THE STRUCTURE OF GAUSSIAN MINIMAL BUBBLES

STEVEN HEILMAN

Abstract. It is shown that m disjoint sets with fixed Gaussian volumes that partition R^n with minimum Gaussian surface area must be (m − 1)-dimensional. This follows from a second variation argument using infinitesimal translations. The special case m = 3 proves the Double Bubble problem for the Gaussian measure, with an extra technical assumption. That is, when m = 3, the three minimal sets are adjacent 120 degree sectors. The technical assumption is that the triple junction points of the minimizing sets have polynomial volume growth. Assuming again the technical assumption, we prove the m = 4 Triple Bubble Conjecture for the Gaussian measure. Our methods combine the Colding-Minicozzi theory of Gaussian minimal surfaces with some arguments used in the Hutchings-Morgan-Ritoré- Ros proof of the Euclidean Double Bubble Conjecture.

1. Introduction

Classical isoperimetric theory asks for the minimum total Euclidean surface area of m disjoint volumes in R^{n+1}. The case m = 1 results in the Euclidean ball. That is, a Euclidean ball has the smallest Euclidean surface area among all (measurable) sets of fixed Lebesgue measure. The case m = 2 is the Double Bubble Problem, solved in [HMRR02, Rei08]. The case m ≥ 3 is still open, except for the special case m = 3, n + 1 = 2 [Wic04]. As Hutchings writes on his website^1 concerning the m = 3, n + 1 = 3 case, “The triple bubble problem in R^3 currently seems hopeless without some brilliant new idea.”

Recent results in theoretical computer science, such as sharp hardness for the MAX-m- CUT problem [KKMO07, IM12] motivate the above isoperimetric problem with Lebesgue measure replaced with the Gaussian measure [IM12]. Also, the “plurality is stablest” conjecture from social choice theory is closely related to such an isoperimetric problem. This problem [IM12] says that if votes are cast in an election between m candidates, if every candidate has an equal chance of winning, and if no one person has a large influence on the outcome of the election, then taking the plurality is the most noise-stable way to determine the winner of the election. That is, plurality is the voting method where the outcome is least likely to change due to independent, uniformly random changes to the votes. The latter conjecture is a generalization of the “majority is stablest conjecture” [MOO10], which was proven using (a generalization of) the Gaussian m = 1 case of the isoperimetric problem posed above.

In the Gaussian setting, for convenience, we include the complement of the m volumes as a set itself. That is, in the Gaussian setting, we ask for the minimum total Gaussian

Date: July 9, 2021.

2010 Mathematics Subject Classification. 60E15, 53A10, 60G15, 58E30. Key words and phrases. Gaussian, bubble, minimal surface, calculus of variations. Supported by NSF Grant DMS 1829383. 1math.berkeley.edu/∼hutching/pub/bubbles.html 1

surface area of m disjoint volumes in R^{n+1} whose union is all of R^{n+1}. The case m = 1 is then vacuous. The case m = 2 results in two half spaces. That is, a set Ω ⊆ R^{n+1} lying on one side of a hyperplane has the smallest Gaussian surface area � ∂Ω γ_n(x)dx among all (measurable) sets of fixed Gaussian measure � Ω γ_{n+1}(x)dx [SC74]. Here, ∀ k ≥ 1, we define

γ_k(x) := (2π)^{−k/2}e^{−‖x‖2/2}, ⟨x, y⟩ := n+1� i=1 x_iy_i, ‖x‖^2 := ⟨x, x⟩,

∀ x = (x_1, . . . , x_{n+1}), y = (y_1, . . . , y_{n+1}) ∈ R^{n+1}.

This Gaussian isoperimetric result [SC74] in the case m = 2 has been elucidated and strengthened over the years [Bor85, Led94, Led96, Bob97, BS01, Bor03, MN15a, MN15b, Eld15, MR15, BBJ17]. The case m = 3 is the Gaussian Double Bubble Problem, solved when the sets Ω_1, Ω_2, Ω_3 ⊆ R^{n+1} both have Gaussian measures close to 1/3 [CCH^+08]. The result [CCH^+08] requires the solution of the Double Bubble problem on a sphere of arbitrary dimension, so their methods seem difficult to apply to the case m ≥ 3. Independent of the present work, the Gaussian case m = 3 was recently resolved unconditionally in [MN18a].

Recent proofs of the Gaussian m = 2 case [MR15, BBJ17] have used the calculus of variations techniques, originating with the related work of Colding and Minicozzi [CM12]. We will focus on such calculus of variations techniques in this work, since they show the most promise for resolving the case m ≥ 3. Such techniques have been applied to related problems in [Hei15, Hei17]. The work [MN18a] also uses calculus of variations techniques, combined with a second-order matrix-valued differential inequality. Instead of using volume-preserving variations of sets, the approach of [MN18a] considers arbitrary perturbations of sets, allowing the evaluation of all minimizing sets for all measure restrictions, simultaneously. The differential inequality infinitesimally “pieces together” minimizing sets of different measure restrictions, and ultimately solves the problem via a maximum principle. In our approach, we instead mostly focus on volume-preserving variations of sets.

Remark 1.1. Unless otherwise stated, all Euclidean sets in this work are assumed to be Lebesgue measurable. In Section 1.1 below, we ignore technical issues such as noncompactness and regularity of sets, for didactic purposes.

1.1. Gaussian Isoperimetry for One Set. It follows from the work [CM12], as recounted in [MR15, BBJ17], that if Ω ⊆ R^{n+1} minimizes � ∂Ω γ_n(x)dx among all subsets of fixed Gaussian volume � Ω γ_{n+1}(x)dx, then ∃ λ ∈ R such that the boundary of Ω satisfies the following first variation condition:

H(x) = ⟨x, N(x)⟩ + λ, ∀ x ∈ ∂Ω. (1)

Here N(x) is the exterior unit normal vector of Ω at x ∈ ∂Ω (satisfying ‖N(x)‖ = 1), and H(x) is the mean curvature of ∂Ω at x ∈ ∂Ω, i.e. the divergence of N(x). (See Section 2.1 for more detailed definitions.) Furthermore, the following second variation condition holds:

∀ f : ∂Ω → R such that � ∂Ω f(x)γ_n(x)dx = 0, � ∂Ω f(x)Lf(x)γ_n(x)dx ≤ 0,

where L is a second-order elliptic differential operator on ∂Ω (defined in (13)), similar to the Ornstein-Uhlenbeck operator. 2

So, the problem of classifying the sets Ω of fixed Gaussian volume and minimal Gaussian surface area reduces to investigating the spectrum (and eigenfunctions) of a self-adjoint differential operator L on ∂Ω. Fortunately, as shown in [CM12, MR15, BBJ17], there is a large class of eigenfunctions of L with eigenvalue 1. That is,

∀ v ∈ R^{n+1}, L⟨v, N(x)⟩ = ⟨v, N(x)⟩, ∀ x ∈ ∂Ω. (2)

Combining this equality with the second variation condition, we see that

∀ v ∈ R^{n+1} such that � ∂Ω ⟨v, N(x)⟩γ_n(x)dx = 0, � ∂Ω ⟨v, N(x)⟩^2γ_n(x)dx ≤ 0. (3)

If we define V := {v ∈ R^{n+1} : � ∂Ω⟨v, N(x)⟩γ_n(x)dx = 0}, then (3) implies

∀ v ∈ V, ∀ x ∈ ∂Ω, ⟨v, N(x)⟩ = 0.

Since V ⊆ R^{n+1} is a linear subspace of dimension at least n, we conclude that ∂Ω consists of a set of parallel hyperplanes. From (1), ∂Ω must in fact consist of at most two hyperplanes, since H(x) = 0 and N(x) takes at most two values for all x ∈ ∂Ω, so (1) gives the equation of at most two hyperplanes. One can then deduce that in fact ∂Ω consists of a single hyperplane.

The key of the above argument was the implication (1) implies (2). That is, it is crucial to find a large class of eigenfunctions of L with positive eigenvalues. In the Gaussian setting, this argument seems to have first appeared in [CM12], and it was used in several subsequent works, e.g. [CIMW13, MR15, Gua18, CW14, CW18, COW16, BBJ17, Zhu20, Hei17]. In the Euclidean setting, an investigation of the eigenfunctions of the second variation of minimal surfaces seems to have originated in the work of Simons [Sim68] on the stability of Euclidean minimal cones, reappearing elsewhere such as [BdC84] and [HMRR02].

One might ask why (2) would be expected to hold, and if such an identity is specific to the Gaussian setting. Let Ω ⊆ R^{n+1}, and let v ∈ R^{n+1}. Suppose we translate Ω in the direction tv for any t > 0, forming the set Ω + tv. By formally taking a derivative at t = 0, we see that x ∈ ∂Ω is translated to the point x + t⟨v, N(x)⟩N(x) + O_x(t^2). In this way, the function x → ⟨v, N(x)⟩ corresponds to an infinitesimal translation of the set Ω in Euclidean space. The Gaussian measure is not translation invariant. However, for any v ∈ R^{n+1}, the function x → e^{−‖x‖2/2}, x ∈ R^{n+1} can be written as x → e^{−|⟨x,v⟩|2‖v‖2/2}e^{−‖x−⟨x,v⟩v‖2/2}. And the second term in the product is invariant under translation by v. Intuitively, this property of “translation invariance up to one-dimensional distributions” leads to the identity (2), and also demonstrates that (2) seems unique to the Gaussian measure. (Recall that (general) Gaussian measures are the unique rotation invariant product probability measures on Euclidean space.)

In the Euclidean setting, infinitesimal translations and infinitesimal rotations also yield eigenfunctions of the corresponding operator L, albeit with eigenvalue 0. This observation was one key ingredient in the proof of the Euclidean Double Bubble Conjecture [HMRR02].

1.2. Gaussian Isoperimetry of Multiple Sets. It is an elementary but important observation that the above argument provides a nontrivial conclusion for multiple sets. Suppose Ω_1, . . . Ω_m ⊆ R^{n+1} are disjoint sets with fixed Gaussian volumes γ_{n+1}(Ω_1), . . . , γ_{n+1}(Ω_m) with �_m

i=1 γ_{n+1}(Ω_i) = 1 and of minimal Gaussian surface area � 1≤i<j≤m � (∂Ω_i)∩(∂Ω_j )

γ_n(x)dx. 3

Then the above first and second variation arguments still hold, with suitable modifications (see Lemmas 3.5, 3.7 and 3.10). For any 1 ≤ i < j ≤ m, there exists λ_{ij} ∈ R such that

H_{ij} (x) = ⟨x, N_{ij} (x)⟩ + λ_{ij} , ∀ x ∈ (∂Ω_i) ∩ (∂Ω_j ). (4)

As above, N_{ij}(x) is the unit normal vector of Ω_i pointing into Ω_j at x ∈ (∂Ω_i) ∩ (∂Ω_j ) and H_{ij} (x) is the mean curvature of ∂Ω_i at x ∈ (∂Ω_i) ∩ (∂Ω_j ), or the divergence of N_{ij} (x). (See Section 2.1 and Definition 3.4 for more detailed definitions.) (See also Figure 3.) An appropriate generalization of the second variation formula now holds (see Lemma 3.10). For simplicity of exposition, we restrict our attention now to the second variation of linear functions of the normal vector:

∀ v ∈ R^{n+1} such that ∀ 1 ≤ i ≤ m, � ∂Ω_i � j∈{1,...,m} : j≠i

⟨v, N_{ij}(x)⟩γ_n(x)dx = 0, � 1≤i<j≤m � ∂Ω_i

f(x)L_{ij} f(x)γ_n(x)dx ≤ 0,

where L_{ij} is a second-order elliptic differential operator on (∂Ω_i) ∩ (∂Ω_j ) defined in a similar way to L (in (13) or (23)). Just as (1) implies (2), (4) implies

∀ v ∈ R^{n+1}, ∀ 1 ≤ i < j ≤ m, L_{ij} ⟨v, N_{ij}(x)⟩ = ⟨v, N_{ij}(x)⟩, ∀ x ∈ (∂Ω_i) ∩ (∂Ω_j ). (5)

Combining this equality with the second variation condition, we see that

∀ v ∈ R^{n+1} such that ∀ 1 ≤ i ≤ m, � ∂Ω_i � j∈{1,...,m} : j≠i

⟨v, N_{ij}(x)⟩γ_n(x)dx = 0, � 1≤i<j≤m � ∂Ω_i

⟨v, N_{ij}(x)⟩^2γ_n(x)dx ≤ 0. (6)

Let V := {v ∈ R^{n+1} : � ∂Ω_i � j∈{1,...,m} : j≠i⟨v, Nij(x)⟩γn(x)dx = 0, ∀ 1 ≤ i ≤ m}. By (6),

∀ v ∈ V, ∀ 1 ≤ i < j ≤ m, ∀ x ∈ (∂Ω_i) ∩ (∂Ω_j ), ⟨v, N_{ij}(x)⟩ = 0.

Since V ⊆ R^{n+1} is a linear subspace of dimension at least n − m + 2 (when m ≥ 2), after rotating Ω_1, . . . Ω_m, there exist Ω^′_1, . . . , Ω^′_m ⊆ R^{m−1} such that

Ω_i = Ω^′_i × R^{n−m+2}, ∀ 1 ≤ i ≤ m.

That is, Ω_1, . . . Ω_m are (m − 1)-dimensional.

As in the case m = 2, the implication (4) implies (5) is crucial for this argument. In particular, this argument needs many eigenvectors of (L_{ij} )_{1≤i<j≤m}. This observation, that Colding-Minicozzi theory (i.e. the implication (4) implies (5)) applies to multiple sets, is the starting point of our investigation.

In certain cases, one can assert, as in [CM12], that an eigenfunction of (L_{ij} )_{1≤i<j≤m} exists with eigenvalue greater than 1. This eigenfunction may have a nonzero integral on the boundary of some set Ω_i for some 1 ≤ i ≤ m, in which case the perturbation of sets induced by this eigenfunction does not preserve the Gaussian volumes of the sets Ω_1, . . . , Ω_m. But this problem can be fixed by adding some other eigenfunctions of (L_{ij} )_{1≤i<j≤m}, and using orthogonality of eigenfunctions with different eigenvalues in Lemma 6.1. This observation was also used in [CM12].

We now state our main problem of interest more formally. 4

Problem 1.2 (Gaussian Multi-Bubble Problem, [Hut97, HMRR02, CCH^+08]). Let m ≥ 3. Fix a_1, . . . , a_m > 0 such that

�_m i=1 a_i = 1. Find measurable sets Ω_1, . . . Ω_m ⊆ R^{n+1} with ∪^m_{i=1}Ω_i = R^{n+1} and γ_{n+1}(Ω_i) = a_i for all 1 ≤ i ≤ m that minimize � 1≤i<j≤m � (∂Ω_i)∩(∂Ω_j )

γ_n(x)dx,

subject to the above constraints.

Ω_1

Ω_3

Ω_2

120^o

Figure 1. Optimal Sets for Conjecture 1.3 in the case m = 3, n + 1 = 2.

Conjecture 1.3 (Gaussian Multi-Bubble Conjecture [HMRR02, CCH^+08, IM12]). Let Ω_1, . . . Ω_m ⊆ R^{n+1} minimize Problem 1.2. Let z_1, . . . , z_m ∈ R^{n+1} be the vertices of a regular simplex in R^{n+1} centered at the origin. Then ∃ y ∈ R^{n+1} such that, for all 1 ≤ i ≤ m,

Ω_i = y + {x ∈ R^{n+1} : ⟨x, z_i⟩ = max_{1≤j≤m}⟨x, z_j ⟩}.

We sometimes refer to sets Ω_1, . . . , Ω_m that minimize Problem 1.2 as Gaussian minimal bubbles. Our first result follows from the argument sketched above for (6).

Theorem 1.4 (Dimension Reduction for Gaussian Minimal Bubbles). Suppose Ω_1, . . . Ω_m ⊆ R^{n+1} minimize Problem 1.2. Then there exists 0 ≤ ℓ ≤ m − 1 and there exist Ω^′_1, . . . , Ω^′_m ⊆ R^ℓ such that, after rotating Ω_1, . . . , Ω_m, we have

Ω_i = Ω^′_i × R^{n−ℓ+1}.

