170A Final Solutiond]

1. QUESTION 1

(a) A continuous random variable is a random variable X together with a continuous
function fyx: R — R such that, for any —oco < a < b < 0o, we have P(a < X < b) =
fab [x(z)dx.

FALSE. fx does not have to be continuous. For example, a random variable uniformly
distributed on [0, 1] has a discontinuous PDF.

(b) There is some random variable X with PDF given by fx(z) = z for any x € [0, 2],
and fx(z) = 0 otherwise.

FALSE. The integral of fx is not 1, so fx is not a PDF.

(c) Let X and Y be independent random variables taking values in [—10, 10]. Then

E(XY?) = E(X)E(Y?).

TRUE. This follows from independence and Exercise 4.45. The identity E[g(X)h(Y)] =
[Eg(X)][ER(Y)] applies when X,Y are independent, so we use g(x) = x and h(y) = y>.

(d) Let Q = {1,2,3,4,5,6,7}. For any subset A C 2, let P(A) be the number of elements
of A. Then P is a probability law on 2.

FALSE. P(Q) = 7 # 1, violating the last axiom for probability laws.

122%% if0<2x<1,0<y<1
0 otherwise
variables with joint PDF f(x,y). Then X and Y are independent.

TRUE. This follows from Definition 5.53. In particular, note that if z € [0,1], then
Ix(z) = fol 1220%y3dy = 32* (with fx(z) = 0 otherwise) and if y € [0,1], then fy(y) =
fol 122%y3dz = 4y® (with fy(y) = 0 otherwise). So, fxy(z,y) = fx(x)fy(y) for all z,y € R.
So X and Y are independent.

(f) Let X,Y be random variables with joint PDF fxy. Let z,y € R with fy(z) > 0 and

fy(y) > 0. Then
Ixpy(zly) = Ix (@) fyix(y|z)

Iy (8) fyix (y[t)dt
_ fx@)fyxlz)
S Ix Oy x (ylt)dt

(g) Let X be a random variable uniformly distributed on the interval [0,1]. Let Y =
4X (1 — X). Then the CDF of Y is

(e) Define f(x,y) =

. Suppose X and Y are random

FALSE. The Continuous Bayes’ rule says fxy(z|y)

0 ,y <0
Fy(y) =PY <y)=S1-y1-y ,0<y<1
1 ,y > 1.

TRUE. Using the quadratic formula, the function f(t) = 4¢(1 —t) takes the value ¢ € [0, 1]
when z = (1/2) £+ (1/2)v/1 — ¢. So, if x € [0, 1], we have

PUX(1-X)<z)=P(X €[0,1/2— (1/2)vI—a] or X € [1/2 + (1/2)v1 —z,1))
—(1/2) - (1/2VI—z+1—(1/2+ (1/2QVI—a)=1—-+VI—a.
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(h) Let X be a random variable uniformly distributed on the interval [0,1]. Let Y =
—log X. (Here log denotes the natural logarithm.) Then Y has PDF given by

ﬂw:{o Jify <0

e Y Jify > 0.

TRUE. Since the logarithm is an increasing function, P(Y < ¢) = P(—log X < t) =
PllogX > -t)=P(X >e)=1—e"ift >0. (And P(Y <t) =1 for any ¢ > 0.) So, the
CDF of X is 1 — e ¥ for any y > 0. So, the PDF is the derivative of the the CDF, so that
the PDF is e for any y > 0.

(i) Let X,Y and Z be random variables. Suppose these random variables have joint
density function

ey +2)  Lif0<w,y,2 <2,
0 , otherwise.

fxyz(x,y,2) = {

Then EX = {.

TRUE. We have EX = L [ [* [2(22y + a2)dedydz = ((1/3)8(2)(2) + (2)(2)(2)) =
(1/16)(32/3 +8) = 56/48 = 7/6.

(j) Let X be a random variable such that

0 Jifx <0
P(X<z)=<¢z? |if0<z<1.
1 Jifr > 1

Then EX = L.
FALSE. The density of X is the derivative of the CDF, so the PDF is 2z for any 0 < 2 < 1.
So, the expected value of X is fol r2xdr = fol 22%dx = 2/3 # 1/15.

