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Exercise 0.1. Let f: R — R be a function. Show that
Uyer{z € R: f(z) =y} =R.
Also, show that the union on the left is disjoint. That is, if y; # yo and y;,y2 € R, then
{z eR: f(z) =y}n{z eR: f(z) =y} = 0.
0.1. Probabilistic Models.

Definition 0.2. A probabilistic model consists of

e A universal set ), which represents all possible outcomes of some random process.

e A probability law P. Given a set A C (), the probability law assigns a number
P(A) to the set A. A set A C Q is also called an event. The number P(A) denotes
the probability that the event A will occur. The probability law satisfies the axioms
below.

Axioms for a Probability Law:
(i) For any A C Q, we have P(A) > 0. (Nonnegativity)
(ii) For any A, B C Q such that AN B = (), we have
P(AuUB)=P(A) +P(B).
If Ay, Ag, ... C Qand A;NA; = () whenever i, j are positive integers with ¢ # j, then

P ( U Ak> => P(4).  (Additivity)
k=1 k=1
(iii) We have P(Q2) = 1. (Normalization)

Remark 0.3. Since P(A4) + P(A°) = 1, choosing A = ) shows that P(0) + P(Q) = 1,
so that P(()) = 0 by Axiom (iii). Consequently, suppose n is a positive integer, and let
Ay, A, CQwith A, N A; = 0 whenever i,j € {1,...,n} and i # j. For any i > n, let
A; = 0. Then Axiom (ii) implies that

P (U Ak> =P (U Ak> = P(4) =) P(4).
k=1 k=1 k=1 k=1
This identity also follows from the first part of Axiom (ii) and by induction on n.

Theorem 0.4 (Total Probability Theorem). Let Ay, ..., A, be disjoint events in a sam-
ple space Q. That is, A; N A; =0 wheneveri,j € {1,...,n} satisfy i # j. Assume also that
Ul A; = Q. Let P be a probability law on 2. Then, for any event B C 2, we have

PB)= 3 P(BAA) =Y P(4)P(BIA).

Example 0.5 (Bernoulli Trials). Let n be a positive integer. Let Q = {H,T}". Then Q is
a sample space representing n separate coin flips (H stands for heads, and T stands for tails).
Let 0 < p < 1. Let P be the probability law such that each coin toss occurs independently,
and such that each coin has probability p of heads (H), and probability 1 — p of tails (T).
That is, we are independently flipping n biased coins.

Let 1 < k < n. Suppose the first k coins have landed as heads, and the rest of the
coins are tails. By the definition of P, this event occurs with probability p*(1 — p)"=*. We
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now ask: What is the probability that £ of the coins are heads, and the remaining n — k
coins are tails? In order to answer this question, we need to compute C), ;, the number of
unordered lists of k copies of H, and n — k copies of T. Equivalently, C,, ; is the number of
ways to place n coins on a table all showing tails, and then turn over k& distinct coins to
reveal exactly k heads. To compute the latter number, note that we can first turn over one
of the n coins, and then we can turn over any of the remaining n — 1 coins showing tails,
and then we can turn over any of the remaining n — 2 coins showing tails, and so on. So,
there are n(n — 1)(n — 2)--- (n — k + 1) sequences of coin turns which can be made (while
keeping track of their ordering). To make the same count of coin flips without keeping track
of the ordering, we just divide by the number of orderings of the k£ heads coins, which is
k(k—1)---(2)(1). In conclusion,

o\ nn—Dn-2)--(n—k+1) n!
Cnr = <k:) T kk—-Dk=-2)---(2)(1) (n—k)E

Back to our original question, the probability that we have k heads and n — k tails among
n coin flips is

_ n e n! e
Crpe-p"(1—p)"F = (k)p’“(l—p) ’“Zmpk(l—p) k.