Moreover ℓ can be chosen to be the dimension of the span of the following m vectors in R^{n+1} � Ω_1

xγ_{n+1}(x)dx, . . . , � Ω_m

xγ_{n+1}(x)dx.

Theorem 1.4 can be considered a Gaussian analogue of Hutchings’ Symmetry Theorem for Euclidean minimizing bubbles [Hut97]. In [Hut97, Theorem 2.6], it is shown that if m ≤ n sets in R^{n+1} have fixed Euclidean volumes and minimum total Euclidean surface area, then there exists a linear subspace P ⊆ R^{n+1} of dimension (m − 1) such that all of the sets are invariant under any isometry of R^{n+1} that fixes P . That is, all of the sets are symmetric across P . In particular, when m = 2 ≤ n, any minimal Euclidean double bubble is symmetric with respect to rotations along a fixed line.

The proof of Hutchings [Hut97, Theorem 2.6] relies on an inductive version of Euclidean symmetrization together with the Ham Sandwich Theorem, for bisecting m Euclidean sets 5

with a hyperplane. In particular, the proof uses translation invariance of Lebesgue measure. So, an adaptation of the methods of [Hut97, Theorem 2.6] to prove Theorem 1.4 seems difficult if not impossible. Moreover, Theorem 1.4 deduces a translational symmetry for Gaussian bubble clusters, whereas [Hut97, Theorem 2.6] deduces a rotational symmetry. Indeed, the minimal Euclidean bubbles should not have any translational symmetry.

The following Theorem implies flatness of boundaries of minimal Gaussian partitions, or it improves on the dimension condition of Theorem 1.4 by one dimension.

Theorem 1.5 (Structure Theorem Dichotomy). Let Ω_1, . . . , Ω_m minimize Problem 1.2. Suppose Assumption 1.6 holds. Then at least one of the following holds.

• ∀ 1 ≤ i < j ≤ m, there exist two hyperplanes P_{ij}, P^′_{ij} ⊆ R^{n+1} such that

(∂Ω_i) ∩ (∂Ω_j ) ⊆ P_{ij} ∪ P^′_{ij} .

• The sets Ω_1, . . . , Ω_m are (m − 2)-dimensional. That is, there exists 0 ≤ ℓ ≤ m − 2 and there exist Ω^′_1, . . . , Ω^′_m ⊆ R^ℓ such that, after rotating Ω_1, . . . , Ω_m, we have

Ω_i = Ω^′_i × R^{n−ℓ+1}.

Intuitively, Theorem 1.5 should be sufficient to prove Conjecture 1.3, since (m − 2)- dimensional sets should be “unstable.” For example, a small perturbation of the sets should always result in the span of � Ω_1 xγn+1(x)dx, . . . , � Ω_m xγn+1(x)dx being (m − 1)-dimensional,

so Theorem 1.4 should imply that the second case of Theorem 1.5 does not occur. We are unable to turn this intuition into a proof.

The following technical assumption is needed to prove the almost orthogonality of eigenfunctions of (L_{ij} )_{1≤i<j≤m} in the proof of Theorem 1.5. Assumption 1.6 says that a neighborhood of the singular set has small Gaussian area on a sequence of annuli going to infinity.

Assumption 1.6 (Polynomial Volume Growth of Singular Set). For any ε, r > 0, define C := � 1≤i<j<k≤m

(∂Ω_i) ∩ (∂Ω_j ) ∩ (∂Ω_k).

C_{ε,r} := {x ∈ R^{n+1} : ∃ c ∈ C such that ‖x − c‖ < ε and r < ‖c‖ < r + 1}. So, C_{ε,r} is the ε-neighborhood of the part of C lying in the annulus with radii r and r + 1.

We assume that: for any ε > 0, there exist a 0 < r_1 < r_2 < · · · such that lim_{ℓ→∞} r_ℓ = ∞ and for any ℓ ≥ 1, there exists η_{ℓ,ε} ∈ C^∞_0 (R^{n+1}) such that η_{ℓ,ε} = 0 on C_{ε,rj} , 0 ≤ η_{ℓ,ε} ≤ 1 everywhere, η_{ℓ,ε} = 1 on C^c_{2ε,rj} , and

lim_{ℓ→∞} lim sup

ε→0^+ � 1≤i<j≤m � (∂Ω_i)∩(∂Ω_j )

‖∇η_{ℓ,ε}‖^2 γ_n(x)dx = 0.

For example, if n + 1 = 2 and if C is a finite set of points, then Assumption 1.6 automatically holds, since the set {x ∈ C : r ≤ ‖x‖ ≤ r + 1} is empty for all large r. It is unclear whether or not Assumption 1.6 can be proven to hold a priori for any minimizers of Problem 1.2.

Assumption 1.6 is only used in the proof of Lemma 6.1 to prove the orthogonality of two eigenfunctions with different eigenvalues. Orthogonality of eigenfunctions with different eigenvalues is nontrivial in this setting since the surface Σ := ∪_{1≤i<j≤m}(∂Ω_i) ∩ (∂Ω_j ) is non-compact with nonempty boundary. 6

C_r r

Ω_1

Ω_2

Ω_3

Figure 2. Depiction of the set C_{ε,r}, an annular neighborhood of the singular set C.

In light of Theorem 1.4, we say that sets Ω_1, . . . , Ω_m are ℓ-dimensional if the dimension of the span of � Ω_1 xγn+1(x)dx, . . . , � Ω_m xγn+1(x)dx is ℓ.

In the case m = 3, Theorem 1.4 says the sets Ω_1, Ω_2, Ω_3 minimizing Problem 1.2 are at most two-dimensional. So, without loss of generality, if m = 3 in Conjecture 1.3, we may assume that n + 1 = 2. Theorem 1.5 then implies that Ω_1, Ω_2, Ω_3 ⊆ R^2 have flat (one-dimensional) boundaries (contained in at most 6 lines), or the sets Ω_1, Ω_2, Ω_3 are one-dimensional (with boundaries contained in at most 6 lines, by (4)). Given these reductions, one can e.g. check a finite number of cases to conclude that Conjecture 1.3 holds when m = 3 (if Assumption 1.6 holds.)

Corollary 1.7 (Gaussian Double Bubble Problem). If any Ω_1, . . . , Ω_m minimizing Problem 1.2 satisfy Assumption 1.6, then Conjecture 1.3 holds when m = 3.

Corollary 1.7 was recently proven independently by [MN18a], without the need for Assumption 1.6. We emphasize that the proof of Corollary 1.7 has a different strategy than the proof of the main result of [MN18a]. In particular, the proof of Corollary 1.7 proceeds along the lines of [CM12, Zhu20, Hei17].

In the case m = 4, Theorem 1.4 says the sets Ω_1, . . . , Ω_4 minimizing Problem 1.2 are at most three-dimensional. So, without loss of generality, if m = 4 in Conjecture 1.3, we may assume that n + 1 = 3. If these sets are three-dimensional, then the first case of Theorem 1.5 implies that the sets have flat boundaries. If the sets are at most two-dimensional, then we adapt the argument of [MN18a] to show that the sets must have flat boundaries. So, in any case, the sets Ω_1, . . . , Ω_4 have flat boundaries, and the boundaries are contained in at most 8 planes in R^3, by (4). Given these reductions, one can check various cases to conclude that Conjecture 1.3 holds when m = 4 (if Assumption 1.6 holds.)

Corollary 1.8 (Gaussian Triple Bubble Problem). If any Ω_1, . . . , Ω_m minimizing Problem 1.2 satisfy Assumption 1.6, then Conjecture 1.3 holds when m = 4.

To our knowledge, this is the first known proof of any triple bubble problem in arbitrary dimension, albeit conditional on Assumption 1.6. (For an update, see Section 1.4.) 7

The second case of Theorem 1.5 corresponds to the second variation operator having an eigenvalue larger than 1, which really should not happen (see (23), (31)). An eigenvalue larger than one indicates that something other than an infinitesimal translation can decrease the Gaussian surface area of sets minimizing Problem 1.2. And this should not happen since Conjecture 1.3 predicts that the sets of minimal Gaussian surface area (for different volume restrictions) should be translations of each other.

As noted already in (6), the more eigenfunctions with positive eigenvalues there are for the second variation operator (31), the more control can be placed on the structure of the sets minimizing Problem 1.2. That is, more eigenfunctions translates to flatness or lowerdimensionality of the minimal sets. The general scheme of our arguments is then to look for as many eigenfunctions as possible of the second variation operator, as in (5). In general it seems impossible to find explicit eigenfunctions beyond those described in (5), so we often simply prove the existence of such eigenfunctions. This was a key step in the arguments of [CM12].

Remark 1.9. In order to prove Conjecture 1.3 for m > 4, one might try to extend Theorem 1.5 to higher dimensions.

1.3. Organization.

• Theorem 1.4 is proven in Section 7. • Theorem 1.5 is proven in Section 8. • Corollary 1.7 is proven in Section 9. • Corollary 1.8 is proven in Section 10.

Previous sections cover preliminary material. Section 11 covers results from [MN18a]. Section 12 provides some concluding remarks.

1.4. Subsequent Work. After uploading the first version of this work to the arXiv on Friday May 25, 2018, Milman and Neeman [MN18b] uploaded their paper to the arXiv on Monday May 28, 2018, solving Conjecture 1.3 unconditionally. Nevertheless, our work and theirs were completed at essentially the same time. One observation of theirs that did not appear in our work is that the second case of Theorem 1.5 does not actually occur (see [MN18b, Proposition 7.6]). Using our terminology and notation, in the second case of Theorem 1.5, there exists a piecewise constant function F on ∪^m_{i=1}∂Ω^′_i whose second variation is negative (see Lemma 5.4). The observation of [MN18b, Proposition 7.6] is that the function x_{n+1}F on ∪^m_{i=1}∂Ω_i also has negative second variation, and it is automatically (Gaussian) volume-preserving, contradicting the minimality of Ω_1, . . . , Ω_m. Therefore, the second case of Theorem 1.5 cannot occur, i.e. only the first case occurs.

2. Preliminaries and Notation

We say that Σ ⊆ R^{n+1} is an n-dimensional C^∞ manifold with boundary if Σ can be locally written as the graph of a C^∞ function on a relatively open subset of {(x_1, . . . , x_n) ∈ R^n : x_n ≥ 0}. For any (n + 1)-dimensional C^∞ manifold Ω ⊆ R^{n+1} such that ∂Ω itself has a boundary, we denote C^∞_0 (Ω; R^{n+1}) := {f : Ω → R^{n+1} : f ∈ C^∞(Ω; R^{n+1}), f(∂∂Ω) = 0, ∃ r > 0, f(Ω ∩ (B(0, r))^c) = 0}. (7) 8

We also denote C^∞_0 (Ω) := C^∞_0 (Ω; R). We let div denote the divergence of a vector field in R^{n+1}. For any r > 0 and for any x ∈ R^{n+1}, we let B(x, r) := {y ∈ R^{n+1} : ‖x − y‖ ≤ r} be the closed Euclidean ball of radius r centered at x ∈ R^{n+1}. Here ∂∂Ω refers to the (n − 1)-dimensional boundary of Ω.

Definition 2.1 (Reduced Boundary). A measurable set Ω ⊆ R^{n+1} has locally finite surface area if, for any r > 0, sup � Ω div(X(x))dx: X ∈ C^∞_0 (B(0, r), R^{n+1}), sup_{x∈Rn+1} ‖X(x)‖ ≤ 1 � < ∞.

Equivalently, Ω has locally finite surface area if ∇1_Ω is a vector-valued Radon measure such that, for any x ∈ R^{n+1}, the total variation

‖∇1_Ω‖ (B(x, 1)) := sup_{partitions}

C_1,...,C_m of B(x,1) m≥1 m� i=1 ‖∇1_Ω(C_i)‖

is finite [CL12]. If Ω ⊆ R^{n+1} has locally finite surface area, we define the reduced boundary ∂^∗Ω of Ω to be the set of points x ∈ R^{n+1} such that

N(x) := − lim_{r→0+}

∇1_Ω(B(x, r)) ‖∇1_Ω‖ (B(x, r))

exists, and it is exactly one element of S^n := {x ∈ R^{n+1} : ‖x‖ = 1}.

Lemma 2.2 (Existence, [Alm76, Theorem VI.2]). There exist measurable Ω_1, . . . , Ω_m ⊆ R^{n+1} minimizing Problem 1.2.

For more detail on this proof, see e.g. [MN18a, Theorem 4.1].

Lemma 2.3 (Regularity, [CES17, Theorem 1.3], [MN18a, Theorem 4.1, Corollary 4.4]). Let Ω_1, . . . Ω_m minimize problem 1.2. Then Assumption 2.4 holds.

Let Y_1 ⊆ R^2 denote three half-lines meeting at a single point with 120-degree angles between them. Let T^′ ⊆ R^3 be the one-dimensional boundary of a regular tetrahedron centered at the origin, and let T_2 ⊆ R^3 be the cone generated by T^′, so that T_2 = {rx ∈ R^3 : r ≥ 0, x ∈ T^′}.

Assumption 2.4. The sets Ω_1, . . . Ω_m ⊆ R^{n+1} satisfy the following conditions. First, ∪^m_{i=1}Ω_i = R^{n+1},

�_m

i=1 γ_{n+1}(Ω_i) = 1. Also, Σ := ∪^m_{i=1}∂Ω_i can be written as the disjoint union M_n ∪ M_{n−1} ∪ M_{n−2} ∪ M_{n−3} where 0 < α < 1 and

(i) M_n is a locally finite union of embedded C^∞ n-dimensional manifolds. (ii) M_{n−1} is a locally finite union of embedded C^∞ (n − 1)-dimensional manifolds, near which Σ is locally diffeomorphic to Y_1 × R^{n−1}.

(iii) M_{n−2} is a locally finite union of embedded C^{1,α} (n − 2)-dimensional manifolds, near which Σ is locally diffeomorphic to T_2 × R^{n−2}.

(iv) M_{n−3} is relatively closed, (n − 3)-rectifiable, with locally finite (n − 3)-dimensional Hausdorff measure.

Below, when Σ_{ij} := (∂^∗Ω_i) ∩ (∂^∗Ω_j ) for some 1 ≤ i < j ≤ m, we denote ∂^∗Σ_{ij} := M_{n−2} ∩ (∂Ω_i) ∩ (∂Ω_j ), where M_{n−2} is defined in Assumption 2.4. 9

2.1. Submanifold Curvature. Here we cover some basic definitions from differential geometry of submanifolds of Euclidean space.

Let ∇ denote the standard Euclidean connection, so that if X, Y ∈ C^∞_0 (R^{n+1}, R^{n+1}), if Y = (Y_1, . . . , Y_{n+1}), and if u_1, . . . , u_{n+1} is the standard basis of R^{n+1}, then ∇_X Y := �_{n+1}

i=1 (X(Y_i))u_i. Let N be the outward pointing unit normal vector of an n-dimensional orientable hypersurface Σ ⊆ R^{n+1}. For any vector x ∈ Σ, we write x = x^T + x^N , so that x^N := ⟨x, N⟩N is the normal component of x, and x^T is the tangential component of x ∈ Σ.

Let e_1, . . . , e_n be a (local) orthonormal frame of Σ ⊆ R^{n+1}. That is, for a fixed x ∈ Σ, there exists a neighborhood U of x such that e_1, . . . , e_n is an orthonormal basis for the tangent space of Σ, for every point in U [Lee03, Proposition 11.17].