(k) Define
0 Jifz <0
Fl)=Qa> -z ,if0<z <S5
1 Jif > 1405,

Then there exists a random variable X such that P(X < z) = F(x) for all z € R
FALSE. F(1/2) = —1/4, so it cannot be true that P(X <1/2) = —1/4.

2. QUESTION 2

An urn contains three red cubes and two blue cubes. A cube is removed from the urn
uniformly at random. If the cube is red, it is kept out of the urn and a second cube is
removed from the urn. If the cube is blue, then this cube is put back into the urn and an
additional red cube is put into the urn, and then a second cube is removed from the urn.

e What is the probability that the second cube removed from the urn is red?
e If it is given information that the second cube removed from the urn is red, then
what is the probability that the first cube removed from the urn is blue?
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Solution. Let A be the event that the first cube removed is red, and let B be the event
that the first cube removed is blue. Let C' be the event that the second cube removed from
the urn is red. Then AN B =0 and AU B = Q, so the Total Probability Theorem says

P(C)=P(C|A)P(A) +P(C|B)P(B) = (1/2)(3/5) + (4/6)(2/5) = 3/10 + 8/30 = 17/30.
Now, using that P(C') = 17/30, we have
P(B|C) = P(C|B)[P(B)/P(C)] = (4/6)(2/5)(30/17) = 8/17.
3. QUESTION 3

Let a < b be fixed real numbers. Let X be a random variable which is uniformly distributed
in the interval [a, b]. Compute the mean and variance of X. (As usual, you must show your
work to receive credit.)

Solution. EX = (b —a)! f:xd:c = (b—a) 1 (1/2)(¥* — a®) = (1/2)(b+a). EX? =
(b—a)™? fabxzdm = (b—a)"1(1/3)(b* —a®) = (1/3)(b* + ab+a?). var(X) = EX? — (EX)? =
(1/3)(b* + ab + a?) — (1/4)(a® + b + 2ab) = (1/12)(a® + b* — 2ab) = (1/12)(a — b)?

4. QUESTION 4

Let X,Y,Z be independent continuous random variables. (That is, fxyz(z,y,2) =

Ix (@) fy(y)fz(2) forallz,y, z € R, and fxy 7 is defined so that fst fcd f; Ixvz(x,y,2)dzdydz =
Pla<X<bc<Y<ds<Z<t)foralla<b c<d, s<t.)

Assume that X, Y, Z are all uniformly distributed in the interval [0, 6]. Prove that X and
Y are independent.

Solution 1. Let x,y € R. Then

fxy(z,y) = / Ixyz(z,y,2)dz , by definition of marginal
:/ fx (@) fy(y) fz(2)dz , by assumption

= fx(x)fy(y /fz Jdz = fx(x)fy(y SlHCG/ fz(z

That is, fxy(z,y) = fx(x)fy(y) for all z,y € R, so X and Y are independent.
Solutzon 2. Let a < b, ¢ <d. It is given that fxyz(z,vy,2) = fx(x)fy(y)fz(2) for all
x,y,z € R. So,
/ / fxy(z,y)dedy =Pla < X <b,c<Y <d), , by definition of fxy
=Pa<X<bhec<Y <d,—00<7Z <)

[eS) d b
:/ / / Ixyz(z,y, z)dxdydz, , by definition of fxyz

_ (/Cd/abf () fy(y dxdy) (/ fe ) R
( / d / b fx<x>fy<y>dmy) |



The last line uses [ fz(z)dz = 1, which holds since f7 is a PDF. In conclusion, we have

shown fdfbfxy (z,y)dxdy = f f fx (@) fy(y)dxdy for all @ < b, ¢ < d. Since fx(x) =1/6
if x € [0, 6] and 0 otherwise (and similarly for fv), wehave (for0 < ¢ <d<6,0<a<b<06)

//fxyxydxdy——//dxdy_ ;éd_C)'

Since this holds for every 0 < ¢ < d < 6,0 < a < b < 6, we conclude that fyy(z,y) =
fx(x)fy(y) for all z,y € R, as desired. That is, fxy(z,y) = % fo<z<6and 0<y <6,
and fxy(x,y) =0 otherwise.

