy €U (18)

15



We define a new partition of R™™ such that @; = U; UQ;\ Uy, Q= U; U\ U;, and
=Q) forall k€ {1,...,m}\ {4,5}. Then

Z Z dij (/ Lo, )Tplgf( )Yt (z) do — zij>2

i=1 j=1 Rt

m m

2
_ Z Z di; (/ 1o, (x)Tplgg(x)”ynH(a:) de — zij>
i=1 j=1 Rrt1
m 2
— dez(/ Lo (2)T)1s () Yns1 () do zkz>
k=1 Rrtt
m 2
+ ; dy; < /Rn+1 Lo, (2)Tp1g, (#) 41 (z) dz — ij)
m 2
il [ e Tl @) de - )
k=1 Rntt

m 2
=3 /R o, @) T ey ()i (w) do — 215

Substituting the definitions of the sets ﬁ; gives

2
E d,ﬂ</ Lo, (2)T,[1o; + 1y, — 1u,J(2)ynga (z) dz — Zm-)
Rn+1

+gdkj(/

2
1Qk (.Z’)Tp[lg/ + 1Uz‘ — 1Uj]($)’}/n+1(£lf) dx — Zkj
J

- i i /R 0, )T (o) @i (e) do — )
— i drj ( /Rn+1 lq, ($)Tp(193)(x)7n+1(l’) do — zkj)2.

Cancelling some terms yields

i dri2(Ski — 2ki) (/

Rn+1

o (@)1, = 1)) (2) do)
+di /R o, @)1y, ~ 1)@ (@) dx>2
+ 320t~ 2) ([ 1@~ 1) e ) k)

wdy( [ 10, @D~ 1)@ (@) o)

16



Rearranging gives

i 2uji, < /}Rn+1 1o, (JC)Tp[lUj — 1y, ](2) Y1 () dx)
* dki(/Rnﬂ Lo, ()T, 1y, — 1u,](2) Vnsr () dx)Q

rdy( [ 10 @B~ 1)@ (@) o)

Moving the sum inside the first integral, we get

2 [ 1o, = 1)@ T,(Y w0 o) da
R+t k=1
3 du( [ e @), ~ 1)@ (o) do)
k=1 Re+t

+ i dp; ( /]Rn+1 Lo, (x)T,[1y, — 1Uj](x)7n+1 (z) dg;)%

Choosing U;, U; smaller if necessary, the first term is nonzero by and it dominates the
other two terms, contradicting the minimality of the sets. We conclude that holds. (We
also repeat the above argument with €y, ..., Q,, interchanged with Q},..., Q' )

Step 3. We retain 1 < i,k < m chosen from Step 1. We then fix 1 <17 < j7 < m and we
upgrade by examining the level sets of

(Y wle, ) (@), Vo e R (19)
k=1

We will for now assume that v,1(€%;) > 0 and 7,11(£2;) > 0 for all 1 <1i < m. Recall that,
as shown in Step 2, the ¢,k from Step 1 satisfies u;;;, # 0 for all 1 < j < m, so the quantity
(19)) is nonconstant in x since y,41(2;) > 0 and 7,41(€2;) > 0 for all 1 <i < m.

For simplicity of notation we now denote uy := w;;, for all 1 < &k < m. Fix c € R and
consider the level set

Y= {x e R Tp(i“k19k><x) = c}.

This level set has Hausdorff dimension at most n by [Che98, Theorem 2.3].

From the Strong Unique Continuation Property for the heat equation [Lin90], the function
T,(> ", ugle,)(x) does not vanish to infinite order at any x € R™™, so the argument of
[HS89, Lemma 1.9] (see [HL94) Proposition 1.2] and also [Che98, Theorem 2.1]) shows that
in a neighborhood of each x € ¥, ¥ can be written as a finite union of C*° manifolds. That
is, there exists a neighborhood U of x and there exists an integer ¢ > 1 such that

Uny — Uﬁzl{y ceU: Dp(iuﬂm)(x) £ 0, DQTP<§:W1QZ)(@ —0, VI<qg<p-— 1}.
/=1 =1
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Here DP denotes the array of all iterated partial derivatives of order p > 1. We therefore
have

00N 0% € {z e R Tp(zmjuijmk)(x) —cyf,  Yie{l...mi\{i}, (20)
k=1

and the Lemma follows for the set Q.. (By repeating all above steps, the Lemma also holds
for ©; for some 1 < j <m.)