Define the mean curvature of Σ by

H := div(N) = n� i=1 ⟨∇_{ei} N, e_i⟩. (8)

Define the second fundamental form A = (a_{ij} )_{1≤i,j≤n} of Σ so that

a_{ij} = ⟨∇_{ei} e_j , N⟩, ∀ 1 ≤ i, j ≤ n. (9)

Compatibility of the Riemannian metric says a_{ij} = ⟨∇_{ei} e_j , N⟩ = −⟨e_j , ∇_{ei} N⟩ + e_i⟨N, e_j⟩ = −⟨e_j , ∇_{ei} N⟩, ∀ 1 ≤ i, j ≤ n. So, multiplying by e_j and summing this equality over j gives

∇_{ei} N = − n� j=1 a_{ij}e_j , ∀ 1 ≤ i ≤ n. (10)

Using ⟨∇_N N, N⟩ = 0,

H^{(8)}= n� i=1 ⟨∇_{ei} N, e_i⟩^{(10)}= − n� i=1 a_{ii}. (11)

For any vector field X ∈ C^∞_0 (R^{n+1}, R^{n+1}), define the tangential divergence of X on Σ by

div_τ X := n� i=1 ⟨∇_{ei} X, e_i⟩.

When Σ := ∂Ω itself has a boundary that is a C^∞ (n − 1)-dimensional manifold, we let ν denote the unit normal of ∂Σ pointing exterior to Σ.

Remark 2.5 ([BBJ17, Page 6]). Let Σ be a C^∞ n-dimensional manifold with boundary, and let ∂^∗Σ denote the (n − 1)-dimensional reduced boundary of Σ. Assume that ∂^∗Σ is also a C^∞ manifold. For any x ∈ ∂^∗Σ, let ν(x) ∈ R^{n+1} denote the exterior pointing normal vector to ∂^∗Σ at x. The divergence theorem for hypersurfaces says, for any vector field X ∈ C^∞_0 (R^{n+1}, R^{n+1}), � Σ div_τ X(x)dx = � Σ H(x)⟨X(x), N(x)⟩dx + � ∂^∗Σ

⟨X, ν⟩dx. 10

Proof. Write X = ⟨X, N⟩N + (X − ⟨X, N⟩N). Then by the usual divergence theorem and � Σ div_τ Xdx = � Σ div_τ (⟨X, N⟩N) + div_τ (X − ⟨X, N⟩N)dx = � Σ ⟨X, N⟩div_τ (N) + ⟨N, ∇⟨X, N⟩⟩dx + � ∂^∗Σ

⟨(X − ⟨X, N⟩N), ν⟩dx

(11) = � Σ H⟨X, N⟩dx + � ∂^∗Σ

⟨X, ν⟩dx. □ 2.2. Colding-Minicozzi Theory for Mean Curvature Flow. The Colding-Minicozzi theory [CM12, CIMW13] focuses on orientable n-dimensional C^∞ hypersurfaces Σ with ∂Σ = ∅ satisfying

H(x) = ⟨x, N(x)⟩, ∀ x ∈ Σ. (12)

Below, we will often omit the x arguments of H and N for brevity. Here H is chosen so that, if r > 0, then the surface rS^n satisfies H(x) = n/r for all x ∈ rS^n. A hypersurface Σ satisfying (12) is called a self-shrinker, since it is self-similar under the mean curvature flow. Examples of self-shrinkers include a hyperplane through the origin, the sphere √ nS^n, or more generally, round cylinders √ kS^k × S^{n−k}, where 0 ≤ k ≤ n, and also cones with zero mean curvature.

A key aspect of the Colding-Minicozzi theory is the study of eigenfunctions of the differential operator L, defined for any C^∞ function f : Σ → R by

Lf := Δf − ⟨x, ∇f⟩ + f + ‖A‖^2 f. (13)

Lf := Δf − ⟨x, ∇f⟩. (14)

Note that there is a factor of 2 difference between our definition of L and the definition of L in [CM12]. Here e_1, . . . , e_n is a (local) orthonormal frame for an orientable C^∞ n-dimensional hypersurface Σ ⊆ R^{n+1} with ∂^∗Σ = ∅, Δ :=

�_n i=1 ∇_{ei} ∇_{ei} be the Laplacian associated to Σ, ∇ :=

�_n

i=1 e_i∇_{ei} is the gradient associated to Σ, A = A_x is the second fundamental form of Σ at x, and ‖A_x‖^2 is the sum of the squares of the entries of the matrix A_x. Let div_τ :=

�_n

i=1 ∇_{ei} ⟨·, e_i⟩ be the (tangential) divergence of a vector field on Σ. Note that L is an Ornstein-Uhlenbeck-type operator. In particular, if Σ is a hyperplane, then A_x = 0 for all x ∈ Ω, so L is exactly the usual Ornstein-Uhlenbeck operator, plus the identity map. (More detailed definitions will be given in Section 2.1 below.)

Lemma 2.6 (Linear Eigenfunction of L, [MR15, BBJ17] [Hei17, Lemma 4.2]). Let Σ ⊆ R^{n+1} be an orientable C^∞ n-dimensional hypersurface. Let λ ∈ R. Suppose

H(x) = ⟨x, N⟩ + λ, ∀ x ∈ Σ. (15)

Let v ∈ R^{n+1}. Then

L⟨v, N⟩ = ⟨v, N⟩. 11

3. First and Second Variation We will apply the calculus of variations to solve Problem 1.2. Here we present the rudiments of the calculus of variations.

Some of the results in this section are well known to experts in the calculus of variations, and many of these results were re-proven in [BBJ17], or adapted from [HMRR02].

Let Ω ⊆ R^{n+1} be an (n+1)-dimensional C^2 submanifold with reduced boundary Σ := ∂^∗Ω. Let N : Σ → S^n be the unit exterior normal to Σ. Let X : R^{n+1} → R^{n+1} be a vector field.

Let div denote the divergence of a vector field. We write X in its components as X = (X_1, . . . , X_{n+1}), so that divX =

�_{n+1} i=1 ∂ ∂x_i Xi. Let Ψ: R

n+1 × (−1, 1) → R^{n+1} such that

Ψ(x, 0) = x, d ds Ψ(x, s) = X(Ψ(x, s)), ∀ x ∈ R^{n+1}, s ∈ (−1, 1). (16)

For any s ∈ (−1, 1), let Ω^{(s)} := Ψ(Ω, s). Note that Ω^{(0)} = Ω. Let Σ^{(s)} := ∂^∗Ω^{(s)}, ∀ s ∈ (−1, 1).

Definition 3.1. We call {Ω^{(s)}}_{s∈(−1,1)} as defined above a variation of Ω ⊆ R^{n+1}. We also call {Σ^{(s)}}_{s∈(−1,1)} a variation of Σ = ∂^∗Ω.

Lemma 3.2 (First Variation). Let X ∈ C^∞_0 (R^{n+1}, R^{n+1}). Let f(x) = ⟨X(x), N(x)⟩ for any x ∈ Σ. Then d ds |_{s=0}γ_{n+1}(Ω^{(s)}) = � Σ f(x)γ_{n+1}(x)dx. (17) d ds |_{s=0} � Σ^{(s)}

γ_n(x)dx = � Σ (H(x) − ⟨N(x), x⟩)f(x)γ_n(x)dx + � ∂^∗Σ

⟨X, ν⟩γ_n(x)dx. (18)

Proof. We first prove (17). Let JΨ(x, s) := |det(DΨ(x, s))| be the Jacobian determinant of Ψ ∀ x ∈ R^{n+1}, ∀ s ∈ (−1, 1). Then [CS07, Equation (2.28)] says d ds |_{s=0}JΨ(x, s) = divX(x), ∀ x ∈ Σ. (19)

So, the Chain Rule, JΨ(x, 0) = 1 (which follows by (16)), and (16) imply d ds |_{s=0}γ_{n+1}(Ω^{(s)}) = d ds |_{s=0} � Ω JΨ(x, s)γ_{n+1}(Ψ(x, s))dx = � Ω (div(X(x)) − ⟨X(x), x⟩)dγ_{n+1}(x) = � Ω div(X(x)γ_{n+1}(x))dx = � Σ ⟨X(x), N(x)⟩γ_{n+1}(x)dx. (20) In the last line, we used the divergence theorem.

We now prove (18). For any s ∈ (−1, 1), let J_τ Ψ(x, s) be the Jacobian determinant of Ψ(x, s), where the domain of Ψ in x is restricted to x ∈ Σ. We refer to J_τ Ψ(x, s) as the tangential Jacobian determinant of Ψ. Then [CS07, Equation (2.39)], says d ds |_{s=0}J_τ Ψ(x, s) = div_τ X(x), ∀ x ∈ Σ. (21) 12

So, using the Chain Rule, J_τ Ψ(x, 0) = 1 ∀ x ∈ Σ (which follows by (16)), and (16), d ds |_{s=0} � ∂^∗Ω^{(s)}

γ_n(x)dx = d ds |_{s=0} � Σ J_τ Ψ(x, s)γ_n(Ψ(x, s))dx �

= � Σ (div_τ X(x) − ⟨X(x), x⟩)γ_n(x)dx.

Let x ∈ Σ. Applying the product rule, and writing x = ⟨x, N⟩N +(x−⟨x, N⟩N) =: x^N +x^T , div_τ (X(x)γ_n(x)) = γ_n(x)div_τ (X(x)) + ⟨∇γ_n(x), X(x)⟩ = γ_n(x) � div_τ (X(x)) − ⟨x^T , X(x)⟩ � . Applying this equality to X^N and X^T separately, div_τ (X^N (x)γ_n(x)) = γ_n(x)div_τ (X^N (x)), div_τ (X^T (x)γ_n(x)) = γ_n(x) � div_τ (X^T (x)) − ⟨x, X^T (x)⟩ � . So, from the above and Remark 2.5, d ds |_{s=0} � ∂^∗Ω^{(s)}

γ_n(x)dx = � Σ div_τ (X^N (x)γ_n(x)) − ⟨X(x), N(x)⟩⟨N(x), x⟩γ_n(x) + div_τ (X^T (x)γ_n(x))dx = � Σ f(x)(H(x) − ⟨N(x), x⟩)γ_n(x)) + � ∂^∗Σ

⟨X, ν⟩γ_n(x))dx. □ Remark 3.3. Let Ω_1, . . . , Ω_m ⊆ R^{n+1} be disjoint sets with ∪^m_{i=1} = R^{n+1}. Let u_1, . . . , u_m denote the standard basis of R^m. Then we can write (17) in the following vector form, using N_{ij} = −N_{ji} ∀ 1 ≤ i < j ≤ m, d ds |_{s=0} m� i=1 γ_{n+1}(Ω^{(s)}_i )u_i = m� i=1 u_i � j≠i � Σ_{ij}

⟨X, N_{ij}⟩γ_{n+1}(x)dx = � 1≤i<j≤m

(u_i − u_j) � Σ_{ij}

⟨X, N_{ij} ⟩γ_{n+1}(x)dx

= 1 √ 2π � 1≤i<j≤m

(u_i − u_j) � Σ_{ij} ⟨X, Nij⟩γn(x)dx

γ_n(Σ_{ij} ) γ_n(Σ_{ij} ).

Definition 3.4. Below, for any 1 ≤ i < j ≤ m, we denote Σ_{ij} := (∂^∗Ω_i) ∩ (∂^∗Ω_j ), and C := � 1≤i<j<k≤m

(∂^∗Σ_{ij} ) ∩ (∂^∗Σ_{jk}) ∩ (∂^∗Σ_{ki}).

We also let X ∈ C^∞_0 (R^{n+1}, R^{n+1}) and for any 1 ≤ i < j ≤ m, we denote f_{ij} (x) := ⟨X(x), N_{ij}(x)⟩ for all x ∈ Σ_{ij} . Recall that N_{ij} is the unit normal vector pointing from Ω_i into Ω_j , and H_{ij} := div(N_{ij} ) is the mean curvature of N_{ij}. And ν_{ij} is the unit normal to ∂^∗Σ_{ij} pointing exterior to Σ_{ij} .

The following Lemma can be compared with [HMRR02, Lemma 3.1]. 13

Σ_{ki}

Σ_{jk}

Σ_{ij}

Ω_i

Ω_k

Ω_j

N_{ki}

N_{jk}

N_{ij} ν_{ij} ν_{jk}

ν_{ki}

Figure 3. Notation for sets and normal vectors.

Lemma 3.5 (First Variation for Minimizers). Suppose Ω_1, . . . , Ω_m minimize Problem 1.2. Then ∀ 1 ≤ i < j ≤ m, ∃ λ_{ij} ∈ R such that

H_{ij}(x) = ⟨x, N_{ij}(x)⟩ + λ_{ij}, ∀ x ∈ Σ_{ij} , ∀ 1 ≤ i < j ≤ m 0 = λ_{ij} + λ_{jk} + λ_{ki}, ∀ 1 ≤ i < j < k ≤ m such that Σ_{ij} ∩ Σ_{jk} ∩ Σ_{ki} ≠ ∅ 0 = ν_{ij} + ν_{jk} + ν_{ki}, ∀ 1 ≤ i < j < k ≤ m such that Σ_{ij} ∩ Σ_{jk} ∩ Σ_{ki} ≠ ∅.

� � � (22)

Proof. From Lemma 2.3, Assumption 2.4 holds. From (18), if X ∈ C^∞_0 (R^{n+1}, R^{n+1})

d ds |_{s=0} � 1≤i<j≤m � Σ^{(s)}_{ij}

γ_n(x)dx = � 1≤i<j≤m � Σ_{ij}

(H_{ij} − ⟨N_{ij} , x⟩)f_{ij}γ_n(x)dx + � C ⟨X, � 1≤i<j≤m

ν_{ij} ⟩γ_n(x)dx.

Choosing X to be supported in the neighborhood of a given x ∈ Σ_{ij} implies the first part of (22). The final part of (22) follows by Lemma 2.3, i.e. Assumption 2.4(ii). Choosing X to be supported in the neighborhood of a given x ∈ Σ_{ij} ∩ Σ_{jk} ∩ Σ_{ki} implies the second part of (22). □

Remark 3.6 ([MN18a, Theorem 4.9(ii)]). Let Ω_1, . . . , Ω_m minimize Problem 1.2. The middle condition of (22) is equivalent to the existence of λ := (λ_1, . . . , λ_m) ∈ R^m such that λ_{ij} = λ_i − λ_j for all 1 ≤ i < j ≤ m, and with

�_m i=1 λ_i = 0. Then, combining Lemmas 3.2, 3.5, 14

Assumption 2.4, and N_{ij} = −N_{ji} for all 1 ≤ i < j ≤ m, d ds |_{s=0} � 1≤i<j≤m � Σ^{(s)}_{ij}

γ_n(x)dx

(18) = � 1≤i<j≤m � Σ_{ij}

(H_{ij} − ⟨x, N_{ij}⟩)⟨X, N_{ij}⟩γ_n(x)dx = � 1≤i<j≤m

λ_{ij} � Σ_{ij}

⟨X, N_{ij}⟩γ_n(x)dx = � 1≤i<j≤m

(λ_i − λ_j) � Σ_{ij}

⟨X, N_{ij} ⟩γ_n(x)dx = � 1≤i,j≤m : i≠j

λ_i � Σ_{ij}

⟨X, N_{ij}⟩γ_n(x)dx

= m� i=1 λ_i � 1≤j≤m : j≠i � Σ_{ij}

⟨X, N_{ij} ⟩γ_n(x)dx^{(17)}= m� i=1 λ_i √ 2π d ds |_{s=0}γ_{n+1}(Ω_i) = √ 2π⟨λ, V^′(0)⟩,

where V (s) := (γ_{n+1}(Ω^{(s)}_1 ), . . . , γ_{n+1}(Ω^{(s)}m )) for all s ∈ (−1, 1). Similarly, by taking another derivative in s, we get � 1≤i<j≤m

λ_{ij} d^2 ds^2

|_{s=0} � Σ^{(s)}_{ij}

⟨X, N_{ij} ⟩γ_n(x)dx = √ 2π⟨λ, V^{′′}(0)⟩.

For any 1 ≤ i < j ≤ m, let f : C^∞_0 (Σ_{ij} ) → R and define

L_{ij} f(x) := Δf(x) − ⟨x, ∇f(x)⟩ + ‖A_x‖^2 f(x) + f(x), ∀ x ∈ Σ_{ij} . (23) L_{ij}f(x) := Δf(x) − ⟨x, ∇f(x)⟩, ∀ x ∈ Σ_{ij} . (24) The Lemma below can be compared with the corresponding [HMRR02, Proposition 3.3].

