Probability Theory 2 Steven Heilman

Please provide complete and well-written solutions to the following exercises.

Due March 16, in the discussion section.

Homework 8

Exercise 1. Let 7,75, ... be independent geometric random variables with parameter p.
For any integer k > 1, let Y, := T} + - -- + T}. Show that the PMF of Y}, is given by

(1) = (hpF(—p)F it >k teZ
Pt = 0 , otherwise.

Exercise 2. Give an alternate proof that P(Xy;1 = 1) = p in the Proposition (An Equiva-
lent Definition of Bernoulli Process) by using the following conditioning argument:
E+1
P(Xp =1) =Y P(Xpp1 =1|Ty =n)P(Ty = n)
n=1
2
=PXpn = 1Ty =k+1)P(Ty =k+ 1)+ > P(Xpp1 = 1|7y = n)P(Ty = n)
n=1
K
=P(Mi=k+1)+ ) P(Ti+-+T;=k+1forsome j>2|Ty =n)P(Ty =n) =

n=1

Exercise 3. Let X, Xs,... be a Bernoulli process with parameter p = 1/2. What is the
expected number of trials that have to occur before we see two consecutive “successes”?

Exercise 4. Let X, X5,... be a Bernoulli process with parameter p = 1/2. Define N :=
min{n > 1: X,, # X;}. For any n > 1, define Y,, :== Xy, o. Show that P(Y,, =1) =1/2
for all m > 1, but Y7, Y5, ... is not a Bernoulli process.

Exercise 5. Suppose the number of students going to a restaurant in Ackerman in a single
day has a Poisson distribution with mean 500. Suppose each student spends an average of
$10 with a standard deviation of $5. What is the average revenue of the restaurant in one
day? What is the standard deviation of the revenue in one day? (The amounts spent by the
students are independent identically distributed random variables.)

Exercise 6. Let Xy := 0. Let Xy, X4,... be independent random variables such that
P(X,=1)=P(X,, =—-1)=1/2for all n > 1. Let Sy, Sy, ... be the corresponding random
walk started at 0. Let 7' := min{n > 1: §,, = 1}. Show that T is a stopping time.

Exercise 7. Let Xy := xg € Z. Let X, X1,... be independent random variables such that
P(X,=1)=P(X,=—-1)=1/2for all n > 1. Let Sy, Si,... be the corresponding random
walk started at zo. Let a,b € Z such that a < g < b. Let T := min{n > 1: S, € {a,b}}.
Show that 7' is a stopping time.