Step 4. The Lemma holds for a single set €2; and for another set €2;. It remains to extend
the conclusion of the Lemma for all sets €y,...,Q,, Q},...,Q . Let v,w € {1,...,m} with
v # 1 and w # j such that 0€2; N 02, contains an open set in an n-dimensional C'*° manifold
and such that 9€2; N 9, contains an open set in an n-dimensional C'*>° manifold.

A priori, it could occur that u;,, = 0 and u;wk =0 for all 1 < k < m, in which case the
argument from Steps 2 and 3 does not work when we replace (2; with €2, , or we replace €; with
Q,. However, by perturbing €; into €2,, or perturbing Q7 into (2, and viewing the resulting
image under C, while keeping the other sets fixed, we see there exists a neighborhood U of
Co(lq,,---,1q,, Loy, ..., 1o, ) such that either a = b = m? —2 or a > b, where:

e We let a be the dimension of the set of matrices in ExtS, ,,(n+ 1) where there exists
a pair of partitions ©y,...,0,,,0],...,0;, of R**! such that u # 0 or ), # 0,

and
e Let b be the dimension of the set of matrices in ExtS, ,,,(n+ 1) such that, for all pairs
of partitions ©1,...,0,,0},...,0), of R"" we have u, = 0 and u,, = 0.

That is, except for a set of measure zero in ExtS,,,(n + 1), we can then apply Steps 2
and 3 to either Q, or Q. Iterating this process one set at a time, we conclude that the
Lemma holds for all of the sets Qy, ..., Qn, Q) ..., Q) except for a set of measure zero in
the boundary of S, ,,,(n + 1).

(Note that perturbing e.g. €2; into €2, maintains the condition of being in ExtS,, ,,(n + 1)
since C,, is a bilinear function, i.e. it satisfies (15)).)

(Note also that S,,,(n + 1) has Hausdorff dimension m? — 1 since it is a subset of R™*™
satisfying a single linear equality, and the boundary of S,,,(n + 1) has Hausdorff dimension
m2 —2.)

We prove the above claim below. Without loss of generality, by relabeling the sets, suppose
i =1,v=2and j =1,w = 2. Suppose we perturb {2; into {2, resulting in a new partition
21,89,83,...,8,. Then the change under the image of C, is of the form

ay az o G
—ap —Qz - —Qnp
Collon, - oy Tog, o o) B IR S
_Cp<1§1’1§2’193"'"1Qm’19/17""194n) :
0 0 0
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for some aq, ..., a,, € R with a; # 0. Moreover, if we choose the perturbation to be localized
in an e-neighborhood of a point z € 9Q; N 90y # B, then we have

Cp(lgl, e 1Qm, 1Q’1, cee ].Q;n)

~Cy(15,.15,. L0y, -, Lan, Loy, - - Loy

Tlg(x)  Tplay(x) - Tyl (2)
—Tplg/l (l’) —Tplgé (CL’) s —Tplglm (ZL’)
=€ 0 0 o 0 + O(g?).
0 0 e 0
Recall that R € R™ ™ is the normal vector in the sense that > ", 7;C,(1q,, - - ., 1o, )i =

0 and R # 0. We now consider some constraints on what the normal vector R can be, by
finding some vectors perpendicular to R, i.e. in the tangent space Tan, of S,,,(n + 1) at
C,(la,,...,1q,,). Letting ¢ — 0 in the above expression and using the definition of R, we
have

T
NE

rij [00(191, o T,) = Gyl 1, Lags s Lo Lar, o T )|

1 *J

~.
<.
Il

)

(21)

[
NE

[r1j = ro] Ty 1ey ().
1

J
Similarly, perturbing 2y into 25 and ] into ) simultaneously and using bilinearity of
C, as in (|15)),
0= r, [Op(ml, da,) = Collg, L o - oy g gy o 1%)]
ij=1
= T11 +To2 — T2 — T21.

i (22)

Note: perturbing two sets as in might exit the tangent space Tan, by , since there
is a second order (quadratic) term in (15). So only holds in the case that Tan, remains
unchanged by perturbing €2, into Q5 and ] into 2.