Lemma 3.7 (Second Variation of Gaussian Surface Area for Minimizers). Let X ∈ C^∞_0 (R^{n+1}, R^{n+1}). Suppose Ω_1, . . . , Ω_m minimize Problem 1.2. Then

d^2 ds^2

|_{s=0} � 1≤i<j≤m � Σ^{(s)}_{ij}

γ_n(x)dx = � 1≤i<j≤m � − � Σ_{ij}

f_{ij} L_{ij} f_{ij}γ_n(x)dx

+ λ_{ij} d ds |_{s=0} � Σ^{(s)}_{ij}

f_{ij}(x)γ_n(x)dx + d ds |_{s=0} � ∂^∗Σ^{(s)}_{ij}

⟨X, ν_{ij} ⟩ � γ_n(x)dx.

(25)

Proof. Let Σ be an n-dimensional C^∞ hypersurface with boundary. We let^′ denote^∂_{∂s} |_{s=0}. From Lemma 3.2 we have

d^2 ds^2

|_{s=0} � Σ^{(s)}

γ_n(x)dx = � Σ (H(x) − ⟨N(x), x⟩)^′f(x)γ_n(x)dx + � Σ (H(x) − ⟨N(x), x⟩)[f(x)γ_n(x)dx]^′ + d ds |_{s=0} � ∂^∗Σ^{(s)}

⟨X, ν⟩γ_n(x)dx.

From (16), x^′ = X = X^N + X^T = fN + X^T . Also, H^′ = −Δf − ‖A‖^2 f, N^′ = −∇f, [CM12, A.3, A.4] (the latter calculations require writing Σ^{(s)} in the form {x + sN(x) + O_x(s^2): x ∈ Σ}). So,

(H − ⟨N, x⟩)^′ = −Δf − ‖A‖^2 f − ⟨N, fN + X^T ⟩ − ⟨x, ∇f⟩^{(13)}= −Lf. 15

In summary,

d^2 ds^2

|_{s=0} � Σ^{(s)}

γ_n(x)dx = − � Σ fLfγ_n(x)dx + � Σ (H(x) − ⟨N(x), x⟩)[f(x)γ_n(x)dx]^′ + d ds |_{s=0} � ∂^∗Σ^{(s)}

⟨X, ν⟩γ_n(x)dx.

Summing over all 1 ≤ i < j ≤ m, and applying (22),

d^2 ds^2

|_{s=0} � 1≤i<j≤m � Σ^{(s)}_{ij}

γ_n(x)dx = � 1≤i<j≤m − � Σ_{ij}

f_{ij} L_{ij} f_{ij}γ_n(x)dx

+ λ_{ij} � Σ_{ij}

[f_{ij}(x)γ_n(x)dx]^′ + d ds |_{s=0} � ∂^∗Σ^{(s)}_{ij}

⟨X, ν_{ij}⟩γ_n(x)dx. □ Below, we need the following combinatorial Lemma, the case m = 3 being treated in [HMRR02, Proposition 3.3]. Lemma 3.8. Let m ≥ 3. Let

D_1 := {(x_{ij} )_{1≤i≠j≤m} ∈ R(^{m2} ) : ∀ 1 ≤ i ≠ j ≤ m, x_{ij} = −x_{ji}, � j∈{1,...,m} : j≠i

x_{ij} = 0}.

D_2 := {(x_{ij})_{1≤i≠j≤m} ∈ R(^{m2} ) : ∀ 1 ≤ i ≠ j ≤ m, x_{ij} = −x_{ji}, ∀ 1 ≤ i < j < k ≤ m x_{ij} + x_{jk} + x_{ki} = 0}.

Let x ∈ D_1 and let y ∈ D_2. Then � 1≤i<j≤m xij yij = 0.

Proof. D_1 is defined to be perpendicular to vectors in D_2, and vice versa. That is, D_1 and D_2 are orthogonal complements of each other, and in terms of vector spaces, D_1 ⊕ D_2 = R(^{m2} ). Consequently, the inner product of any x ∈ D_1 and y ∈ D_2 is zero. □

It is well-known that compactly supported variations such that^d_{ds} |_{s=0}γ_{n+1}(Ω^{(s)}_i ) = 0 for all 1 ≤ i ≤ m can be modified such that^{dk}_{dsk} |_{s=0}γ_{n+1}(Ω^{(s)}_i ) = 0 for all 1 ≤ i ≤ m and for all k ≥ 1 while preserving the second variation. Such an application of the implicit function theorem appears e.g. in [HMRR02, Proposition 3.3] or [BdC84, Lemma 2.4]. This argument can be extended to noncompact variations [BBJ17, Lemma 1].

The Lemma below can be compared with the corresponding result [HMRR02, Lemma 3.2] and [MN18a, Lemmas 4.12 and 5.2].

Lemma 3.9 (Extension Lemma for Existence of Volume-Preserving Variations). For any 1 ≤ i < j ≤ m, let f_{ij} ∈ C^∞_0 (Σ_{ij} ) satisfy

∀ 1 ≤ i < j < k ≤ m, ∀ x ∈ Σ_{ij} ∩ Σ_{jk} ∩ Σ_{ki}, f_{ij}(x) + f_{jk}(x) + f_{ki}(x) = 0. (26) Then there exists a vector field X ∈ C^∞_0 (R^{n+1}, R^{n+1}) such that ∀ 1 ≤ i < j ≤ m, ∀ x ∈ Σ_{ij} , ⟨X(x), N_{ij}(x)⟩ = f_{ij}(x). (27) 16

If additionally ∀ 1 ≤ i ≤ m, � j∈{1,...,m} : j≠i � Σ_{ij}

f_{ij} γ_n(x)dx = 0, (28)

then X can also be chosen to be volume preserving: ∀ 1 ≤ i ≤ m, ∀ s ∈ (−ε, ε), γ_{n+1}(Ω^{(s)}_i ) = γ_{n+1}(Ω_i).

Proof. By assumption, ∃ a vector field Z : R^{n+1} → R^{n+1} such that ⟨Z(x), N_{ij} (x)⟩ = f_{ij}(x), ∀ x ∈ C, ∀ 1 ≤ i < j ≤ m.

Then Z can be extended to all of ∪_{1≤i<j≤m}Σ_{ij} by e.g. Whitney Extension. Let I be a subset of {(i, j): 1 ≤ i < j ≤ m} of size m − 1. For all (i, j) ∈ I, let g_{ij} : Σ_{ij} → R be compactly supported, nonnegative, C^∞ functions and let ~g_{ij} be any smooth extension of g_{ij} to R^{n+1} that is supported in a neighborhood of the interior Σ_{ij} , disjoint from all Σ_i′_j′ with (i^′, j^′) ≠ (i, j). Similarly, let ~N_{ij} be any smooth extension of N_{ij} to R^{n+1}. Consider the map ~Ψ: Rn+1 × (−1, 1) × (−1, 1)m−1 → Rn+1 defined by

~Ψ(x, s, {t_{ij}}_{(i,j)∈I} ) := x + sZ + � (i,j)∈I

t_{ij} ~g_{ij} ~N_{ij}, ∀ s ∈ (−1, 1), {t_{ij}}_{(i,j)∈I} ∈ (−1, 1)^{m−1}.

And consider the vector-valued function V (s, {t_{ij}}_{(i,j)∈I} ) := � γ_{n+1}(Ω^{(s,{tij }(i,j)∈I )}

1 ), . . . , γ_{n+1}(Ω^{(s,{tij }(i,j)∈I )} m ) � . Then V : R^m → R^m, and the image of V is at most (m − 1)-dimensional, since the sum of the entries of V is equal to 1. Consider the equation V = constant. Then the Jacobian of V has maximal rank. So, by the Implicit Function Theorem, for every (i, j) ∈ I, there exists a function t_{ij} : (−1, 1) → R such that V (s, {t_{ij}(s)}_{(i,j)∈I} ) = constant for all s ∈ (−1, 1). Since the Jacobian of V has maximal rank and (28) holds, it follows from the chain rule that t^′_{ij} (0) = 0 for all (i, j) ∈ I. So, if we let X be the vector field for Ψ(x, s) := ~Ψ(x, s, {t_{ij} (s)}_{(i,j)∈I} ) satisfying (16). Then (27) holds for X. □ Lemma 3.10 (Volume-Preserving Second Variation of Gaussian Surface Area for Minimizers). Let Ω_1, . . . , Ω_m minimize Problem 1.2. ∀ 1 ≤ i < j ≤ m, let f_{ij} ∈ C^∞_0 (Σ_{ij} ) satisfy (26) and (28). Let X be the vector field guaranteed to exist from Lemma 3.9. Then d^2 ds^2

|_{s=0} � 1≤i<j≤m � Σ^{(s)}_{ij}

γ_n(x)dx = � 1≤i<j≤m − � Σ_{ij}

f_{ij} L_{ij} f_{ij} γ_n(x)dx + d ds |_{s=0} � ∂^∗Σ^{(s)}_{ij}

⟨X, ν_{ij} ⟩γ_n(x)dx.

Proof. Assumption 2.4 holds by Lemma 2.3. From Lemma 3.5, (22) holds. Since the volumes are preserved, for any 1 ≤ i ≤ m, we have � j≠i d ds |_{s=0} � Σ^{(s)}_{ij} fij(x)γn(x)dx = 0. Combining

Lemmas 3.7 and 3.8 shows that the middle term from Lemma 3.7 vanishes. □ Remark 3.11. ∀ 1 ≤ i < j < k ≤ m, and ∀ x ∈ (∂^∗Σ_{ij} ) ∩ (∂^∗Σ_{jk}) ∩ (∂^∗Σ_{ki}), define q_{ij} (x) := [⟨∇_{νkj} ν_{kj} , N_{kj}⟩ + ⟨∇_{νki} ν_{ki}, N_{ki}⟩]/ √ 3. Note that q_{ij} + q_{jk} + q_{ki} = 0 since N_{ij} = −N_{ji} by Definition 3.4 and q_{ij} = q_{ji}. 17

Compared to [HMRR02], note that we have the opposite sign convention for the second fundamental form and for ν_{ij}.

Lemma 3.12 ([HMRR02, Lemma 3.6]). ∀ 1 ≤ i < j ≤ m, let f_{ij} ∈ C^∞_0 (Σ_{ij} ) satisfy (26). Let X be the vector field guaranteed to exist from Lemma 3.9. Then d ds |_{s=0} � 1≤i<j≤m � Σ^{(s)}_{ij}

⟨X, ν_{ij}⟩γ_n(x)dx = � 1≤i<j<k≤m � ∂^∗Σ_{ij} ∩∂^∗Σ_{jk}∩∂^∗Σ_{ki}

⟨X, ∇_X (ν_{ij} + ν_{jk} + ν_{ki})⟩γ_n(x)dx = � 1≤i<j<k≤m � ∂^∗Σ_{ij} ∩∂^∗Σ_{jk}∩∂^∗Σ_{ki} � [∇_{νij} f_{ij} + q_{ij}f_{ij} ]f_{ij} + [∇_{νjk} f_{jk} + q_{jk}f_{jk}]f_{jk}

+ [∇_{νki} f_{ki} + q_{ki}f_{ki}]f_{ki} � γ_n(x)dx.

For a proof of Lemma 3.12, see [HMRR02, Lemma 3.6]. Applying the above Lemma, we get Lemma 3.13. If for all 1 ≤ i < j < k ≤ m we have f_{ij} ∈ C^∞_0 (Σ_{ij}) satisfying (26) and ∇_{νij} f_{ij} + q_{ij} f_{ij} = ∇_{νjk} f_{jk} + q_{jk}f_{jk} = ∇_{νij} f_{ij} + q_{ij} f_{ij} , ∀ 1 ≤ i < j < k ≤ m, then d ds |_{s=0} � 1≤i<j≤m � Σ^{(s)}_{ij}

⟨X, ν_{ij}⟩γ_n(x)dx = 0.

4. Second Variation as a Quadratic Form Definition 4.1 (Admissible Functions). Define F be the set of functions (f_{ij})_{1≤i<j≤m} such that

• ∀ 1 ≤ i < j ≤ m, f_{ij} : Σ_{ij} → R, � Σ_{ij} f 2 ij γ_n(x)dx < ∞ and � Σ_{ij} ‖∇fij ‖

2 γ_n(x)dx < ∞.

• ∀ 1 ≤ i < j < k ≤ m, ∀ x ∈ Σ_{ij} ∩ Σ_{jk} ∩ Σ_{ki}, f_{ij}(x) + f_{jk}(x) + f_{ki}(x) = 0. The second condition is well-defined by e.g. a (local) Sobolev Trace inequality [FP13]. Definition 4.2 (Quadratic Form Associated to Second Variations). For any F = (f_{ij} )_{1≤i<j≤m}, G = (g_{ij})_{1≤i<j≤m} ∈ F, define the following quantities if they exist:

Q(F, G) := � 1≤i<j≤m − � Σ_{ij}

g_{ij}L_{ij} f_{ij}γ_n(x)dx + � 1≤i<j<k≤m � ∂^∗Σ_{ij} ∩∂^∗Σ_{jk} ∩∂^∗Σ_{ki} � [∇_{νij} f_{ij} + q_{ij} f_{ij} ]g_{ij} + [∇_{νjk} f_{jk} + q_{jk}f_{jk}]g_{jk} + [∇_{νki} f_{ki} + q_{ki}f_{ki}]g_{ki} � γ_n(x).

(29)

⟨F, G⟩ := � 1≤i<j≤m � Σ_{ij}

f_{ij}g_{ij} γ_n(x)dx. (30)

Using (23), define L: ∪_{1≤i<j≤m} C^∞_0 (Σ_{ij} ) → ∪_{1≤i<j≤m}C^∞_0 (Σ_{ij} ) by L((f_{ij} )_{1≤i<j≤m}) := (L_{ij} f_{ij} )_{1≤i<j≤m}. (31) Using also (24) L((f_{ij})_{1≤i<j≤m}) := (L_{ij}f_{ij} )_{1≤i<j≤m}. (32) 18

Lemma 4.3 (Integration by Parts). Let F, G ∈ F ∩ C^∞_0 (∪_{1≤i<j≤m}Σ_{ij} ). Then

Q(F, G) := � 1≤i<j≤m � Σ_{ij}

[⟨∇f_{ij} , ∇g_{ij}⟩ − f_{ij} g_{ij}(‖A‖^2 + 1)]γ_n(x)dx + � 1≤i<j<k≤m � ∂^∗Σ_{ij} ∩∂^∗Σ_{jk}∩∂^∗Σ_{ki}

[q_{ij} f_{ij}g_{ij} + q_{jk}f_{jk}g_{jk} + q_{ki}f_{ki}g_{ki}]γ_n(x)dx.

In particular, Q(F, G) = Q(G, F ), so that Q is symmetric.

Proof. From the divergence theorem for an n-dimensional C^∞ orientable hypersurface Σ with C^∞ boundary, if f, g : Σ → R, then � Σ (Lf)gγ_n(x)dx^{(14)}= � Σ (Δf − ⟨x, ∇f⟩)gγ_n(x)dx = � Σ div_τ (γ_n(x)∇f)gdx = � Σ � [div_τ (gγ_n(x)∇f)] − ⟨∇f, ∇g⟩γ_n(x) � dx = � ∂Σ ⟨∇f, ν⟩gγ_n(x) − � Σ ⟨∇f, ∇g⟩γ_n(x)dx.

As usual, ν denotes the exterior pointing unit normal to ∂Σ. Substituting into the definition of Q(F, G) and using (14) and (13) completes the proof. □

Lemma 4.4 ([BBJ17, Lemma 1]). Let Ω_1, . . . , Ω_m satisfy Assumption 2.4. Then there exists a sequence of C^∞ functions η_1 ≤ η_2 ≤ · · · : ∪^m_{i=1} ∂^∗Ω_i → [0, 1] supported in M_n ∪M_{n−1} ∪M_{n−2} (using the notation of Assumption 2.4) such that

∀ x ∈ ∪^m_{i,j=1}∂^∗Σ_{ij} , lim_{u→∞} η_u(x) = 1,

lim_{u→∞} � 1≤i<j≤m � Σ_{ij}

[(1 − η_u)^2 + ‖∇(1 − η_u)‖^2]γ_n(x)dx = 0.