5. PROBLEM b5

Let xq,...,x, be distinct numbers. Consider a random ordered list of the form vy, ... y,,
where the list 4, ..., y, is a permutation of the numbers x1, ..., z,. Assume that all possible
permutations of the numbers z1, ..., z, are equally likely to occur. For any i € {1,...,n},

let A; be the event that y; > y; for all j such that 1 < j <i—1. Prove that P(A ) =1/i
for any 1 <i < mn. (As usual, and especially for this problem, you are expected to show all
of the details of this proof, and justify every step of your argument.)

Solution 1. Fix i € {1,...,n}. Let j € {1,...,i}. Let B, be the event that a; > a; for
every k € {1,...,i} such that k # j. Then U,_, B; = Q, and B; N By = () for every j,j' €
{1,...,4} with j # j'. So, 1 = P(Q ) Zj 1P( ;). We now claim that P(B;) = P(By)
for every j,5" € {1,...,i} with j # j'. Given that this is true, it immediately follows that
P(B;) = 1/i = P(A;), as desired. To prove our claim, suppose we denote any ordering of

the numbers as ¢y, ..., ¢, where cq, ..., ¢, are distinct elements of {1,...,n}. (That is, we
denote the ordering y,...,y, as T¢y, ..., 2e,.) Then for any k < ¢, any ordering ¢y, ..., ¢,
where z., exceeds z.,,...,T._, can be uniquely associated to the ordering

Cly -5 Cp—1,Ciy Chot 15 Cpt 25 - - -5 Ci—2, Ci—1, Cy Ci 15 - -+, Cpe

That is, we take the original ordering, and swap the i and k' elements in the ordering.
So, the number of orderings where the i number exceeds the previous ones is equal to the
number of orderings where the k™ number exceeds the first i numbers (if k¥ < ¢). That is,
P(4;) = P(4y).

Solution 2. P(A;) is equal to the number of orderings of the numbers zy, ..., z, such that
the ' number exceeds the previous i — 1 numbers, all divided by the number of orderings
of the numbers. That is, (n!)P(A4;) is the number of ways of choosing i of the n numbers
(which is (7)), multiplied by the number of orderings of these i numbers such that the last
number is largest (which is (¢ — 1)!), multiplied by the number of orderings of the remaining
(n — i) numbers (which is (n —4)!):

P(4) = (i—Din—a)(}) _ (- Din—lgtsm (i~ 1)! :%

n! n! 7!

6. QUESTION 6

Let X be a binomial random variable with parameters n = 2 and p = 1/2. So, P(X =
0)=1/4,P(X =1)=1/2 and P(X =2) = 1/4. And X satisfies EX =1 and EX? = 3/2.
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Let Y be a geometric random variable with parameter 1/2. So, for any positive integer k,
P(Y =k)=2"% And Y satisfies EY =2 and EY? = 6.

Let Z be a Poisson random variable with parameter 1. So, for any nonnegative integer k,
P(Z =k) =15, And Z satisfies EZ = 1 and EZ* = 2.

Let W be a discrete random variable such that P(W = 0) = 1/2 and P(W = 4) = 1/2,
so that EW = 2 and EW? = 8.

Assume that XY, Z and W are all independent. As usual, define var(X) = E[(X —EX)?|.
Compute

var(X +Y + Z+W).

Solution. Since X,Y,Z and W are independent, Corollary 4.40 in the notes says that
var(X+Y +Z+W) = var(X)+var(Y)+var(Z)+var(W) = (3/2)—1?+6—22+2—-1248-22 =
1/2+24+1+4=15/2.

7. QUESTION 7

Let R and © be independent random variables. Assume that © is uniform on (—m,),
and assume that R has the PDF given by

re "2 ifr >0
f(r) :{ —

0 otherwise.