We wish to extend these observations to the other sets as well. The boundary between
two of the sets might not be a piecewise smooth manifold, but we can still use the same
construction above using points of density of the sets. By the Lebesgue density theorem
[SteT0, 1.2.1, Proposition 1], by making measure zero changes to the sets, we may assume
that, if y € €2, then we have lim, 07,41 (% N B(y, 7)) /Yns+1(B(y,r)) =1, for all 1 <i < m,
and similarly for €7,...,Q/ . Suppose s > 0 and 1 < i < v < m satisfy

xeni7yenlﬁ||x|\,||y||§s”x vl =0
(If this infimum is nonzero for all s > 0, then €; and 2, have no common boundary.) Let
x1, T, ... € Qyand yp,vs, ..., € Q, such that ||zg||, |yl < sV E> 1, limg oo |2k — yi|| = 0,
and s1, S9,... > 0 with limy_,., s = 0 such that

lim %+1(Qi N B(ﬂﬂk,sk)) — lim ’Vn+1(Qv ﬂB(l’mSk)))

=1.
koo Ynp1(B(wg, s1)) k=00 Yni1(B(Yk, Sk))
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Then we can use the sequence of balls { B(z, sk) } 221, { Bk, Sk) }72, to perturb §2; into 2,
(and Q) into 2 ) and conclude that holds forany 1 <i<v<mand 1 <j<w<m
such that there exists s > 0 such that

inf |z —yll =0, |z =yl =0.

inf
QY€ : |z, llyll<s z€Q e, Iz, llyll<s
That is, for any k& > 1, we consider the perturbation of the sets such that Q; = Q;UB(yk, Sk),
QU = Q, \ B(yk, sk), and we also consider the perturbation of the sets such that ﬁ, =
Q; \ B(xg, sk), Q, = Q, U B(yg, sk). We then let & — oo and note that, crucially both of
these perturbations result in the same first derivative of C, as k — oo, otherwise we would
not be able to assert that these perturbations remain in the tangent space Tan,. Performing

a similar procedure for €2} and €2, we conclude that holds, i.e. under these assumptions,
we have

0= Tij + Tow — Tiw — Tju- (23)
And similarly
0="> [rix — rulTyloy (). (24)
k=1

Recall that our main concern is e.g. if there exists 1 < i < j < m such that w;;, = 0 for
all 1 <k < m,i.e. if two columns of R are identical. Similarly, if there exists 1 <7< j <m
such that u;jk =0 for all 1 < k < m, then two rows of R are identical. Let n, be the number
of integers 1 < ¢ < m such that row ¢ of R has another row of R identical to row ¢. Let
n. be the number of integers 1 < ¢ < m such that column ¢ of R has another column of R
identical to column i. We will show that n, = n. = 0 by induction on n, + n.. For the base
case, note that it cannot occur that n, = n. = m since if all rows and columns are identical,
this contradicts R # 0 and ZZEZI ri; = 0. Now, if we have found that 0 < n, +n, < 2m,
then we can find e.g. two duplicate rows r; and 7, of R. Then moving €; into 2, and Q;
into €, as described above with z # w in , shows that, in a neighborhood of the original
sets, we have that r; # r,,, thereby completing the inductive step.

We therefore conclude that R has no identical rows or columns (except perhaps on a
set of measure zero). Consequently, except for a set of measure zero, we have: for all
1 < 14,5 < m, there exists 1 < k < m such that w;;; # 0. Similarly, for all 1 < 4,7 < m,
there exists 1 < k < m such that u}; # 0. That is, Steps 2 and 3 apply to all of the set
Qyyee, Q0

Final Remark. In the above proof, in Step 3, we assumed that ~,.1(2;) > 0 and
Yna1(€2) > 0 for all 1 < i < m. To handle the case that e.g. v,.11(,) = 0, we can just
assert that r,,; = 0 for all 1 < j < m in Step 1, and then the remaining parts of the proof
go through unchanged. Alternatively, we could note that such sets contribute measure zero
to ExtS,,,(n +1). O

Remark 2.6. In the course of the proof of Lemma [2.5, we showed that, except for a set of
measure zero in ExtSpym(n + 1), we have: for all 1 <4, j < m, there exists 1 < k < m such
that w;;, # 0. Similarly, for all 1 <4, 7 < m, there exists 1 <k < m such that u;jk # 0.

From Lemma and Definition [2.1} for all 1 <i < j <m, if x € ¥; := (9°Q;) N (9*Q2}),
then the unit normal vector Nj;(z) € R"*! that points from €] into ] is well-defined on ¥,
and ((8€%) N (9€Y;)) \ Ty; has Hausdorff dimension at most n — 1 by (20). Similarly, for all
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1<i<j<mifz e, = (0"%)N(9*Q;), then the unit normal vector N;;(z) € R"™! that
points from €2; into Q; is well-defined on X5, ((9€2;) N (9€2;)) \ ;5 has Hausdorff dimension
at most n — 1, and

’ ||VT (Zk 1uijk19k)($)|| ’
TS0 o) (@) %)
Nl](l') =+ k=1 ik~ Vre Ezg

HVTP(Zkzl Loy ) (@)

In Lemma below we will show that the positive sign holds in for sets minimizing
Problem