Proof. By Assumption 2.4, S := ∪^m_{i=1}∂Ω_i \ (M_n ∪ M_{n−1} ∪ M_{n−2}) has zero (n − 2)-dimensional Hausdorff measure, so the assertion follows e.g. by [BBJ17, Lemma 1]. More specifically, fix ε, r > 0, and note that there exist x^{(1)}, . . . , x^{(m)} ∈ R^{n+1} and 0 < r_1, . . . , r_m < 1/2 such that

{x ∈ S : ‖x‖ ≤ r} ⊆ ∪^m_{i=1}B(x_i, r_i), m� i=1 r^{n−2}_i < ε.

Then, for each 1 ≤ i ≤ m, let 0 ≤ θ_i ≤ 1 be a smooth function such that θ_i = 0 inside B(x_i, 2r_i), such that θ_i = 1 outside B(x_i, 3r_i), and such that ‖∇θ_i‖ ≤ 2/r_i in B(x_i, 3r_i) \ B(x_i, 2r_i). Let 0 ≤ θ_0 ≤ 1 be a smooth function such that θ_0 = 1 inside B(0, r − 3) and θ_0 = 0 outside B(0, r − 2), and then define ~η_{r,ε} := min_{0≤i≤m} θ_i. Then � 1≤i<j≤m � Σ_{ij}

‖∇(1 − ~η_{r,ε})‖^2γ_n(x)dx

≤ � S∩B(0,r−2)\B(0,r−3)

4γ_n(x)dx + m� k=1 � S∩B(x_k,3r_k)\B(x_k ,2r_k) 4 r^2_k γ_n(x)dx

≤ 4m � r^ne^{−(r−3)2/2} + 3^n m� k=1 r^{n−2}_k � ≤ 4m � r^ne^{−(r−3)2/2} + 3^nε � . 19

The penultimate inequality used Lemma 5.8. Finally, let ε := ε(r) → 0 as r → ∞, and define η_r := η_{r,ε(r)}. The bound on the integral of (1 − η_u)^2 follows similarly from Lemma 5.8, since � 1≤i<j≤m � Σ_{ij}

(1 − ~η_{r,ε})^2γ_n(x)dx

≤ � S∩B(0,r−2)\B(0,r−3)

4γ_n(x)dx + m� k=1 � S∩B(x_k,3r_k)\B(x_k ,2r_k)

4γ_n(x)dx

≤ 4m � r^ne^{−(r−3)2/2} + 3^n m� k=1 r^n_k � ≤ 4m � r^ne^{−(r−3)2 /2} + 3^nε � . □ Lemma 4.5 (Non-Compact Variations). Let Ω_1, . . . , Ω_m satisfy Assumption 2.4. Let F, G ∈ F. Assume that � 1≤i<j≤m � Σ_{ij}

|L_{ij} f_{ij} |^2 γ_n(x)dx < ∞.

Assume ∀ 1 ≤ i < j < k ≤ m, ∀ x ∈ (∂^∗Σ_{ij} ) ∩ (∂^∗Σ_{jk}) ∩ (∂^∗Σ_{ki}), the following holds at x.

∇_{νij} f_{ij} + q_{ij} f_{ij} = ∇_{νjk} f_{jk} + q_{jk}f_{jk} = ∇_{νki} f_{ki} + q_{ki}f_{ki}. (33)

Then Q(F, F ) and Q(F, G) are well-defined real numbers. Moreover,

Q(F, F ) = −⟨LF, F ⟩, Q(F, G) = −⟨LF, G⟩.

Also, ∃ a sequence ϕ_1, ϕ_2, . . . ∈ C^∞_0 (Σ) with 0 ≤ ϕ_1 ≤ ϕ_2 ≤ · · · ≤ 1 on R^{n+1} converging pointwise to 1 such that

lim_{u→∞} Q(ϕ_uF, G) = lim_{u→∞} Q(ϕ_uF, ϕ_uG) = Q(F, G).

Proof. Let Σ := ∪_{1≤i<j≤m}Σ_{ij} . Let ϕ ∈ C^∞_0 (Σ) with 0 ≤ ϕ ≤ 1, ϕ = 1 when ‖x‖ ≤ r, ϕ = 0 when ‖x‖ > r + 2 and ‖∇ϕ‖ ≤ 1 on Σ. From Lemma 4.3,

Q(ϕF, G) − Q(F, ϕG) = � 1≤i<j≤m � Σ_{ij} � f_{ij}⟨∇ϕ, ∇g_{ij}⟩ − g_{ij} ⟨∇ϕ, ∇f_{ij}⟩ � γ_n(x)dx.

So, as r → ∞, |Q(ϕF, G) − Q(F, ϕG)| converges to 0 by the Dominated Convergence Theorem and the Cauchy-Schwarz inequality, using F, G ∈ F and Definition 4.1. By the assumption (33) on F , Q(F, ϕG)^{(29)}= � 1≤i<j≤m − � Σ_{ij} ϕgijLij fijγn(x)dx. So, as r → ∞, Q(F, ϕG)

converges to ⟨−LF, G⟩. Therefore, as r → ∞, Q(ϕF, G) also converges to ⟨−LF, G⟩. The second assertion follows from the first, since |Q(ϕF, ϕG) − Q(F, ϕ^2G)| converges to zero as r → ∞ as well. □

5. Curvature Bounds

Below we denote Σ := ∪_{1≤i<j≤m}Σ_{ij} . 20

Remark 5.1. Let v ∈ R^{n+1}. For all 1 ≤ i < j ≤ m let f_{ij} : Σ_{ij} → R be defined by f_{ij} := ⟨v, N_{ij}⟩. Then for all 1 ≤ i < j ≤ m, L_{ij} f_{ij} = f_{ij} by Lemma 2.6 and Lemma 3.5. Also, the term in Lemma 3.12 is zero, since X := v is the constant vector field in this case, i.e. (33) holds. For more detail on the latter, see [HMRR02, (Eq. 3.13) and p. 476], where it is noted that X := v corresponds to an infinitesimal translation with associated Jacobi functions {⟨N_{ij}, v⟩}_{1≤i<j≤m}.

Lemma 5.2. Let Λ be the set of solutions {λ_{ij}}_{1≤i<j≤m} of the middle equation of (22). Then Λ is a vector space of dimension equal to m − 1. Also, Λ has an orthonormal basis (with respect to ⟨·, ·⟩ defined in Lemma 3.8) consisting of vectors all of whose components are nonzero.

Proof. From Lemma 3.8, Λ (i.e. D_2) has dimension equal to m − 1 (since D_1 has dimension �_m 2 � − m + 1 and D_2 ⊕ D_1 has dimension

�_m 2 � ). Consider the sets described in Conjecture 1.3. These sets satisfy H_{ij}(x) = 0 for every x ∈ Σ_{ij} , and they also satisfy all equations from (22), for any y ∈ R^{m−1}. We can then treat N_{ij} as being constant functions of y, so that λ_{ij}(y) = −⟨y, N_{ij}⟩ for all 1 ≤ i < j ≤ m is a solution of the equations (22). By considering any y ∈ R^{m−1}, linear algebra also implies then that Λ has dimension at least m − 1, since the only y ∈ R^{m−1} such that ⟨y, N_{ij}⟩ = 0 for all 1 ≤ i < j ≤ m is y = 0. Finally, choosing an orthonormal basis of y’s of R^{m−1} so that each basis element is not perpendicular to N_{ij} for all 1 ≤ i < j ≤ m, then we have m − 1 nonvanishing solutions of (22). □

Since Q defined in (29) is a symmetric quadratic form by Lemma 4.3, we anticipate that a function minimizing this quadratic form is an eigenfunction of L. When the minimum exists, we can get an eigenfunction of L in this way. However, it is possible that the function minimizing Q might change sign on connected components of Σ, contrary to our intuition that a fundamental tone should not change sign. This sign changing property also causes problems for ensuing arguments, since the non-sign changing of the fundamental tone was crucial in the curvature bounds of [CM12, Zhu20]. To get around this issue, we instead minimize Q over functions whose sign does not change on connected components of Σ. By Lemma 5.2, such a restriction is nontrivial. It is still possible that such an F minimizing Q might vanish on the boundary of Σ. We will deal with this issue in Lemmas 5.5 and 6.1.

For any hypersurface Σ ⊆ R^{n+1} (possibly with boundary), we define

δ = δ(Σ) := − inf

G∈F∩C^∞_0 (Σ) : ⟨G,G⟩=1, G does not change sign on any connected component of Σ

Q(G, G). (34)

By the definition of δ, Σ_1 ⊆ Σ_2 =⇒ δ(Σ_1) ≤ δ(Σ_2). (35)

Lemma 5.3 (Existence of Fundamental Tone). Assume δ := δ(Σ) < ∞. Then there exists F ∈ F such that

Q(F, F ) = min

G∈F : ⟨G,G⟩=1, G does not change sign on any

connected component of Σ

Q(G, G). (36)

If F ∈ F satisfies (36), then the following hold. F is an eigenfunction of L so that

LF = δF. 21

Moreover, ∀ 1 ≤ i < j < k ≤ m, ∀ x ∈ (∂^∗Σ_{ij} ) ∩ (∂^∗Σ_{jk}) ∩ (∂^∗Σ_{ki}), the following holds at x.

∇_{νij} f_{ij} + q_{ij} f_{ij} = ∇_{νjk} f_{jk} + q_{jk}f_{jk} = ∇_{νij} f_{ij} + q_{ij}f_{ij} .

Proof. First note that the set of functions G specified in (36) is nonempty by Lemma 5.2.

Fix x in the interior of Σ. Let Σ_1 ⊆ Σ_2 ⊆ . . . be a sequence of compact C^∞ hypersurfaces (with boundary) such that ∪^∞_{k=1}Σ_k = Σ. For each k ≥ 1, let F_k be a Dirichlet eigenfunction of L on Σ_k such that LF_k = δ(Σ_k)F_k, and such that F_k does not change sign on any connected component of Σ. By multiplying by a constant, we may assume F_k(x) = 1 for all k ≥ 1. Since δ(Σ_k) increases to δ(Σ) < ∞ as k → ∞ by (34), the Harnack inequality implies that there exists c = c(Σ_k, δ(Σ)) such that 1 ≤ sup_{y∈B} F_k(y) ≤ c inf_{y∈B} F_k(y) ≤ c for some neighborhood B of x. Elliptic theory then gives uniform C^{2,σ} bounds for the functions F_1, F_2, . . . on each compact subset of Σ. So, by Arzelà-Ascoli there exists a uniformly convergent subsequence of F_1, F_2, . . . which converges to a solution LF = δ(Σ)F on Σ with F (x) = 1 such that F does not change sign on any connected component of Σ. The Harnack inequality then implies F is nonzero on any connected component of Σ.

Let G ∈ F. For any t ∈ R, define

c(t) :=

Q(F + tG, F + tG) ⟨F + tG, F + tG⟩

− Q(F, F ).

By definition of F , we have c(t) ≥ 0 ∀ t ∈ R. Therefore, c^′(0) = 0. By Lemma 4.3, Q(F, G) = Q(G, F ), so

c(t) =

Q(F, F ) + 2tQ(F, G) + t^2Q(G, G) ⟨F, F ⟩ + 2t⟨F, G⟩ + t^2⟨G, G⟩

− Q(F, F ),

0 = c^′(0) =

⟨F, F ⟩Q(F, Q) − Q(F, F )⟨F, G⟩ ⟨F, F ⟩^2 . Therefore, for any G ∈ F,

Q(F, G) =

Q(F, F ) ⟨F, F ⟩

⟨F, G⟩.

Fix 1 ≤ i < j ≤ m. Choosing G smooth and localized away from C then implies that LF = −^{Q(F,F )}_{⟨F,F ⟩} F =: δF on Σ_{ij} for every 1 ≤ i < j ≤ m, away from their boundaries. Fix 1 ≤ i < j < k ≤ m. Choose the vector field X (where g_{pq} := ⟨X, N_{pq}⟩ for all 1 ≤ p < q ≤ m) now such that g_{ij} = −g_{jk} = 1 and g_{ki} = 0 at some x ∈ (∂^∗Σ_{ij} ) ∩ (∂^∗Σ_{jk}) ∩ (∂^∗Σ_{ki}), and such that X is supported in a neighborhood of x. Then the definition of Q(F, G) implies that ∇_{νij} f_{ij} + q_{ij} f_{ij} = ∇_{νjk} f_{jk} + q_{jk}f_{jk}. (This argument is valid as long as the sign of f_{ij} , f_{jk}, f_{ki} are not all the same at x. It cannot occur that all three of these numbers have the same sign, since they must sum to zero at x, and by the definition of F , these three functions cannot all have the same sign in a neighborhood of x, by the limiting definition of F .) □ Lemma 5.4. Let Ω_1, . . . , Ω_m minimize Problem 1.2. Then δ ≥ 1.

Proof. By Lemma 5.2, there exist a linearly independent set of functions F_1, . . . , F_{m−1} : Σ → R such that for any 1 ≤ i < j ≤ m and for any 1 ≤ p ≤ m − 1, F_p is a nonzero constant on 22

Σ_{ij} , and also

m−1� p=1 (F_p(x))^2 = 1, ∀ x ∈ Σ.

Fix 1 ≤ p ≤ m − 1. Let ϕ ∈ C^∞_0 (Σ). Recall from Definition 4.2 that Q(F_p, ϕF_p) is the sum of two terms. Consider the second such term. If we sum that term over all 1 ≤ p ≤ m − 1, we get zero, since for any 1 ≤ i < j < k ≤ m and for any x ∈ (∂^∗Σ_{ij} ) ∩ (∂^∗Σ_{jk}) ∩ (∂^∗Σ_{ki}), we have q_{ij}(x) + q_{jk}(x) + q_{ki}(x) = 0 by Remark 3.11. Therefore, there must exist some 1 ≤ p ≤ m − 1 such that the second term of Q(F_p, ϕF_p) is nonpositive. That is, there exists 1 ≤ p ≤ m − 1 such that

Q(F_p, ϕF_p) ≤ − � 1≤i<j≤m � Σ_{ij}

ϕ(‖A‖^2 + 1)(F_p(x))^2γ_n(x)dx.

(Since F_p is constant, the ∇F_p term is zero in Q(F_p, ϕF_p).) But then, letting ϕ increase monotonically to 1,

Q(F_p, F_p) ⟨F_p, F_p⟩ ≤ − � 1≤i<j≤m � Σ_{ij} (‖A‖

2 + 1)(F_p(x))^2γ_n(x)dx � 1≤i<j≤m � Σ_{ij} (Fp(x))

2γ_n(x)dx .

Since F_p is nonvanishing, we conclude that δ ≥ 1. □

A key step of the important Lemma 6.1 below is to bound the gradient of F by F itself, where F is an eigenfunction of L. As in [CM12, Zhu20], such a bound can result from a bound on the gradient of the logarithm of F , together with the Cauchy-Schwarz inequality. Unfortunately, the function F from Lemma 5.3 might vanish on the boundary of Σ. So, we have to careful when bounding the gradient of the logarithm of F . The argument below is adapted from [CM12, Lemma 9.15(2)].

Lemma 5.5. Assume δ := δ(Σ) < ∞. Suppose F ∈ F, LF = δF and F satisfies (33). Let ϕ ∈ C^∞_0 (Σ) such that

{x ∈ Σ: ϕ(x) = 0} ⊇ {x ∈ Σ: ∃ 1 ≤ i < j ≤ m such that f_{ij}(x) = 0}.