n —

Theorem 0.6 (Binomial Theorem). Let 0 < p < 1. Then

> (1)t

k=0

More generally, for any real numbers x,y, we have

> (Z) 2y = (e 4 y)"

k=0

Proof. We use the notation of Example 0.5. Let 0 < p < 1. For any 0 < k£ < n, let
Aj be the event that there are exactly k heads that resulted from flipping n coins. Then
A;NA; =0 for all i # j where 4,5 € {0,...,n}. Also, Up_jA; = Q. From Example 0.5,
P(Ag) = (})p*(1 — p)*. So, using Remark 0.3,

1= P(Q) = PUjyd) = 3 P(A) =3 (Z’)pk(l —rE ()
k=0 k=0
Now, the right side is a polynomial in p, which is equal to 1 for all 0 < p < 1. Therefore, the
equality (x) holds for all real p. (A polynomial which is equal to 1 on [0, 1] is also equal to
1 on the whole real line.) Assume temporarily that = +y # 0. Define p = z/(x +y). Then
r=plz+y),y=(1—-p)(x+y)and 1 —p=y/(x +y). Using (%), we have

=20 E5) () e (e

That is, our desired equality holds whenever x + y # 0. Finally, the case x + y = 0 follows
by letting ¢ > 0 be a real parameter, using >y (})2*(y +t)"* = (z + y 4+ t)", and letting
t — 0, noting that both sides of the equality are continuous in ¢. 0]




1. DISCRETE RANDOM VARIABLES

So far we have discussed random events. Often it is also natural to describe random num-
bers. For example, the sum of two six-sided die is a random number. Or your score obtained
by throwing a single dart at a standard dartboard is a random number. In probability, we
call random numbers random variables.

Definition 1.1 (Random Variable). Let 2 be a sample space. Let P be a probability law
on ). A random variable X is a function X: ) — R. A discrete random variable is a
random variable whose range is either finite or countably infinite.

Proposition 1.2 (Properties of Random Variables).

o If X andY are random variables, then X +Y 1is a random variable.
o If X is a random variable and if f: R — R is a function, then f(X) = fo X is a
random variable.

A random variable is “just” a function. So, in some sense, from your preparation in calcu-
lus, you are already quite familiar with random variables. However, the new terminology of
“random variable” carries a new perspective on functions as well. For example, in probabil-
ity theory, we concern ourselves with the probability that the random variable takes various
values.

Example 1.3. Let Q = {1,2,3,4,5,6}2. Let P denote the uniform probability law on .
As usual, Q2 and P denote the rolling of two distinct fair six-sided dice. We define random
variables X, Y as follows. For any (7, j) € 2, define X (4, j) = i, and define Y (i, j) = j. Then
X and Y are random variables. Moreover, X is the roll of the first die, and Y is the roll of
the second die. So, X +Y is the sum of the rolls of the dice, and X +Y is a random variable.

Example 1.4. Consider the following simplified version of a dartboard. Let Q = R2. For

any set A C (), define
P(A) = % //A e~ @25y,
Let (z,y) € Q. Define a random variable X : @ — R so that
X@w={
That is, if you hit the dartboard {(z,y) € Q: 2 + y* < 1}, then X = 1. Otherwise,

X = 0. So, X is a random variable which represents your score after throwing a random
dart according to the probability law P.

1 ,ifa?+42<1
0 ,ifa?+¢y2>1"

Example 1.5. Consider the following model of a more complicated dartboard. Let 2 =
(0,1)> € R% For any set A C , let P(A) denote the area of A. Let (z,y) € Q. Define
a random variable X: 0 — R so that X (z,y) is the smallest integer j such that x > 277
and y > 277, For example, if (z,y) = (1/3,1/3), then 27! >z > 272 and 27! > y > 272,
so X(z,y) = 2. Orif (z,y) = (1/5,1/3), then 272 > z > 273 and 27! > y > 272 > 273,
so X(z,y) = 3. In this example, X is a random variable which represents your score after
throwing a random dart according to the probability law P. By the definition of X, if we
would like to get a large score, we see that it is more beneficial to aim for the bottom left
corner of the square, i.e. we want to get close to (0,0).
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If we have a random variable X, one of the first tasks in probability is to compute various
quantities for X to better understand X. For example, we could ask, “What value does X
typically take?” (What is the mean value or average value of X7) “Typically, how far is X
from its mean value?” (What is the variance of X?) We will start to answer these questions
in Section 2. For now, we need to get through some preliminary concepts.