Let X = Rcos® and let Y = Rsin ©.

e Find the joint PDF of (X,Y).
e What is the marginal PDF of X7 What is the marginal PDF of Y7
e Are X and Y independent? Explain your reasoning.
Solution 1. Let freo(r,d) denote the joint PDF of (R, ©). Since R, O are independent, we
have freo(r,0) = f(r)/2m whenever 6 € (—m,7) and r > 0, and fre(r, ) = 0 otherwise.
Let A be a subset of the plane R?. That is, A consists of a set of pairs (z,%) in the plane.
Using polar coordinates, we can equivalently think of this set as a set of pairs (r,0) € A',
where © = rcos @ and y = rsinf, and where 6 is restricted to (—m, 7). So,

P((X,Y) e A)=P((RcosO,Rsin®) € A) =P((R,0) € A') = // fro(r,0)drdo
r,0)cA’

/ / rYdrdd = — / / re " /2drdo
r,0) EA’ rg)cA’
= // 1 e~ (@ +y? )2 qxdy

(w,y)€A 2

So, the joint PDF of X, Y is fxy(z,y) = %6_(902“/2)/2. The marginal PDFs are

—1’2/2 1 —x2/2

_ L —y%/2 L -
fx(@) = m/we Wt N

fr(y) = E/ 6_352/2de@_92/2 — 27r€_y2/2.

Since fxy(z,y) = fx(z)fy(y), the variables X,Y are independent.
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Solution 2 for part 1. We could also use an exercise from the last homework. Let V (r,6) =
(rcosf,rsinf), and let S(z,y) = (/22 + y?, tan"(y/z)) = (r,0). Let (X,Y) = V(R,O)
(Rcos©, Rsin®©). Then

fxy(z,y) = fre(S(z,y)) [JacS(z, y)|
_ %f(\/W) det (“f(IZ +yA)TV2 y(a? + y2)‘1/2>

—yz~2 1/x

TH/P T/
2 2\—1/2 2 2\—1/2
det (x(w 7)Yt 4 ) )’
iy e

1
—— .1'2 + y2e*(
2

x?4y?)/2

1
= 2+ ygef(x2+y2)/2<x2 + y2)71/2 _

1 e

2

8. QUESTION 8

Let X, Z be discrete random variables. Let A C 2. Show that E(X + Z|A) = E(X|A) +
E(Z|A).
Solution. Let t € R. Then
P{Z+X=t}nA)= ) PH{Z+X=t}n{Z=z}n{X=2}nA)

z,2€R

= Y P{Z=zn{X=2z}nA)

z,x€R: z+a=t

E(X + Z|A) =Y tpxizu(t) = Y tP{Z+X =t} N A)/P(A)

teR teR

=3t Y PUZ=zn{X=2}n4)/P(4)

teR z,xeR: z+ax=t

=Y (+a)P{Z=21n{X =12} NA)/P(A)

= Z PUZ=2n{X =2}NA)/PA) + Z tP({Z =2y n{X =z} N A)/P(A)
:ZZP {Z=2}nA)/P(A)+ ) «P( {X—x}ﬂA)/P( ) = E(Z|A) + E(X|A).

9. QUESTION 9

Using the De Moivre-Laplace Theorem, estimate the probability that 1,000,000 coin flips
of fair coins will result in more than 501,000 heads. (Some of the following integrals may be

relevant: [°__ e /2dt/\2m = 1/2, [T e P/dt/v2m ~ 8413, [*_e P12dt/\2m ~ 9772,
[ e 2dt)\/2m ~ .9987.)

Solution. Let X; = 1 if the " coin flip is heads, and let X; = 0 if the i** coin flips is
tails. Then > 7 | X; is the number of heads that have been flipped. The Theorem says

p ( Xt X (/2 o e 2L for any a € R. So, using n = 1000000,

hmn%oo \f\/j — CL) = ffoo \/7’




a = 2, we have

p (Xt X - (1/2)n
Jny/1/4

Sa) =P (X;+--+ X, <n/2+avn/2)
=P (X; +---+ X, <500000+ 1000)

2 dt
~ 7t2/2 ~
~ e — =~ 9772.
/—OO V

2m
So, the probability of more than 501000 heads is roughly 1 — .9772 = .0228.

10. QUESTION 10

Suppose a needle of length ¢ > 0 is kept parallel to the ground. The needle is dropped
onto the ground with a random position and orientation. The ground has a grid of equally
spaced horizontal lines, where the distance between two adjacent lines is d > 0. Suppose
¢ < d. What is the probability that the needle touches one of the lines? (Since ¢ < d, the
needle can touch at most one line.)