Then � 1≤i<j≤m � Σ_{ij}

ϕ^2 � ‖A‖^2 + ‖∇ log |f_{ij} |‖^2 � γ_n(x)dx + � ∂^∗Σ_{ij}

ϕ^2∇_{νij} log |f_{ij}| γ_n(x)dx ≤ 4 � 1≤i<j≤m � Σ_{ij}

‖∇ϕ‖^2 + (δ − 1)ϕ^2 γ_n(x)dx. 23

Proof. Fix 1 ≤ i < j ≤ m. On the interior of Σ_{ij} , if f_{ij} ≠ 0, we have

L_{ij} log |f_{ij} |^{(14)∧(32)}= n� k=1 ∇_{ek} � ∇_{ek} f_{ij} f_{ij} � − ⟨x, ∇f_{ij}⟩ f_{ij} = n� k=1 −(∇_{ek} f_{ij} )^2

f^2_{ij} + L_{ij}f_{ij} f_{ij}

= − ‖∇ log |f_{ij} |‖^2 +

L_{ij}f_{ij} f_{ij}

(13)

= − ‖∇ log |f_{ij} |‖^2 +

L_{ij} f_{ij} − ‖A‖^2 f_{ij} − f_{ij} f_{ij}

= − ‖∇ log |f_{ij} |‖^2 + δf_{ij} − ‖A‖^2 f_{ij} − f_{ij} f_{ij} = − ‖∇ log |f_{ij} |‖^2 + (δ − 1) − ‖A‖^2 .

Let ν_{ij} denote the unit exterior normal vector to the boundary of Σ_{ij} . By Lemma 4.3, � Σ_{ij}

⟨∇ϕ^2, ∇ log |f_{ij} |⟩γ_n(x)dx

(14)∧(32) = − � Σ_{ij}

ϕ^2L log |f_{ij}| γ_n(x)dx + � ∂^∗Σ_{ij}

ϕ^2∇_{νij} log |f_{ij} | γ_n(x)dx = � Σ_{ij}

ϕ^2 � ‖∇ log |f_{ij} |‖^2 + (1 − δ) + ‖A‖^2 � γ_n(x)dx + � ∂^∗Σ_{ij}

ϕ^2∇_ν log |f_{ij} | γ_n(x)dx.

(Since ϕ is zero whenever f_{ij} = 0 by assumption, all expressions above are well-defined.) By the arithmetic mean geometric mean inequality, � �⟨∇ϕ^2, ∇ log |f_{ij} |⟩ � � ≤ 2 ‖∇ϕ‖^2 + 1 2 ϕ^2 ‖∇ log |f_{ij}|‖^2 .

So, combining the above and summing over 1 ≤ i < j ≤ m, � 1≤i<j≤m � Σ_{ij}

ϕ^2 � ‖A‖^2 + ‖∇ log |f_{ij} |‖^2 � γ_n(x)dx + � ∂^∗Σ_{ij}

ϕ^2∇_{νij} log |f_{ij}| γ_n(x)dx ≤ 4 � 1≤i<j≤m � Σ_{ij}

‖∇ϕ‖^2 + (δ − 1)ϕ^2γ_n(x)dx. □ The following curvature bound is adapted from [MR15, Lemma 5.1].

Lemma 5.6. Let Ω_1, . . . , Ω_m minimize Problem 1.2. Then ∀ ϕ ∈ C^∞_0 (Σ), � 1≤i<j≤m � Σ_{ij}

ϕ^2 ‖A‖^2 γ_n(x)dx ≤ � 1≤i<j≤m � Σ_{ij} � (δ − 1)ϕ^2 + ‖∇ϕ‖^2 � γ_n(x)dx.

Proof. Let G := {α_{ij}}_{1≤i<j≤m} be a solution to the system of middle equations of (22). Let ϕ ∈ C^∞_0 (R^{n+1}). By the definition (34) of δ,

−Q(ϕG, ϕG) ≤ δ⟨ϕG, ϕG⟩. 24

That is, by Lemma 4.3 � 1≤i<j≤m � Σ_{ij}

α^2_{ij} (− ‖∇ϕ‖^2 + ϕ^2(‖A‖^2 + 1))γ_n(x)dx + � 1≤i<j<k≤m � ∂^∗Σ_{ij} ∩∂^∗Σ_{jk}∩∂^∗Σ_{ki}

ϕ^2 � q_{ij} α^2_{ij} + q_{jk}α^2_{jk} + q_{ki}α^2_{ki} � γ_n(x) ≤ δ � 1≤i<j≤m � Σ_{ij}

ϕ^2α^2_{ij} γ_n(x)dx.

Summing these quantities over all permutations of {1, . . . , m}, i.e. permuting {α_{ij}}_{1≤i<j≤m}, the middle term vanishes by Remark 3.11, and we get � 1≤i<j≤m � Σ_{ij}

(− ‖∇ϕ‖^2 + ϕ^2(‖A‖^2 + 1))γ_n(x)dx ≤ δ � 1≤i<j≤m � Σ_{ij}

ϕ^2γ_n(x)dx.

Rearranging completes the proof. □ Lemma 5.7 ([Zhu20, Lemma 6.2]). Let Ω_1, . . . , Ω_m minimize Problem 1.2. If � Σ(|ϕ|^2 + ‖∇ϕ‖^2)γ_n(x)dx < ∞ and if ϕ is bounded, then � Σ ϕ^2 ‖A‖^2 γ_n(x)dx ≤ � Σ (‖∇ϕ‖^2 + (δ − 1)ϕ^2)γ_n(x)dx.

Proof. Apply Lemma 5.6, Lemma 4.4 and Fatou’s Lemma. □

A rearrangement argument implies the following decay for the Gaussian surface area of optimal sets far from the origin.

Lemma 5.8 ([MN18a, Lemma 4.3]). Let Ω_1, . . . , Ω_m minimize Problem 1.2. Then there exists r_m > 0 so that, for all r > r_m, � 1≤i<j≤m

γ_n(Σ_{ij} ∩ {x ∈ R^{n+1} : ‖x‖ > r}) ≤ 3mγ_n({x ∈ R^{n+1} : ‖x‖ = r}).

The following Lemmas follow from Lemma 5.7. Lemma 5.9. Let Ω_1, . . . , Ω_m minimize Problem 1.2. Then � 1≤i<j≤m � Σ_{ij}

‖A‖^2 γ_n(x)dx < ∞.

Consequently, for any v ∈ R^{n+1}, by (10), � 1≤i<j≤m � Σ_{ij}

‖∇⟨v, N⟩‖^2 γ_n(x)dx < ∞

Proof. Use Lemma 5.7 and (10). □ 25

6. Orthogonality of Eigenfunctions The following is an adaptation of [CM12, Lemma 9.44] and [Zhu20, Proposition 6.11].

Lemma 6.1 (Orthogonality of Eigenfunctions). Suppose Assumption 1.6 holds. Let δ := δ({x ∈ Σ: ‖x‖ ≤ t}). Assume 1 < δ < ∞. Let F ∈ F be the (Dirichlet) eigenfunction of {x ∈ Σ: ‖x‖ ≤ t} that exists by Lemma 5.3, so that LF = δF and F = 0 when ‖x‖ = t (so that F has Dirichlet boundary conditions). Fix v ∈ R^{n+1}. Let G ∈ F so that g_{ij} = ⟨v, N_{ij}⟩ for all 1 ≤ i < j ≤ m. Then for all ε > 0, there exists t > 0 such that |⟨F, G⟩| < ε(δ − 1)^{−1/2}⟨F, F ⟩^{1/2}⟨G, G⟩^{1/2}.

Here ε does not depend on δ.

Remark 6.2. The following informal argument would show that ⟨F, G⟩ = 0, though since Σ is not compact and has boundary, this informal argument is not rigorous. By the definition of F and our assumption, the second term in the definition of Q(F, G) is zero, so that Q(F, G) = −⟨LF, G⟩, so by Lemma 4.3 δ⟨F, G⟩ = ⟨LF, G⟩ = ⟨F, LG⟩ = ⟨F, G⟩.

Since δ ≠ 1, we have ⟨F, G⟩ = 0.

Proof. By Lemma 5.3 and Lemma 3.12 (using that the vector field X := v is constant for G), ∀ 1 ≤ i < j < k ≤ m, and for all x ∈ (∂^∗Σ_{ij} ) ∩ (∂^∗Σ_{jk}) ∩ (∂^∗Σ_{ki}), we have ∇_{νij} f_{ij} + q_{ij} f_{ij} = ∇_{νjk} f_{jk} + q_{jk}f_{jk} = ∇_{νij} f_{ij} + q_{ij}f_{ij} . ∇_{νij} g_{ij} + q_{ij}g_{ij} = ∇_{νjk} g_{jk} + q_{jk}g_{jk} = ∇_{νij} g_{ij} + q_{ij} g_{ij}.

(37)

By (31), (32), (23) and (24), GLF − F LG = GLF − F LG = (δ − 1)F G. (38) Let ψ ∈ C^∞_0 (Σ). Then div_τ [(G∇F − F ∇G)γ_n] = (GLF − F LG)γ_n^{(38)}= (δ − 1)F Gγ_n.

Integrating by parts gives (δ − 1)⟨ψF, G⟩^{(30)}= � 1≤i<j≤m � Σ_{ij}

(δ − 1)ψf_{ij}g_{ij}γ_n(x)dx = � 1≤i<j≤m � Σ_{ij}

⟨∇ψ, g_{ij}∇f_{ij} − f_{ij}∇g_{ij} ⟩γ_n(x)dx + � ∂^∗Σ_{ij}

ψ(g_{ij}∇_{νij} f_{ij} − f_{ij} ∇_{νij} g_{ij} )γ_n(x)dx.

(39)

Adding and subtracting the same terms, and using Definition 4.1 and (37), � 1≤i<j≤m � ∂^∗Σ_{ij}

ψ(g_{ij}∇_{νij} f_{ij} − f_{ij} ∇_{νij} g_{ij})γ_n(x)dx = � 1≤i<j≤m � ∂^∗Σ_{ij}

ψ(g_{ij}[∇_{νij} f_{ij} + q_{ij} f_{ij} ] − f_{ij}[∇_{νij} g_{ij} + q_{ij} g_{ij}])γ_n(x)dx^{(37)}= 0. 26

We can then rewrite (39) as

(δ − 1)⟨ψF, G⟩ = � 1≤i<j≤m � Σ_{ij}

⟨∇ψ, g_{ij}∇f_{ij} − f_{ij}∇g_{ij} ⟩γ_n(x)dx. (40)

We split this integral into two pieces. For any 1 ≤ i < j ≤ m let B_{ij} ⊆ Σ_{ij} and denote B := ∪_{1≤i<j≤m}B_{ij}. Define C as in Definition 3.4. For any r, ε > 0, denote

B(0, r) := {x ∈ R^{n+1} : ‖x‖ ≤ r},

C_{ε,r} := {x ∈ R^{n+1} : ∃ c ∈ C such that ‖x − c‖ < ε and r < ‖c‖ < r + 1}.

So, C_{ε,r} is the ε-neighborhood of the part of C lying in the annulus with radii r and r + 1. By Assumption 1.6, let η ∈ C^∞_0 (R^{n+1}) such that η = 0 on C_{ε,r}, 0 ≤ η ≤ 1 everywhere, η = 1 on C^c_{2ε,r}. We then write (40) as

(δ − 1)⟨ψF, G⟩ = � 1≤i<j≤m � Σ_{ij}

η⟨∇ψ, g_{ij}∇f_{ij} − f_{ij}∇g_{ij} ⟩γ_n(x)dx � 1≤i<j≤m � Σ_{ij}

(1 − η)⟨∇ψ, g_{ij}∇f_{ij} − f_{ij} ∇g_{ij}⟩γ_n(x)dx.

(41)

We estimate the first term in (41). Define ϕ := η ‖∇ψ‖. Using the Cauchy-Schwarz inequality on the first term of (41), � � � � � 1≤i<j≤m � Σ_{ij}

η⟨∇ψ, g_{ij}∇f_{ij} − f_{ij}∇g_{ij}⟩γ_n(x)dx � � � � ≤ � 1≤i<j≤m � Σ_{ij} ϕ � |g_{ij} | ‖∇f_{ij}‖ + |f_{ij} | ‖∇g_{ij}‖ � γ_n(x)dx

(10) ≤ � 1≤i<j≤m � Σ_{ij} ϕ � ‖v‖ |f_{ij} |

‖∇f_{ij} ‖ |f_{ij} |

+ |f_{ij} | ‖v‖ ‖A‖ � γ_n(x)dx

≤ ‖v‖ ⟨F, F ⟩^{1/2} � � 1≤i<j≤m � Σ_{ij}

ϕ^2 � ‖∇ log |f_{ij}|‖^2 + ‖A‖^2 � γ_n(x)dx

�_{1/2} .

Note that ϕ = 0 on C, so the boundary term in Lemma 5.5 is zero. We therefore apply Lemma 5.5 to get � � � � � 1≤i<j≤m � Σ_{ij}

η⟨∇ψ, g_{ij}∇f_{ij} − f_{ij} ∇g_{ij}⟩γ_n(x)dx � � � � ≤ 2 ‖v‖ ⟨F, F ⟩^{1/2} � � 1≤i<j≤m � Σ_{ij}

‖∇ϕ‖^2 + (δ − 1)ϕ^2γ_n(x)dx

�_{1/2} . 27

Note that 1 − η is only nonzero on C_{2ε,r}, so we can estimate (41) as

|(δ − 1)⟨ψF, G⟩| ≤ 2 ‖v‖ ⟨F, F ⟩^{1/2} � � 1≤i<j≤m � Σ_{ij}

‖∇ϕ‖^2 + (δ − 1)ϕ^2γ_n(x)dx

�_{1/2}

+ � 1≤i<j≤m � C_{2ε,r} ∩Σ_{ij} � ‖∇ψ‖ ‖v‖ ‖∇f_{ij}‖ + |f_{ij} | ‖v‖ ‖A‖ � γ_n(x)dx.

The latter term is negligible when ε > 0 is small, since the integrand does not depend on ε, whereas the region of integration becomes smaller as ε → 0^+. The other integral is negligible by Assumption 1.6, and then letting r = t → ∞ completes the proof, since 1 − ψ is only nonzero on B(0, r)^c, so

|⟨F, G⟩| ≤ |⟨ψF, G⟩| + |⟨F, G(1 − ψ)⟩| ≤ |⟨ψF, G⟩| + ⟨F, F ⟩^{1/2}⟨G, G1_{B(0,r)}c ⟩^{1/2}.

And the last quantity goes to 0 as r → ∞ by the Dominated Convergence Theorem. □ 7. Dimension Reduction

Below, we fill in the details to the argument sketched in the introductory Section 1.1.

Proof of Theorem 1.4. For any v ∈ R^{n+1}, define

T (v) := � � ∂^∗Ω_1 � j∈{1,...,m} : j≠1

⟨v, N_{1j}⟩γ_n(x)dx, . . . , � ∂^∗Ω_m � j∈{1,...,m} : j≠m

⟨v, N_{mj}⟩γ_n(x)dx � . Then T : R^{n+1} → R^m is linear. By the rank-nullity theorem, the dimension of the kernel of T plus the dimension of the image of T is n + 1. Since the sum of the indices of T (v) is zero for any v ∈ R^{n+1} (since N_{ij} = −N_{ji} ∀ 1 ≤ i < j ≤ m by Definition 3.4), the dimension ℓ of the image of T is at most m − 1.

Let v in the kernel of T . For any 1 ≤ i < j ≤ m, let f_{ij} := ϕ⟨v, N_{ij}⟩. Let X := ϕv be the chosen vector field. Since Ω_1, . . . , Ω_m minimize Problem 1.2, 0 ≤ d^2 ds^2

|_{s=0} � 1≤i<j≤m � Σ^{(s)}_{ij}

γ_n(x)dx.

From Lemmas 3.10, 3.12, 4.5, 3.9, and then letting ϕ increase monotonically to 1 (as in Lemma 4.5), 0 ≤ � 1≤i<j≤m − � Σ_{ij}

f_{ij} L_{ij} f_{ij}γ_n(x)dx.