3. FIRST AND SECOND VARIATION

In this section, we recall some standard facts for variations of sets with respect to the
Gaussian measure. Here is a summary of notation.
Summary of Notation.

e T, denotes the Ornstein-Uhlenbeck operator with correlation parameter p € (—1,1),
as defined in ({3)).
e Q,...,Q,, denotes a partition of R™™! into m disjoint measurable sets.
e (..., denotes a partition of R"™! into m disjoint measurable sets.
e ") denotes the reduced boundary of Q C R™!, from Definition [2.1]
Yij = (07) N (08Y) and ¥, = (0") N (0*€Y)) for all 1 <4, j < m.
N;;(z) is the unit normal vector to « € ;; that points from €2; into €2;, so N;; = —Nj;.
N}, () is the unit normal vector to z € X}, that points from (2} into (2, so N}, = —NJ,.
7 = (ZZJ)1<”<m denotes a real m x m matrlx used in Problem -
fRn+1 Lo, ( )T 19’( )7n+1( )dCL’ V1<ij<m.
clU >0V 1<1i,j<m are constants defined in Problem [I.7]
Uijk = dkz(skz Zkz) dk] (Sk)j zk]) V1 S { .77 k S m
u;‘jk = dzk(szk — Zik) — djk(sjk — ij), V1 S i,j, k S m.
Throughout the paper, unless otherwise stated, we define G: R"™ x R"*! — R to be the
following function. For all z,y € R"™ V¥ p € (=1, 1), define

—llel?~llylI%+2p¢e.y)

G(z,y) = (1 — p2)~tD/2(27)~ (1) St

=212+ wI>) +20(z,y)
= (L= ) Py @) 26)

2
—lly—p=]|

= (1= )V R 2 ()

We can then rewrite the noise stability from Equation [3] as

/Wl ()T, L () (2 dm// (2,y) dzdy.

Our first and second variation formulas for the noise stability will be written in terms of G.

Lemma 3.1 (The First Variation [CS07]; also [HMN16, Lemma 3.1, Equation (7)]). Let

X € CR(R™L R Let Q C R™™ be a measurable set such that OQ is a locally finite
21



union of C* manifolds. Let {Q®)}4c(_1.1) be the corresponding variation of 2. Then

d

Tl /R L leo ()G, y)dy = /a _G@y)(X ), N() dy. (27)

The following Lemma is a consequence of and Lemma .
Let X, X' € C°(R" R™1). Let {Q},c_11) be the variation of €; corresponding to

X forall 1 <7< m. Let {Q;(S)}Se(_l,l) be the variation of ) corresponding to X’ for all
1 <i < m. Denote fi;(x) = (X(x), Ny(x)) for all z € ¥j; and fj;(z) := (X'(x), Nj;(x))
for all z € 3;. We let N denote the exterior pointing unit normal vector to 9*Q}; for any
1 < i < m and we let N’ denote the exterior pointing unit normal vector to 9*C2, for any
1<t <m.

Lemma 3.2 (The First Variation for Minimizers). Suppose Qy,...,Q,, Q4 ..., Q. C
R™*! minimize Problem . Then for all 1 <1 < j < m, there exists c;j, c;j € R such that

Tp(Zu;jklg);)(x):c;j, Vo ek,
k=1

Tp(Zuijk19k>(x) = ¢y, Va e X,
k=1

Proof. Fix 1 < i < j < m and denote f;;(x) := (X (x), N;;(z)) for all z € 3;;. From Lemma
3.1} if X is nonzero outside of X;;, we get

n 2
I / Lo ()Tl o (@ () d = )
k Rn+1 k
:/ Zdlk/ (z,y dydx(/ Lo, (2)Tplay (2)Ynt1(z) dz — Zm)
Zzg Rn+1
+/ x), Nji( Z / (x,y dydm(/ Lo, (2)T,10; (2)Ynt1(z) do — zjk>
/ Rn+1

./\. / kz: ik Szk sz djk(sjk — Zﬂ&)lg;) (q;)fw(aj) dz
=1

We used above N;; = —Nj;. If T,( YL, u;jkl%)(x) is nonconstant, then we can construct
fi; supported in ZZ] with [, fij(@)Yns1(z)dz = 0 for all 1 < ' < m to give a nonzero

derivative, contradicting the max1mality of Qy,...,Q, (as in Lemma and ) The
analogous condition applies to Q},...,Q/ by symmetry. 0J

Theorem 3.3 (General Second Variation Formula, [CS07, Theorem 2.6]; also [Hei21al,
Theorem 1.10]). Let X € C°(R™ 1 R, Let Q@ C R™™ be a measurable set such that 9

is a locally finite union of C*™ manifolds. Let {Q } —1,1) be the corresponding variation of
22



Q. Define V as in . Then

_d_22 s=0 /R,LJrl /R"+1 19(5) (y)G(QT, y)lQ(S) (l') d!lfdy
= [ [ Gl @) M@ (X ). N ) dady + | div(V (20X (@) (X w). V(e

by

4. NOISE STABILITY AND THE CALCULUS OF VARIATIONS

We now further refine the first and second variation formulas from the previous section.