1.1. Probability Mass Function (PMF).

Definition 1.6 (Probability Mass Function). Let X be a random variable on a sample
space €2, so that X: 2 — R. Let P be a probability law on 2. Let x € R. Consider the
event {w € Q: X(w) = z}. This event is often denoted as {X = z}. The probability mass
function of X, denote px: R — [0, 1] is defined by

px(x)=PX =2)=P{X =2}) =P{w € Q: X(w) =z}), z eR
Let A CR. We denote {w € Q: X(w) € A} ={X € A}.

Example 1.7. Let Q = {H,T}? and let P be the uniform probability measure on €. Then
) and P represent the outcome of flipping two distinct fair coins. Let X be the number of
heads that are rolled. That is, X(7,7) =0, X(H,T)=1, X(T,H) =1 and X(H,H) = 2.

Therefore,

1/4 Lifz=0

1/2 ifz=1
PX@ =90 =

0 , otherwise.

Note that P(X > 0) = 1/2+ 1/4 = 3/4. That is, with probability 3/4, at least one head is
rolled.

Proposition 1.8. Let X be a discrete random variable on a sample space 2. Then

pr(m) = 1.

z€eR

Proof. For each x € R, let B, be the event that X = z. If  # y, then B, N B, = ). Also,
Uzer Bz = €. So, using Axiom (ii) for probability laws in Definition 0.2,

1=P(Q) =P(UserB:) = Y _P(B.) =Y px(a).

z€R zeR

We now give descriptions of some commonly encountered random variables.

Definition 1.9 (Bernoulli Random Variable). Let 0 < p < 1. A random variable X is
called a Bernoulli random variable with parameter p if X = 1 with probability p, and
X = 0 with probability 1 — p. Put another way, X = 1 when a single flipped biased coin
lands heads, and X = 0 when the coin lands tails. The PMF is given by

P Jifx =1
px(z) =< 1—p ,ifx=0
0 , otherwise.



Remark 1.10. Note that we defined the random variable X without specifying any sample
space ). This de-emphasis on the domain is one aspect of probability that we mentioned
above. For example, we could choose 2 = {0,1} and define P on Q such that P(0) =1—p
and P(1) = p. Then define X: Q2 — R so that X(w) = w for all w € Q. Then X is a
Bernoulli random variable.

Alternatively, we could choose = [0,5], and define P on Q such that P[a,b] = (b — a)
whenever 0 < a < b < 5. Then, we could define Y: 2 — R by

Y () 1 ,ifw<bp
W) =
0 ,ifw > 5p.

Then Y is also a Bernoulli random variable. As we can see, the sample spaces of X and Y
are very different.

Definition 1.11 (Binomial Random Variable). Let 0 < p < 1 and let n be a positive
integer. A random variable X is called a binomial random variable with parameters
n and p if X has the following PMF. If k is an integer with 0 < k < n, then

px(k) =P(X =k) = (Z)pk(l —p)" .

For any other z, we have px(z) = 0. In Example 0.5, we showed that this probability
distribution arises from flipping n biased coins. In particular, X is the number of heads that
arise when flipping n biased coins. In Theorem 0.6, we verified that

;px(k) = i (Z)pk(l —p)"F =1

k=0

Definition 1.12 (Geometric Random Variable). Let 0 < p < 1. A random variable X
is called a geometric random variable with parameter p if X has the following PMF.
If k is a positive integer, then

px(B) =P(X =Fk)=(1—p)"'p.

For any other x, we have px(x) = 0. Note that X is the number of times that are needed
to flip a biased coin in order to get a heads (if the coin has probability p of landing heads).
Also, using the summation of geometric series, we verify

ipx(k) = i(l —-p)lp= pi(l —p)" =p lim Zn:(l —p)!

k=1
1—(1— n+1
= p lim (1=p) _P_
n—oo 1 — (1 - p) P
Definition 1.13 (Poisson Random Variable). Let A > 0. A random variable X is called
a Poisson random variable with parameter )\ if X has the following PMF. If k£ is a
nonnegative integer, then

)\k
=
- k!