(By Lemma 4.5 with F = {⟨v, N_{ij}⟩}_{1≤i<j≤m}, the second term in (29) for Q(ϕF, ϕF ) is zero in the limit as ϕ increases to 1.) By Remark 5.1, 0 ≤ � 1≤i<j≤m − � Σ_{ij}

f^2_{ij} γ_n(x)dx.

The last quantity must then be zero. In summary, for any v in the kernel of T , ∀ 1 ≤ i < j ≤ m, f_{ij}(x) = ⟨v, N_{ij}(x)⟩ = 0 for all x ∈ Σ_{ij} . That is, ∃ 0 ≤ ℓ ≤ m − 1 as stated in the conclusion of Theorem 1.4. It remains to characterize ℓ in terms of the Gaussian centers of mass of the sets Ω_1, . . . , Ω_m. 28

The image of T is the span of � � ∂^∗Ω_1 � j∈{1,...,m} :

j≠1

⟨v, N_{1j} ⟩γ_n(x)dx, . . . , � ∂^∗Ω_m � j∈{1,...,m} :

j≠m

⟨v, N_{mj}⟩γ_n(x)dx � ∈ R^m : v ∈ R^{n+1} � .

Using the Divergence Theorem for R^{n+1}, if v ∈ R^{n+1}, then � ∂^∗Ω_1 � j∈{1,...,m} : j≠1

⟨v, N_{1j}⟩γ_n(x)dx = − � Ω_1

⟨v, x⟩γ_n(x)dx,

and similarly for Ω_2, . . . , Ω_m. So, the image of T is the span of � � Ω_1

xγ_n(x)dx, . . . , � Ω_m

xγ_n(x)dx

�_t v ∈ R^m : v ∈ R^{n+1} � . Here ( � Ω_1 xγn(x)dx, . . . , � Ω_m xγn(x)dx)

t denotes the matrix with m rows, each of which is in R^{n+1}. So, the dimension ℓ of the image of T is equal to the dimension of the span of the vectors � Ω_1 xγn+1(x)dx, . . . , � Ω_m xγn+1(x)dx, as desired. □

8. Proof of Structure Theorem Dichotomy

As above, Σ := ∪_{1≤i<j≤m}Σ_{ij} and Σ_{ij} := (∂^∗Ω_i) ∩ (∂^∗Ω_j ), ∀ 1 ≤ i < j ≤ m, and we define

δ = δ(Σ) := − inf

G∈F∩C^∞_0 (Σ) : ⟨G,G⟩=1, G does not change sign on any connected component of Σ

Q(G, G).

Proof of Theorem 1.5. Existence of Ω_1, . . . , Ω_m follows from Lemma 2.2. Assumption 2.4 holds by Lemma 2.3. Assume that the second case of Theorem 1.5 does not occur. That is, assume that ℓ = m − 1 is the smallest possible ℓ such that the second case of Theorem 1.5 holds (recalling that ℓ ≤ m − 1 by Theorem 1.4). If δ = 1, it follows from Lemma 5.6 that ‖A‖ = 0 on Σ. So, either δ > 1 or ‖A‖ = 0 on Σ (since δ ≥ 1 by Lemma 5.4).

Suppose 2 ≥ δ > 1. Let t > 0, let Σ_t := {x ∈ Σ: ‖x‖ ≤ t}, let δ_t = δ(Σ_t) and let F = F_t from Lemma 5.3 so that LF = δ_tF and so that F satisfies (33). For t sufficiently large, δ_t > 1 by definition of δ. If F is volume-preserving, i.e. if (28) holds, then by Lemma 3.10, we get a contradiction by Lemmas 3.12 and 4.5. Otherwise, fix v ∈ R^{n+1} and let G so that g_{ij} := ⟨v, N_{ij}⟩ for all 1 ≤ i < j ≤ m. Since ℓ = m − 1, we can choose v ≠ 0 such that F + G satisfies (28). By Remark 5.1 and Lemma 3.12, (33) holds for G. Then, by Lemma 4.5 we have

Q(F + G, ϕ(F + G)) = ⟨−L(F + G), ϕ(F + G)⟩ = −⟨δ_tF + G, ϕ(F + G)⟩.

Letting ϕ increase monotonically to 1 (as in Lemma 4.5), we then get

Q(F + G, F + G) = −⟨δ_tF + G, F + G⟩ = −δ_t⟨F, F ⟩ − ⟨G, G⟩ − (δ_t + 1)⟨F, G⟩ < 0.

To see that the last expression is negative, choose ε > 0 and t large by Lemma 6.1 so that ε < 1/3 ≤ 1/(δ_t + 1), so that |(δ_t + 1)⟨F, G⟩| < ⟨F, F ⟩^{1/2}⟨G, G⟩^{1/2}. Then

Q(F + G, F + G) ≤ (1 − δ_t)⟨F, F ⟩ − (⟨F, F ⟩^{1/2} − ⟨G, G⟩^{1/2})^2 < 0.

So, we have contradicted Lemma 3.10 and minimality of Ω_1, . . . , Ω_m. 29

In the remaining case that δ > 2 Lemma 6.1 is not needed. Let t > 0 so that δ_t > 2. Let F be a Dirichlet eigenfunction such that LF = δ_tF . We then repeat the same computation, and use Lemma 4.3 to get

Q(F + G, F + G) = Q(F, F ) + 2Q(G, F ) + Q(G, G) = −δ_t⟨F, F ⟩ − 2⟨F, G⟩ − ⟨G, G⟩ = −(δ_t − 2)⟨F, F ⟩ − ⟨F + G, F + G⟩ < 0. □ 9. Proof of (Conditional) Double Bubble Problem

x y

Ω_1

Ω_2

Ω_3

Ω_3 v

Figure 4. Proof of Corollary 1.7.

Proof of Corollary 1.7. Let m = 3. Existence of Ω_1, Ω_2, Ω_3 follows from Lemma 2.2. Assumption 2.4 holds by Lemma 2.3. By Theorem 1.4, we may assume that Ω_1, Ω_2, Ω_3 ⊆ R^2. From Theorem 1.5, either all connected components of ∂^∗Ω_1, ∂^∗Ω_2, ∂^∗Ω_3 are flat lines, or we may assume that Ω_1, Ω_2, Ω_3 ⊆ R. In the second case, a rearrangement argument implies that Ω_1, Ω_2, Ω_3 must be connected intervals, so we now consider the first case.

In the first case, we claim that Ω_1, Ω_2, Ω_3 must have exactly three connected components. We show this by contradiction. Suppose Ω_1, Ω_2, Ω_3 have more than three connected components. By Assumption 2.4, there must then exist two points x, y ∈ R^2 such that (after relabeling the sets), Ω_1 ∩ Ω_2 contains the line segment ℓ_0 between x and y, and Ω_3 intersects both x and y. Let v ∈ R^2 be nonzero and parallel to ℓ_0. By Assumption 2.4 (which holds by Lemma 2.3), the boundaries of Ω_1, Ω_2, Ω_3 consist of line segments pointing in only three directions. So, any line segment not parallel to ℓ_0 is not parallel to v. We can then put the edges of ∂Ω_1 ∪ ∂Ω_2 ∪ ∂Ω_3 into at least two nonempty equivalent classes. An edge e is in the equivalence class labelled as x if a sequence of adjacent edges can be constructed connecting x to e such that v is not parallel to any edge in the sequence. Similarly, an edge e is in the equivalence class labelled as y if a sequence of adjacent edges can be constructed connecting y to e such that v is not parallel to any edge in the sequence.

We now claim we have linearly independent eigenfunctions of L. These correspond to (i) the vector field X := v, (ii) the constant vector field X that is orthogonal to v, and (iii) to the function on Σ such that X = v everywhere, while X = −v on edges in the equivalence class labelled y. With these three eigenfunctions, we can form a nontrivial linear combination F such that Q(F, F ) < 0 and � ∂Ω_i F γn(x)dx = 0 for all i = 1, 2, 3, violating the minimality of

Ω_1, Ω_2, Ω_3. Therefore, Ω_1, Ω_2, Ω_3 must have exactly three connected components. 30

In summary, Ω_1, Ω_2, Ω_3 must have exactly three connected components and flat boundaries, so that either Ω_1, Ω_2, Ω_3 are the sets described in Conjecture 1.3, or Ω_1, Ω_2, Ω_3 consist of three parallel slabs. Having reduced to only two cases, one can conclude by showing that the slabs do not minimize Problem 1.2 for m = 3 by either direct estimates, or the differentiation argument of [MN18a], which we recall below in the more general case m = 4. □

10. Proof of (Conditional) Triple Bubble Conjecture

Below, we let^t denote the transpose of a matrix or vector. Also, all vectors are assumed to be column vectors.

Proof of Corollary 1.8. Let m = 4. Existence of Ω_1, . . . , Ω_4 follows from Lemma 2.2. Assumption 2.4 holds by Lemma 2.3. By Theorem 1.4, we may assume that Ω_1, . . . , Ω_4 ⊆ R^3. From Theorem 1.5, either all connected components of ∂^∗Ω_1, ∂^∗Ω_2, ∂^∗Ω_3 are contained in flat planes, or we may assume that Ω_1, . . . , Ω_4 ⊆ R^2. If Ω_1, . . . , Ω_4 ⊆ R, then a rearrangement argument implies that Ω_1, . . . , Ω_4 are connected intervals, so we ignore this case for now.

In the first case, we can choose three nonzero, linearly independent vectors in R^3 each corresponding to an eigenfunction of L with eigenvalue 1 by Remark 5.1.

We now consider the case that Ω_1, . . . , Ω_4 ⊆ R^2. In this last remaining case, either δ = 1 or δ > 1, since δ ≥ 1 by Lemma 5.4. In the former case, we claim that for any ε > 0, there exists a three-dimensional subspace of functions such that Q(G, G) ≤ −(1 − ε)⟨G, G⟩ for every G in this subspace. To see this, first suppose 1 < δ < ∞. Note that we have two eigenfunctions with eigenvalue 1 from Remark 5.1 and another Dirichlet eigenfunction F of L since δ > 1. Consider the three-dimensional subspace formed by linear combinations of F and G, where G is an eigenfunction with eigenvalue 1. Let a := ⟨F, F ⟩^{1/2}, b := ⟨G, G⟩^{1/2}. We estimate Q(F + G, F + G). Without loss of generality, a^2 + b^2 = 1. Then

−Q(F + G, F + G) = δa^2 + (δ + 1)⟨F, G⟩ + b^2 = 1 + (δ − 1)a^2 + (δ + 1)⟨F, G⟩.

From Lemma 6.1, for any ε > 0, we have |(δ + 1)⟨F, G⟩| ≤ 2(δ + 1)(δ − 1)^{−1/2}εab. So,

−Q(F + G, F + G) ≥ 1 + (δ − 1)a^2 − 2(δ + 1)(δ − 1)^{−1/2}εab.

The function a → (δ − 1)a^2 − 2(δ + 1)(δ − 1)^{−1/2}εab for a ∈ [−1, 1] has a minimum value of −b^2ε^2(δ + 1)^2/(δ − 1)^2. So, if ε is small enough, we have −Q(F + G, F + G) ≥ 1 − ε. Meanwhile, ⟨F + G, F + G⟩ = 1 + 2⟨F, G⟩ ≤ 1 + 2ε(δ − 1)^{−1/2}ab. The claim follows. (This argument also applies to taking Dirichlet eigenfunctions in the case δ = ∞.)

In summary, in any case, for any ε > 0 there is a three-dimensional subspace where Q(G, G) ≤ −(1 − ε)⟨G, G⟩ for all G in the subspace, all such G satisfy (33), and there are G_1, G_2, G_3 in this subspace such that

span � � ∂^∗Ω_1 � j≠1

g_{k,1j}γ_n(x)dx, . . . , � ∂^∗Ω_4 � j≠m

g_{k,mj}γ_n(x)dx � : k = 1, 2, 3 � (42)

is three (which is as large as possible). (Otherwise, there is a nonzero element G of the subspace such that the vector in (42) is zero while Q(G, G) < 0, violating the minimality of Ω_1, . . . , Ω_4.)

Let m = 4. Let Δ_m := {a = (a_1, . . . , a_m): a_1 + · · · + a_m = 1, a_i > 0 ∀ 1 ≤ i ≤ m}. Let a ∈ Δ_m. Let z_1, . . . , z_m ∈ R^{m−1} be the vertices of a regular simplex in R^{m−1} centered at the 31

origin. Assume that ‖z_i‖ = 1 for all 1 ≤ i ≤ m. For all 1 ≤ i ≤ m, define Ω_i(a)^′ := y + {x ∈ R^{m−1} : ⟨x, z_i⟩ = max_{1≤j≤m}⟨x, z_j⟩},

where y ∈ R^{m−1} is chosen so that γ_{m−1}(Ω^′_i(a)) = a_i for all 1 ≤ i ≤ m.

For any a ∈ Δ_m, define

J(a) := min{ � ∪^m_{i=1}∂Ω_i

γ_{m−2}(x)dx: ∪^m_{i=1} Ω_i = R^{m−1}, γ_{m−1}(Ω_i) = a_i, ∀ 1 ≤ i ≤ m} − � y+∪^m_{i=1}∂Ω^′_i(a)

γ_{m−2}(x)dx.

By definition of J, we have J(a) ≤ 0. Corollary 1.7 is the assertion that J(a) = 0 for all a ∈ Δ_m. We argue by contradiction. Assume J(a) < 0 for some a ∈ Δ_m. Further, assume that J(a) = min_{a′∈Δm} J(a^′).

This minimum exists since J(a^′) = 0 for any a^′ with a^′_1 + · · · + a^′_m = 1 and a^′_i = 0 for some 1 ≤ i ≤ m by the known m = 3 case of Conjecture 1.3, recalling that m = 4 in this section. For any a ∈ Δ_m, define I(a) as in Lemma 11.3.

Let (Ω^{(s)}_1 , . . . , Ω^{(s)}m )_{s∈(−1,1)} be a smoothly varying partition of R^{n+1} such that (Ω^{(0)}_1 , . . . , Ω^{(0)}m ) minimizes Problem 1.2 when s = 0, and define Σ^{(s)}_{ij} := (∂^∗Ω^{(s)}_i ) ∩ (∂^∗Ω^{(s)}_j ) for any 1 ≤ i < j ≤ m and for any s ∈ (−1, 1). For any s ∈ (−1, 1), define

V (s) := � γ_{n+1}(Ω^{(s)}_1 ), . . . , γ_{n+1}(Ω^{(s)}_m ) � . (43)

Then J(V (s)) has a local minimum at s = 0, so its first derivative is zero, and its second derivative is nonnegative, i.e.

⟨J^′(V (0)), V^′(0)⟩ = 0 = d ds |_{s=0} � 1≤i<j≤m � ∂^∗Σ^{(s)}_{ij}

γ_n(x)dx − ⟨I^′(V (0)), V^′(0)⟩. (44)

⟨I^′(V (0)), V^{′′}(0)⟩ + (V^′(0))^tI^{′′}(V (0))V^′(0) ≤ d^2 ds^2

|_{s=0} � 1≤i<j≤m � Σ^{(s)}_{ij}

γ_n(x)dx. (45)

From Remark 3.6, (using the notation from there), d ds |_{s=0} � 1≤i<j≤m � Σ^{(s)}_{ij}

γ_n(x)dx = √ 2π⟨λ, V^′(0)⟩. (46)

By e.g. (42), V^′(0) can be chosen to be any vector in Δ_4, so (46) and (44) imply that I^′(V (0)) = √ 2πλ. We can then rewrite (45) as

(V^′(0))^tI^{′′}(V (0))V^′(0) ≤ d^2 ds^2

|_{s=0} � 1≤i<j≤m � Σ^{(s)}_{ij}

γ_n(x)dx − √ 2π⟨λ, V^{′′}(0)⟩. (47)

Using Lemma 3.7, the second part of Remark 3.6 together with (29), and using any of the vector fields from (42) (thereby defining F ∈ F with f_{ij} := ⟨X, N_{ij}⟩ for any 1 ≤ i < j ≤ m, where X satisfies (16) for Ψ defined so that Ω^{(s)}_i = Ψ(Ω^{(0)}_i , s) for all s ∈ (1, 1)), (47) becomes (V^′(0))^tI^{′′}(V (0))V^′(0) ≤ Q(F, F ). (48) 32

Note that (33) holds for F , justifying (48).