Let X € C5°(R™ R™1). Let {Q)},(_11) be the corresponding variation of ; for all 1 <
i < m, and let {Q;(S)}se(_l,l) be the variation of €, corresponding to X’ € Cg°(R* ™! R"*1).
Denote f;;j(x) = (X(z), N;j(x)), for all x € E;; = (0*Q;) N (0*Q;). We let N denote
the exterior pointing unit normal vector to 9*(}; for any 1 < i < m. Denote fj;(v) :=
(X'(z), Nj;(x)), for all z € X, := (0*Q)) N (0°). We let N denote the exterior pointing
unit normal vector to 0*(2; for any 1 <1i < m.

Lemma 4.1 (Second Variation). Let Qy,...,,,,Q},..., Q2 CR" be two partitions of
R into measurable sets such that 0Q;, 08, are a locally finite union of C* manifolds for
alll <i<m. Then

1 d? 2
1 dz SR
2d = 02] 1 ! \/R"L+1 /Rn+1 i I y) ( )( ) ray z])
s Z“/ )G, ) (X (), N ) dy ] £ 0 do
1<i<j<m 9*Qy

86>

J k=

+ /2 <va < in: u;jle;€> (), X($)>fij(x)%+1(x) dx
/ , (Zuz]klﬂ’> (le(X( ) — (X(.r),x))fij(x)%ﬂ(x) dx

+/, <VTp<ZUz‘jk]—Qk>< ), X' (x )>f (2)Ynsr () Ao
tj k=1

b (3 vt ) @) (@K ) — (X)) )

ij k=1

e [ )G (), N () du] )

(28)

m

2| [ Tl @@ et [ o @f @) da

i,j=1 et 09

2
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Proof. First consider the functional [p.11 [pen Lo (¥)G (2, y)lge (@) dedy. For all z €
R™ | we have V(z,0) fQ y)dy 8 Yni1(2)T,10(x). So, from Theorem ,

il Gla N
2ds?ls=0 Jgns1 Jrnst oo (Y Y) g (2 Yy

://Gx’y (), N(2)){(X(y), N(y)) dedy

n+1
0

+ [ DIEARE X, (2) = T () Xi(0) + 2T, o) X)X (2), N @) s (2) o

(2

:/z/E (@, y)(X(x), N (2))(X(y), N(y)) dzdy
T / Tylae) (div(X()) — (X(2),2)) + (VT la(e), X ()X (@), N (@) (2) do.

Using the polarization identity in the form

[ )G g (@) dady
Rn+1 JRn+1

1
4 ( / / (152<S) 1Q/(S)>(y)6 (37, y)(lﬂ(S) IQ’(s))(ﬂf) dxdy
Rn+1 JRn+1
/ . / (Loe) = 1gw)(®)G (@, y)(1aw — 1ge)(@) d:pdy),
R+l JRrtL

we then get, denoting f(z) := (X (x),N(z)) Vz € X, f'(z) == (X(z), N'(z)) Vz € ¥,

s= 0/Rn+1 /Rnﬂ Lo (v Y) g (r) dedy
// (. y)( y)) dyf'(z) dx
+ [ [ e ). N ) duf) do

/E<VTp<1w><x>,X<x>>f<xm+l<x> 0
- /E T, (1) (@) (v (X (@) = (X (2),2)) (@) () d
+ [ (V1,000 X (@) @0sae) do
+ /E Ty(10)(x) (aiv(X'(@)) = (X'(@), 2)) £ () ns1 (@) da.