For any other z, we have pyx(x) = 0. Using the Taylor expansion for the exponential function,

we verify
ZPX _AZ L =L

The Poisson random variable provides a nice approximation to the binomial distribution,
as we now demonstrate.

Proposition 1.14 (Poisson Approximation to the Binomial). Let A > 0. For each
positive integer n, let 0 < p, < 1, and let X,, be a binomial distributed random variable with
parameters n. and p,. Assume that lim,,_,. p, = 0 and lim,_,.onp, = X. Then, for any
nonnegative integer k, we have

)\k
lim P(X, =k) =¢*

n—00 k"

Lemma 1.15. Let A > 0. For each positive integer n, let A\, > 0. Assume that lim,_,., \, =
A. Then
. S
lim (1—— | =e
n—o0 n

Proof. Let log denote the natural logarithm. For any x < 1, define f(z) = log(1 — ). From
L’Hopital’s Rule,

. f(l‘) T / T —1 _
Ty sy @=lnr =t
So, using lim, o A, /1 = 0 we can apply (%) and then lim, . A, = A, so

A\
lim <1 — —) = lim exp (log 11— ) )
n—oo n n—oo

= exp (hm E\i/_nf) n) = exp((=1)(N)) =™

n—o0

Proof of Proposition 1.14. For any positive integer n, let A\, = np,. Then lim, ,,o A, = A
and lim,,_,o, A\,/n = 0. And if k is a nonnegative integer,

- () (-5)”

So, using Lemma 1.15, lim,,_,,, P(X,, = k) =1- )1;_];6_/\ 1 0

Remark 1.16. A Poisson random variable is often used as an approximation for counting
the number of some random occurrences. For example, the Poisson distribution can model
the number of typos per page in a book, the number of magnetic defects in a hard drive, the
number of traffic accidents in a day, etc.



Exercise 1.17. The Wheel of Fortune involves the repeated spinning of a wheel with 72
possible stopping points. We assume that each time the wheel is spun, any stopping point is
equally likely. Exactly one stopping point on the wheel rewards a contestant with $1, 000, 000.
Suppose the wheel is spun 24 times. Let X be the number of times that someone wins
$1,000,000. Using the Poisson Approximation the Binomial, estimate the following proba-
bilities: P(X = 0), P(X = 1), P(X = 2). (Hint: consider the binomial distribution with
p=1/72.)

Remark 1.18. The Bernoulli, binomial, geometric and Poisson random variables are all
examples of the following general construction of a random variable. Let ag,a;,as,... > 0
such that > .~ a; = 1. Then define a random variable X such that P(X = i) = a; for all
nonnegative integers 1.

There are many other random variables we will encounter in this class as well, but these
will be enough for now.

1.2. Functions of Random Variables.

Proposition 1.19. Let €2 be a sample space, let P be a probability law on Q. Let X be a
discrete random variable on Q, and let f: R — R. Then f(X) has PMF

prxw) =Y, px(@), VyeR
z€eR: f(x)=y

Proof. Let z,y,2 € R. Let A, be the event that X = x. If 2z # x, then A, N A, = 0. Also,
Uzer A, = €. So, using Axiom (ii) of Definition 0.2,

P (W) = P(F(X) =) = P(User{f(X) =y} N As) = Y P{f(X) =y} N A,)

= Y PX=2)= Y )

z€R: f(x)=y z€R: f(z)=y
L]

Exercise 1.20. Let Q = {-3,-2,-1,0,1,2,3}. Suppose X(w) = w for all w € Q. Let
f: R — R so that f(x) = 2? for any x € R. Compute the PMF of f(X).

2. EXPECTATION

Now that we understand random variables a bit more, we can finally start to answer some
of the fundamental questions of probability, such as:

What is the average value of a random variable?