We now apply Lemmas 11.1, 11.2 and 11.3 to (48) to get, ∀ ε > 0, (V^′(0))^tI^{′′}(V (0))V^′(0) ≤ −(1 − ε)( √ 2πV^′(0))^tK^{−1} √ 2πV^′(0).

By (42), we then have I^{′′} ≤ −2πK^{−1} in the positive semidefinite sense of matrices acting on Δ_m. Since both matrices have the same null space, we conclude that −I^{′′} ≤ −2πK^{−1} in the positive semidefinite sense of m × m matrices. But then 2I(V (0))^{(53)}= − 1 2π Tr((I^{′′}(V (0)))^{−1})] ≤ Tr(K)^{(49)}= 2 � 1≤i<j≤m

γ_n(Σ_{ij} ).

That is, J(a) ≥ 0, a contradiction. □

11. Lemmas from Milman-Neeman Below, we let^t denote the transpose of a matrix or vector. Also, all vectors are assumed to be column vectors.

Lemma 11.1 ([MN18a, Lemma 6.4]). Let D, E be random vectors in R^{n+1} such that E ‖D‖^2 < ∞ and E ‖E‖^2 < ∞. Assume that EEE^t is nonsingular. Then (EDE^t)(EEE^t)^{−1}(EED^t) ≤ EDD^t.

Let u_1, . . . , u_{n+1} denote the standard basis of R^{n+1}. Let Ω_1, . . . , Ω_m minimize Problem 1.2. Define K := � 1≤i<j≤m

γ_n(Σ_{ij})(u_i − u_j)(u_i − u_j)^t. (49)

Lemma 11.2. Let δ ≥ 1. Let F ∈ F satisfy Q(F, F ) ≤ −δ⟨F, F ⟩ and (33). Define V by (43). Then Q(F, F ) ≤ −δ( √ 2πV^′(0))^tK^{−1}( √ 2πV^′(0)).

Proof. For any 1 ≤ i < j ≤ m, define E_{ij} f_{ij} := � Σ_{ij} fij γn(x)dx/ � Σ_{ij} γn(x)dx and define

N_{ij} := E_{ij} (N_{ij} |X), S := � 1≤i<j≤m

N_{ij}N^t_{ij}.

Define D, E so that D := N_{ij} and E := u_i − u_j on Σ_{ij} , for all 1 ≤ i < j ≤ m. Define M := � 1≤i<j≤m

γ_n(Σ_{ij} )(u_i − u_j)N^t_{ij}. (50)

Then by Definition 29 and (33),

Q(F, F ) ≤ −δ � 1≤i<j≤m � Σ_{ij}

f^2_{ij} γ_n(x)dx = −δ � 1≤i<j≤m � Σ_{ij} ⟨X, Nij ⟩

2γ_n(x)dx γ_n(Σ_{ij} ) γ_n(Σ_{ij} )

= −δ � 1≤i<j≤m

E_{ij} ⟨X, N_{ij}⟩^2γ_n(Σ_{ij} ) = −δ � 1≤i<j≤m

E_{ij} E_{ij} (⟨X, N_{ij}⟩^2|X)γ_n(Σ_{ij} )

So, using the conditional Jensen inequality, Q(F, F ) ≤ −δ � 1≤i<j≤m

E_{ij} [E_{ij} (⟨X, N_{ij}⟩|X)]^2γ_n(Σ_{ij} ) = −δ � 1≤i<j≤m

E_{ij} [⟨X, E_{ij} (N_{ij}|X)⟩]^2γ_n(Σ_{ij} )

= −δ � 1≤i<j≤m

E_{ij} X^tN_{ij}N^t_{ij}Xγ_n(Σ_{ij} ) = −δEX^tDD^tXγ_n(Σ).

(51)

For any g : Σ → R, we defined Eg := � Σ g(x)γ_n(x)dx/γ_n(Σ). Note that E(ED^t) = E(ED^t|X) = 1 γ_n(Σ)

E(M|X), E(EE^t) = E(EE^t|X) = 1 γ_n(Σ) K. So, from Lemma 11.1, −E(DD^t|X) ≤ −(E(M|X))^tK^{−1}(E(M|X))γ_n(Σ).

Multiplying by X^t on the left and X on the right, then taking E of both sides, −E(X^tDD^tX) ≤ −(EMX)^tK^{−1}(EMX)γ_n(Σ).

Consequently, Q(F, F )^{(51)}≤ −δ(EMX)^tK^{−1}(EMX)γ_n(Σ)^2. (52) Note now that

γ_n(Σ)EMX = � 1≤i<j≤m

γ_n(Σ_{ij} )(u_i − u_j)E_{ij} N^t_{ij}X = � 1≤i<j≤m

γ_n(Σ_{ij} )(u_i − u_j)E_{ij} ⟨E_{ij} (N_{ij} ⟩|X), X⟩ = � 1≤i<j≤m

γ_n(Σ_{ij} )(u_i − u_j)E_{ij} E_{ij} (⟨N_{ij}, X⟩|X) = � 1≤i<j≤m

γ_n(Σ_{ij} )(u_i − u_j)E_{ij}⟨N_{ij} , X⟩.

Now use Remark 3.3 to see that √ 2πV^′(0) = γ_n(Σ)EMX, so (52) concludes the proof. □ Lemma 11.3 (Differentiation Formula, [MN18a, Proposition 2.6]). Let z_1, . . . , z_m ∈ R^{n+1} be the vertices of a regular simplex in R^{n+1} centered at the origin. For all 1 ≤ i ≤ m, define ~Ω_i := {x ∈ R^{n+1} : ⟨x, z_i⟩ = max_{1≤j≤m}⟨x, z_j ⟩}.

For any y ∈ R^{n+1}, define B(y) := � y+∪^m_{i=1}∂ ~Ω_i

γ_n(x)dx.

y = y(a) such that γ_{n+1}( ~Ω_i) = a_i > 0, ∀ 1 ≤ i ≤ m, ∀ a = (a_1, . . . , a_m) ∈ R^m with

�_m i=1 a_i = 1, and define I(a) := B(y(a)). Then for all b = (b_1, . . . , b_m) ∈ R^m with

�_m i=1 b_i = 0, and letting ∇, Δ denote the gradient and Laplacian on R^{n+1}, respectively, ∇_bI(a) = √ π(a^{−1}_1 , . . . , a^{−1}_m )b ∇_b∇_bI(a) = −2πb ~K^{−1}b. (53) Here ~K := � 1≤i<j≤m γn((∂ ~Ωi) ∩ (∂~Ωj ))(ui − uj)(ui − uj) t. 34

12. Comments on More than Four Sets

It would be desirable to remove our need for Assumption 1.6 in the cases m = 3, 4 of Conjecture 1.3. Moreover, it would be nice to extend our arguments to the case m > 4 of Conjecture 1.3. If Ω_1, . . . , Ω_m minimize Problem 1.2 and the boundaries of the sets are not all flat, it follows from Remark 5.1 and the reasoning of Lemma 5.3 that there is a subspace of eigenfunctions of the second variation operator L from (31) of dimension m−1+n+1 = n+m with positive eigenvalues. As discussed in the introduction, this fact alone should be sufficient to solve Conjecture 1.3, since more eigenfunctions of L means more control on the structure of Ω_1, . . . , Ω_m. However, it could be the case that the quadratic form Q from (29) is negative definition on most of these n + m eigenfunctions, contrary to our intuition. (Recall that Q came from Lemmas 3.10 and 3.12.) The main issue is that we have no a priori control on the second term in (29) for these eigenfunctions of L. One might think that a Sobolev trace inequality could control this second term of (29), but then it seems we would need e.g. a bounded geometry condition on Ω_1, . . . , Ω_m to proceed further.

Acknowledgement. Thanks to David Galvin, Russ Lyons, Yury Makarychev, Emanuel Milman and Elchanan Mossel for helpful discussions.

References

[Alm76] F. J. Almgren, Jr., Existence and regularity almost everywhere of solutions to elliptic variational problems with constraints, Mem. Amer. Math. Soc. 4 (1976), no. 165, viii+199. MR 0420406 [BBJ17] Marco Barchiesi, Alessio Brancolini, and Vesa Julin, Sharp dimension free quantitative estimates for the Gaussian isoperimetric inequality, Ann. Probab. 45 (2017), no. 2, 668–697. MR 3630285 [BdC84] João Lucas Barbosa and Manfredo do Carmo, Stability of hypersurfaces with constant mean curvature, Math. Z. 185 (1984), no. 3, 339–353. MR 731682 (85k:58021c) [Bob97] S. G. Bobkov, An isoperimetric inequality on the discrete cube, and an elementary proof of the isoperimetric inequality in gauss space, Ann. Probab. 25 (1997), no. 1, 206–214.

[Bor85] Christer Borell, Geometric bounds on the Ornstein-Uhlenbeck velocity process, Z. Wahrsch. Verw. Gebiete 70 (1985), no. 1, 1–13. MR 795785 (87k:60103) [Bor03] , The Ehrhard inequality, C. R. Math. Acad. Sci. Paris 337 (2003), no. 10, 663–666. MR 2030108 (2004k:60102) [BS01] A. Burchard and M. Schmuckenschlger, Comparison theorems for exit times, Geometric & Functional Analysis GAFA 11 (2001), no. 4, 651–692 (English).

[CCH^+08] J. Corneli, I. Corwin, S. Hurder, V. Sesum, Y. Xu, E. Adams, D. Davis, M. Lee, R. Visocchi, and N. Hoffman, Double bubbles in Gauss space and spheres, Houston J. Math. 34 (2008), no. 1, 181–204. MR 2383703 (2009e:53007) [CES17] Maria Colombo, Nick Edelen, and Luca Spolaor, The singular set of minimal surfaces near polyhedral cones, Preprint, arXiv:1709.09957, 2017.

[CIMW13] Tobias Holck Colding, Tom Ilmanen, William P. Minicozzi, II, and Brian White, The round sphere minimizes entropy among closed self-shrinkers, J. Differential Geom. 95 (2013), no. 1, 53–69. MR 3128979 [CL12] Marco Cicalese and Gian Paolo Leonardi, A selection principle for the sharp quantitative isoperimetric inequality, Arch. Ration. Mech. Anal. 206 (2012), no. 2, 617–643. MR 2980529 [CM12] Tobias H. Colding and William P. Minicozzi, II, Generic mean curvature flow I: generic singularities, Ann. of Math. (2) 175 (2012), no. 2, 755–833. MR 2993752 [COW16] Qing-Ming Cheng, Shiho Ogata, and Guoxin Wei, Rigidity theorems of λ-hypersurfaces, Comm. Anal. Geom. 24 (2016), no. 1, 45–58. MR 3514553 [CS07] Rustum Choksi and Peter Sternberg, On the first and second variations of a nonlocal isoperimetric problem, J. Reine Angew. Math. 611 (2007), 75–108. MR 2360604 (2008j:49062) 35

[CW14] Qing-Ming Cheng and Guoxin Wei, The gauss image of λ-hypersurfaces and a bernstein type problem, Preprint, arXiv:1410.5302, 2014.

[CW18] Qing-Ming Cheng and Guoxin Wei, Complete λ-hypersurfaces of weighted volume-preserving mean curvature flow, Calc. Var. Partial Differential Equations 57 (2018), no. 2, Art. 32, 21. MR 3763110 [Eld15] Ronen Eldan, A two-sided estimate for the gaussian noise stability deficit, Inventiones mathematicae 201 (2015), no. 2, 561–624 (English).

[FP13] Filomena Feo and Maria Rosaria Posteraro, Logarithmic sobolev trace inequalities, Asian J. Math. 17 (2013), no. 3, 569–582.

[Gua18] Qiang Guang, Gap and rigidity theorems of λ-hypersurfaces, Proc. Amer. Math. Soc. 146 (2018), no. 10, 4459–4471. MR 3834671 [Hei15] Steven Heilman, Low correlation noise stability of symmetric sets, to appear, Journal of Theoretical Probability. Preprint, arXiv:1511.00382, 2015.

[Hei17] , Symmetric convex sets with minimal Gaussian surface area, to appear, American Journal of Mathematics. Preprint, arXiv:1705.06643., 2017.

[HMRR02] Michael Hutchings, Frank Morgan, Manuel Ritoré, and Antonio Ros, Proof of the double bubble conjecture, Ann. of Math. (2) 155 (2002), no. 2, 459–489. MR 1906593 (2003c:53013) [Hut97] Michael Hutchings, The structure of area-minimizing double bubbles, J. Geom. Anal. 7 (1997), no. 2, 285–304. MR 1646776 [IM12] Marcus Isaksson and Elchanan Mossel, Maximally stable Gaussian partitions with discrete applications, Israel J. Math. 189 (2012), 347–396. MR 2931402 [KKMO07] Subhash Khot, Guy Kindler, Elchanan Mossel, and Ryan O’Donnell, Optimal inapproximability results for MAX-CUT and other 2-variable CSPs?, SIAM J. Comput. 37 (2007), no. 1, 319–357. MR 2306295 (2008d:68035) [Led94] Michel Ledoux, Semigroup proofs of the isoperimetric inequality in Euclidean and Gauss space, Bull. Sci. Math. 118 (1994), no. 6, 485–510. MR 1309086 (96c:49061) [Led96] , Isoperimetry and Gaussian analysis, Lectures on probability theory and statistics (Saint- Flour, 1994), Lecture Notes in Math., vol. 1648, Springer, Berlin, 1996, pp. 165–294. MR 1600888 (99h:60002) [Lee03] John M. Lee, Introduction to smooth manifolds, Graduate Texts in Mathematics, vol. 218, Springer-Verlag, New York, 2003. MR 1930091 (2003k:58001) [MN15a] Elchanan Mossel and Joe Neeman, Robust dimension free isoperimetry in gaussian space, The Annals of Probability 43 (2015), no. 3, 971–991.

[MN15b] , Robust optimality of Gaussian noise stability, J. Eur. Math. Soc. (JEMS) 17 (2015), no. 2, 433–482. MR 3317748 [MN18a] Emanuel Milman and Joe Neeman, The Gaussian double-bubble conjecture, Preprint, arXiv:1801.09296, 2018.

[MN18b] , The Gaussian multi-bubble conjecture, Preprint, arXiv:1805.10961, 2018. [MOO10] Elchanan Mossel, Ryan O’Donnell, and Krzysztof Oleszkiewicz, Noise stability of functions with low influences: invariance and optimality, Ann. of Math. (2) 171 (2010), no. 1, 295–341. MR 2630040 (2012a:60091) [MR15] Matthew McGonagle and John Ross, The hyperplane is the only stable, smooth solution to the isoperimetric problem in Gaussian space, Geom. Dedicata 178 (2015), 277–296. MR 3397495 [Rei08] BenW. Reichardt, Proof of the double bubble conjecture in R^n, Journal of Geometric Analysis 18 (2008), no. 1, 172–191 (English).

[SC74] V. N. Sudakov and B. S. Cirel^′son, Extremal properties of half-spaces for spherically invariant measures, Zap. Naučn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 41 (1974), 14–24, 165, Problems in the theory of probability distributions, II. MR 0365680 (51 #1932) [Sim68] James Simons, Minimal varieties in riemannian manifolds, Ann. of Math. (2) 88 (1968), 62–105. MR 0233295 [Wic04] Wacharin Wichiramala, Proof of the planar triple bubble conjecture, J. Reine Angew. Math. 567 (2004), 1–49. MR 2038304

[Zhu20] Jonathan J. Zhu, On the entropy of closed hypersurfaces and singular self-shrinkers, J. Differential Geom. 114 (2020), no. 3, 551–593. MR 4072205

Department of Mathematics, University of Southern California, Los Angeles, CA 90089- 2532

E-mail address: stevenmheilman@gmail.com