24
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We then use the chain rule to get
1 d? 2
(/ / Low (9)G (2, y) 1y (z) dedy — 2)
s=0 Rn+1 Rn-‘rl

2ds?
/ / Loe ()G (2, y) g (x) dzdy
s=0 Jprn+1 JRn+1

/ / Low (Y )l (@ )dxdy) :
s=0 Jrn+1 JRn+1

Here sg := fRn+1 fRnH lo(y)G(x,y)lo (z) dedy. Summing over ¢, j then concludes the proof,
using also Lemma [3.2] to get

ijzl di (& s=0 /RHJrl /Rnﬂ 191@ ()G (z, y)lgg(s)(ﬂf) dxdy)

=S ] [ Bia@h@ra@ et [Tl el

ij=1 0+,

= (50— 2) d32

ds

O
Lemma 4.2 (Second Variation of Minimizers, Extended). Suppose we have two par-

titions Q1 ..., U, U5, Q2 C R of R™™ into measurable sets such that 9, 9SY, are
a locally finite union of C* manifolds ¥V 1 <1 < m. Suppose we extend X|,m pq, such that
div(X)(z) = (X(z),7) and we extend X'|ym aq; such that div(X')(z) = (X'(x),z). Then

1 d? m 2
Q(s) G(x y)lﬂ/ﬂs) () dedy — Zz’j)
5= 0 =1 Rn+1 JRn+1 J

2ds?
- ¥ / | [(Zum [ Yot Nw) ) ) o

1<i<j<m

i /Z Kiu;]k /8*9,. )G(x, yI(X (y), N'(y)) dy] fij(z) dz

ij k=1

! / Hva(i Wiyley ) (@) | 1@ s (@) da
i k=1
(

“f,

#3d] [ Bia@h@n@ e+ [ Do)

i,7=1 Q 8*9/

(29)

i uijklﬂk) (z) H |fz/g (z) ‘2 Ynp1(z) d

‘va

Also,

VI3 ey ) ) = No(o) [ uipleg @), Vees,

k=1 k=1

VT, ( i uijkmk) () = Nj(x) Hm(

k=1

NE

u,]klgk>(:v)H, Vi e X

b
Il

1
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p(Doniy ulp e ) (x)|| > 0 for all x € S5, except on a set of Hausdorff di-
mension at most n — 1, and HVTP(ZZL:l uijklgk) H >0 forallz € X!,
Hausdorff dimension at most n — 1.

i, except on a set of

Proof. We extend X such that div(X (z)) = (X (z), z) for all z in a neighborhood of U}, 0%,
and we extend X’ such that div(X'(z)) = (X'(x), ) for all z in a neighborhood of U™ 9,
so that the two integrals with divergence terms in Lemma [£.1] vanish. Equation [30] follows
by taking the gradient of the First Variation condition from Lemma though there is an
ambiguity in the sign of the right side of . which will be eliminated below.

If there exists 1 < i < j < m such that HVT (Zk 1 u”klgk) H = 0 on an open set in
3i;, then choose X' supported in this open set so that the fifth term of ( . is zero. Then,
choose X such that sum of the first two terms in (28]) is negative. And choose X, X’ such
that the last term is zero. Multiplying then X by a small positive constant, and noting that
the fourth term in has quadratic dependence on X while the first two terms have linear
dependence on X, we can create a negative second derivative of the noise stability, giving a
contradiction. We can similarly justify the positive signs appearing in .

We then arrive at

m

2
Sdy( [ ] )Gy @) dady - 2)
s:O,,_1 R+l JRn+1 @ J

)=

(
= > [ (S [ e x. M) ] as

1<i<j<m ij k=1

1 d?
2 ds?

va ( i uijklﬂk) (), X/(x>>fi/j ()Yt (z) do

ij k=1

Tplﬂ; () fij (@) Y1 (z) dz + / Tplo, (x)lej ()Yt (z) do

/
o* Qj

2

Substituting into this equality completes the proof. O

Let v € R™*! and denote f;; :== (v, Ny;) for all 1 < 4,5 < m. For simplicity of notation in
the formulas below, if 1 < i < m and if a vector N(z) appears inside an integral over 0€;,
then N (z) denotes the unit exterior pointing normal vector to €); at x € 9*€);. Similarly, for

simplicity of notation, we denote (v, N) as the collection of functions ((v, N;;))i1<i<j<m. For
26



any 1 <i < j < m, define

m _ lly—pa|?
Sii((v, N)) () v= (1 = p*) = F0/2(2) ~(n /2 Zuijk/a . (v, N(y))e 20- dy, Vo€ X,
k=1 L
m _ lly—pa|?
Syl N (a) = (1= 022y [ o N e S dy, va e
k= *Q

(31)
Both quantities on the right are finite a priori by the divergence theorem and Remark

Lemma 4.3 (Key Lemma, m > 2, Translations as Almost Eigenfunctions). Let
Qi oo, L, Q. Y, minimize Problem[1.7 Assume that 98, 02, are locally finite unions
of C* manifolds for all1 <i<m. Fix1<i<j<m. Let v,w € R"™. Then