Put another way, what is the mean value of a random variable? Or, what value should we
expect a particular random variable to have? Answering this question is of interest in many
applications of probability. For example, if I can figure out a way to gain $1 from a stock
transaction with probability .51, while losing $1 from a stock transaction with probability
49, and if I keep performing this transaction many times, I should probably expect to gain
money over time.



2.1. Expectation, Variance.

Definition 2.1 (Expected Value). Let €2 be a sample space, let P be a probability law
on Q. Let X be a discrete random variable on ). Assume that X: Q — [0,00). We define
the expected value of X, denoted E(X), by

E(X) =) apx(z).
zeR
For a discrete random variable with X: Q@ — R, if E|X| < oo, we then define E(X) =
> e TPx () as above. The expected value of X is also referred to as the mean of X, or the

first moment of X. More generally, if n is a positive integer, we define the n'* moment
of X to be E(X™).

Example 2.2. If X takes the values {1,2,3,4,5,6} each with probability 1/6, then we have

B(X) = c(1) 4 2(2) 4 2(3) + (&) + 5(5) + £(6) = = = ©

That is, on average, the result of the roll of one fair six-sided die will be around 7/2. We
can also compute

1 1 1 1 1 1 91
E(X?) = —(1®) +=(2) + =(3%) + =(4*) + = (5*) + =(6°) = —.
(X7) = 200 + L(2) + £(3) + S(#) + (5 + £(6) = 5
Remark 2.3. Suppose X takes the value (—2)* with probability 27% for every positive
integer k. Then | X| takes the value 2F with probability 27% for every positive integer k. So,

E|X| =, 1=00. So, E(X) is undefined.

Example 2.4. In a recent Powerball lottery, one ticket costs $2, and the jackpot was around
$(1/2)10° (after deducting taxes). The number of people winning the jackpot shares the
jackpot. Let X be your profit from buying one lottery ticket. Consider the following sim-
plified version of the lottery. Suppose you either are the only winner of the jackpot, or
you lose. There were around (1/3)10° tickets sold, and around (1/3)10° distinct possi-
ble ticket numbers. Assume that every ticket is chosen uniformly at random among all
possible ticket numbers, and whether or not someone wins or loses is independent of every-
one else. Let p = 3-107%. Then the probability that you win and everyone else loses is
p(1 —p)'/? =~ p/e ~ p/3. That is, P(X = —2) ~ 1 — p/3 and P(X = (1/2)10° — 2) ~ p/3.
So,
EX = —2(1 —p) + (1/2)10°p ~ -2+ 3/2 = —.5.

Since the expected value is negative, it was not sensible to buy a lottery ticket. Also, let N
be the number of people who get the winning number. Using the Poisson Approximation
to the Binomial with A = 1, we have P(N = k) ~ i for any positive integer k. So,
PI(N=0)~1/e, P(N=1)=1/e, P(N =2) = 1/(2¢)  1/6, P(N = 3) =~ 1/(6e) ~ 1/18,

and so on. So, having two or three winners is not so unexpected.

Proposition 2.5 (Expected Value Rule). Let Q) be a sample space, let P be a probability
law on Q. Let X be a discrete random variable on Q. Let f: R — R be a function. Then

E(f(X)) =) fx)px(x).

z€R
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In particular, if n is a positive integer, we can choose f(x) = z" to get

= Z x"px(x)

zeR
Also, if a,b are constants, we can choose f(x) = ax + b to get

E(aX +b) =aE(X)+0b
Proof. From Proposition 1.19, pyx)(y) = X_,cr. j(a)=y Px (7). So,

XN = o) =Y, Y. ux()

yeR yeR zeR: f(z)=y
=> Z f( px(x) =Y fl@)px(z
yeR zeR: f(z z€R

In the last equality, we used Exercise 0.1.
Now, let a,b be constants. Using Proposition 2.5 and then Proposition 1.8,

E(aX+b)=Z(ax+pr —aZasz +prX ) =aE(X) + 0.

zeR z€R zeR

U

Definition 2.6 (Variance). Let €2 be a sample space, let P be a probability law on 2. Let
X be a discrete random variable on €2. We define the variance of X, denoted var(X), by

var(X) = E(X — E(X)).
We define the standard deviation of X, denoted oy, by
ox = y/var(X).
The notation E(X — E(X))? is a shorthand for E[(X — E(X))?].