Solution. Let x be the distance of the midpoint of the needle from the closest line. Let 6 be
the acute angle formed by the needle and any horizontal line. The tip of the needle exactly
touches the line when sin = x/(¢/2) = 2z /(. So, any part of the needle touches some line if
and only if z < (£/2) sin 6. Since the needle has a uniformly random position and orientation,
we model X, © as random variables with joint distribution uniform on [0, d/2] x [0, 7/2]. That
is,

A xe0,d/2] and 0 € [0, 7/2
ny@(l',e) — wd [ . / ] [ / ]
0, otherwise.

(Note that [[q, fx.e(z,0)dzdf = 1.) And the probability that the needle touches one of the

lines is
O0=m/2 px=({/2)sinf 4
// fxo(z,0)dxdd = / / —dxdf
0<x<(£/2)sin0 0=0 =0 md

20 (=2 20 omnjp 20
= - sin Odf = EZ[_ cos 8]9:0/ =
Note that = < £/2 < d/2 always, so the set 0 < x < (£/2)sin6 is still contained in the set

xz € [0,d/2].
In particular, when ¢ = d, the probability is 2/7
11. QUESTION 11
Let S C R? denote the unit ball. That is,
S={(z,y,2) eR*: 2 + > + 22 < 1}

Let X,Y, Z be random variables such that the vector (X, Y, Z) is uniformly distributed in
the ball S. Compute the probability

P(X?+Y%?<1/2).
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Solution. Let D C R? be the subset of the unit ball where 22 4y? < 1 /2. We can integrate
over D using e.g. cylindrical coordinates as follows

IfodV  Je o [ s derdrdd
[[fsav — im/3

S S VT = drdd

P(X?+Y?<1/2) =

27/3
0=2m pu= 1/2 1/2 2 dudf
f wet —(W7/2)du , substituting v = 1 — 72
27/3
b [0 300 [T — (1/2))d0 32
=1—(1/2)%2
27/3 27

12. QUESTION 12

Suppose you have $100, and you need to come up with $1000. You are a terrible gambler
but you decide you need to gamble your money to get $1000. For any amount of money M,
if you bet $M, then you win $M with probability .3, and you lose $M with probability .7.
(If you run out of money, you stop gambling, and if you ever have at least $1000, then you
stop gambling.) Consider the following two possible strategies for gambling:

Strategy 1. Bet as much money as you can, up to the amount of money that you need,
each time.

Strategy 2. Make a small bet of $10 each time.

Explain which strategy is better. That is, explain which strategy has a higher probability
of getting $1000.

Solution. Strategy 1 is much better. The probability of reaching $1000 with consecutive
wins is (.3)%, since if you win every time, your sequence of monetary holdings would be: $100,
$200, $400, $800, $1000. So, with probability at least (.3)*, you will reach $1000 in winnings.
On the other hand, your ability to make it to $1000 with Strategy 2 is astronomically low.
The Gambler’s Ruin problem from Example 2.52 in the notes shows that the probability of
reaching $1000 with $10 bets is the same as: starting with $10, making $1 bets, and stopping
when you reach $0 or $100. The probability of reaching $100 is

(
(:

And 278 is much less than (.3)*. That is, Strategy 1 is far superior to Strategy 2.
Alternatively, we could use the De Moivre-Laplace Theorem to get a very rough approx-
imation for the probability of success of strategy 2. If X; = 1 with probability .3 and
X; = —1 with probability .7, then Y; = (1 + X;)/2 is a Bernoulli random variable with
parameter p = .3. The event that Strategy 2 succeeds is (very roughly) the event that
X1+ -+ Xq90 > 90. This event is the same as Y; + --- + Yoo > 95. the probability of

)10 1 310 310

)100 1 < 2100 o (22)10280 <

ol

280

ol



failure of Strategy 2 is (using n = 100)
P(m+m+n—m

vny/p(l —p) = 14) -

<Y1 + -4 Y, <pn+14y/n/p(1 —p)>

P
P (Y4 +Y, <30+ 14(10)(.456))
P(Yy+ -+ Yig < 95)
/14 ezt
NS V2

That is, the probability of success of strategy 2 is roughly

/ e’tz/Zi < te t/2dt = ¢798,
14

V21 Jua
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