Sii (v, N))(z) = — (v, N};(x HVT (Zuwklgk>( ), veesy.
St ((w, N')) () = —<w,Nij(x)>%Hva(iu;jk1%>(x) . Vzeny,
k=1
Proof. From Lemma , ie. ,
m(iuijﬂm) () = N;j(x)Hva<§:uijk1Qk) (x)H, Voes (32)
k=1 k=1

From Definition , and then using the divergence theorem, V x € X;;,

(29T, 3 winta, ) (@)

k=1

ly—pz|?
= (1 — p?)~( /29y =(n1) /2< Zu”’“/ Ve T dy>

_ly=p=)®
= (1= p?) Do) ot Zumk / vy prle XTIy (33)

_ lly—pz|?
(1 )OS / div,, (ve” 20 ) dy
k=1

Qp

ik ly=pe)*
(- p2)—(n+1)/2(27.r)—(n+1)/2pZuijk/ (0, N(y))e™ 5= dy.

k=1 a*Qk
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The use of the divergence theorem is justified in Remark Therefore,

(v,Ni’j(:E))HVTp<iuijklgk>(:v)H <v,va(§:uijk1gk)(x)>

k=1

E3) —(n —(n = _ly—pe]?
~(1= ) ) Y g [ N dy
k=1 g

*Qk

[

' —pSy((0,N))(z),  Vaex,

O

Remark 4.4. To justify the use of the divergence theorem in , let » > 0 and note that
we can differentiate under the integral sign of T,1onp(0, (%) to get

_ — _lly=pz|?
VT lonpn (@) = (1= p?)~ "+ Q(QW)_("+1)/2<U» / Ve 20 dy>
QNB(0,r)
_ (1 o 2)_(”+1)/2(27r)_(”+1)/2 P <1) . x)e_%d
B g L—p% Jonsos e Y
lly—pz|?
=—(1- p2)_(”+1)/2(27r)_("+1)/2p/ div, (ve_ﬁ> dy
QNB(0,r)
lly—pe|?
=—(1- p2)_(”+1)/2(27r)_(”+1)/2p/ (v, N(y)>e_2y(lfpp2) dy.
(SNB(0,r))U(QNIB(0,r))

(34)
Fix ' > 0. Fix z € R""! with ||z|| < 7/. The last integral in over QN IB(0,7) goes

to zero as r — oo uniformly over all such ||z| < 7. Also VT,1o(x) exists a priori for all
x € R*""! while

VT La(2) — VT, Lonson (@) | € —12

1—=p?
ol e
S W sup " |<'LU, y>| ]'B(O,’I’)c(xp + Yy I pQ)’yTl'f'l(y) dy
_ R™

weR L |w||=1

/ B Ylonsome(xp +yv 1 — p?)yns1(y) dyH
Rn

And the last integral goes to zero as r — oo, uniformly over all ||z|| < 7.

Lemma 4.5 (Second Variation of Translations). Let v € R"".  Let Qy,...,Qp,,
Q) ..., minimize Problem [1.7]. Assume that 98,08 are locally finite unions of C*
manifolds for all 1 < i < m. For each 1 <i < m, let {QES)}SE(,M) be the variation of €;

corresponding to the constant vector field X := v and let {Q;(S)}se(ﬂ,l) be the variation of
28



Q; corresponding to X' :=wv for all 1 <i <m (When p <0, we choose X' := —v.) Then

2
%% B ]</Rn+1 /Rnle 1Q§s> (y)G(m,y)lQ;(s> () dady — Zij>2
= ( Z / (v, N’ p(zuijklgk)(x) Vnt1(x) dz
1<i<j<m ¥ Zij =
L A bt

£3dy] /. T,y (0) {0 N (o)) (r)da -+ sigaly) /

2
T lo, (@) (v, N' ()31 () da |
1,7=1 B*Q;.

Proof. For any 1 < i < j < m, let fi;(z) := (v, Njj(v)) for all z € ¥j; and let f,(z) :=
(v, Nj;(z)) for all x € 3};. From Lemma , if p > 0, then

gla 2 ([

2
| Lo )G )1 (o) dady — 25)
Rn+1 Rn+1 3 7

LAY / St @) + HVTp(fl%leW)

1<i<j<m

T / (St N@ + Hm(iju;jkl%)m

g [ Tiag@f@ha@det [ Tla@f @) d]
0*); 0

* Q/_
J

15@)] Fy(@) i1 (@) da

fij (33)] fij (@) Vng1(7) do

Applying Lemma [4.3]

Si((0. W)a) = —o, Ny ()= |7, Zuukmk()

) VoreX!.

157

Si(te ) @) =~ No(a)) [T, Zuwklgl (x)

3 Ve Eij7

proving the Lemma in the case p > 0. In the case p < 0, we instead have f;(r) = (—v, Nj;(z))
Ve

zg’
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1 d?

2 ds?

2
Zldij</w+1 /}Rn+1 Low ()G (2, y)1g o (x) dzdy — Zij)

_ Z /, [Sij(<U;N>)<x> + “VT,}(iu@lek)(I)‘

1<i<j<m Y 4

+L ﬁa«wwwxm+MVn(§)%u%N@

ij

15@)] Fy@) (@) da

fij (33)} fij (@) Vns1 (v) dz

2

s [ Tly@fs@mna@dr+ [ Tla @) d

*Q/

, Voed,

’L]’

Sii({v, N)) () = (—v, Njj(z HVT (Zu”klg’“>( )

Sty ((= v, N'D)(@) = (v, Ny HWWZEWMN>

s VZEEEZJ,

The Lemma then follows for p < 0.
Note also that >, ;... f&j VT, (3 wispday ) (@) [0, Nij(2))* Y41 (x) da is finite a pri-
ori by the divergence theorem since V 1 < i < m,
/ <v, —x + V{(v, valgg(x)>>%+1(x) dz
Q;

oo >

/Qi div (v(U,VTplg;(x)wnH(x)) de

= /Q div(v(v,valﬂ;(x»%H(x)) dz

/*QKU,VTp(lQ;)(x))(v, N(2)) Vi1 () dz| .

Summing over 1 <, 7, k < m then gives

oo > Z / UVT Zu”klgl) >UNz‘j($)>’Yn+1(x)dx,
N 2 / ’VT Zuw’flﬂ’> x)H@’Nij($)>2%+1(a:)dx.

1<i<j<m

5. PROOF OF THE MAIN DIMENSION REDUCTION THEOREM

Proof of Theorem[1.8 Let m > 2. Let —1 < p < 1 with p #0. Let Q1,...Q,,,Q},...Q C
R"* be two partitions of R™™! into measurable sets that minimize Problem , with Z
chosen as in Lemma (i.e. so that {s;; — zi; }1<ij<m are not all equal.) It suffices to verify
Theorem in the complement of the set A defined in Lemma [2.5] since the conclusion
of Theorem is preserved by weak limits. These sets exist by Lemma and from
Lemma [2.9| their boundaries are locally finite unions of C'**° n-dimensional manifolds. Define
Y = (0") N (078Y), Xf; = (0") N (9%Q) for all 1 <i < j <m.
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By the last part of Lemma (4.2 E except for sets oy;,0}; of Hausdorff dimension at most
n — 1, we have

Hva<Z u;jk]‘Q;c> (.’L’)H >0 Vze Zij \Uij7 Hva<Z U”lek> (I)H >0 Vze Z;] \O’Z{j.
k=1 k=1

(35)

Fix v € R™*!, and consider the variation of i, ..., Q,, induced by the constant vector field

X := v and the variation of ,...,Q/ induced by X’ :=sign(p)-v. Forall 1 <i < j <m,
define Sj;, Si; as in (31). Define

V= {ve R, / T oy (2) (0, N(@)) e (1) da
+ sign(p)/ T,1q,(x){v, N'(x))ypi1(x) dz =0, V1<i,j< m}
Y

From Lemma

1 d2 m 2
VEV = Sl 2 % (Lo [ e G0 @) drdy — =)

R 3

R o AL e S e
|p| 1<i<j<m Z/ k=1
+/E (v, Ny (@) HVT(Z iy ) ()| |1 (@) o

This second derivative must be zero, since Qi,...,Q, Q,...,Q,, minimize Problem [L.7
Since 0 < |p| < 1, implies
veV = (v,Ny(x)) =0, VaeXy (v,Njx)=0 VrecX

”,‘v’1§i<j§m.

(36)
The set V has dimension at least n + 2 — m?, by the rank-nullity theorem, since V is the
null space of the linear operator M : R+ — R™ defined by

M)y = [ Tylay @) N (o) do
+ Sign(p)/ Tyl (x)(v, N'(2))yns1(x) dz, V1<i,j<m
o,

and M has rank at most m* — 1 (since Y " _ (M(v));; = 0 for all v € R™1). So,
by (36} ., after rotating Qy,...,Q,, ), ..., Q|
O1,...0,,,0,,...,0, CR™ ! such that

0 =60; xR =@, xR V1<i<m.

we conclude that there exist measurable

O
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