Proposition 2.7 (Properties of Variance). Let §2 be a sample space, let P be a probability
law on Q. Let X be a discrete random variable on ). Let a,b be constants. Then

var(X) = E(X?) — (E(X))>.

Moreover,
var(aX + b) = a*var(X).

Proof. Using Proposition 2.5 and then Propositions 2.5 and 1.8,
var(X) = E(X — (E(X))*) = ) _(z — E(X))’px(2)

=Y " a?px(z) — 2B(X) Y apx(z) + (B(X))? D px(@)

— E(X?) - 2B(X)E(X) + (E(X))? = B(X?) — (B(X))"
From Proposition 2.5, E(aX + b) = aE(X) + b. So, using Proposition 2.5,
var(aX +b) = E(aX + b — (aE(X) +b))* = E(aX — aE(X))* = E(¢*(X — E(X))?)
= a’E(X — E(X))? = a*var(X).

10



Exercise 2.8. Let a,b € R and let X :  — [—00, o0] be a random variable with EX? < oo.
Show that
var(aX + b) = a*var(X).
Then, let X be a standard Gaussian. Show that EX = 0 and var(X) = 1.
Finally, show that the quantity E(X — #)? is minimized for ¢ € R uniquely when ¢t = EX.

Example 2.9. Returning again to Example 2.2, suppose X takes the values {1,2,3,4,5,6}
each with probability 1/6. We computed E(X) = 7/2, so
var(X) = E(X — E(X))?
1 7 1 7 1 7 1 7 1 7 35
= (1-=)P+-2-=2)P+=-B-—2) +-U-)P+=(6-2)P+26—-=)==—.
A=) gl B gl 563 +56-37 =3
Alternatively, we computed in Example 2.2 that E(X?) = 91/6. So, by Proposition 2.7,
var(X) = 91/6 — (7/2)? = 182/12 — 147/12 = 35/12. Lastly, the standard deviation of X is
ox = /35/12 &~ 1.7078. So, the value of X is typically in the interval (E(X) —ox, E(X) +
ox) = (3.5 — 1.7078,3.5 + 1.7078).

1 7

Example 2.10. Let X be a Poisson random variable with parameter A > 0. Then px (k) =
e *X*/k! when k is a nonnegative integer. We then compute

o0

:ik;px(k):ike-AA Zk: W
—AZ —A Ak 1 ;= e —AZ D e =
n!

Exercise 2.11. Let X be a discrete random variable taking a finite number of values. Let
t € R. Consider the function f: R — R defined by f(t) = E(X —t)?. Show that the function
f takes its minimum value when ¢t = EX. Moreover, if X takes at least two different values,
each with some positive probability, then f is uniquely minimized when ¢t = EX.

Exercise 2.12. Let 0 < p < 1 and let n be a positive integer. Compute the mean of a
binomial random variable with parameter p. Then, compute the mean of a Poisson random
variable with parameter A > 0.

Exercise 2.13. Let X be a nonnegative random variable on a sample space ). Assume that
X only takes integer values. Prove that

= iP(X >n).

Exercise 2.14. As we will see later in the course, the expectation is very closely related
to integrals. This exercise gives a hint toward this relation. Let = [0,1]. Let P be the

probability law on €2 such that P([a,b]) = f: dt = b —a whenever 0 < a < b < 1. Letn be
a positive integer. Let X: €2 — R be such that X is constant on any interval of the form
[i/n, (i +1)/n), whenever 0 < i <n — 1. Show that

- /0 lX(t)dt

11



—L_dt whenever 0 < a < b < 1.

Now, consider a different probability law, where P([a, b]) = fa NG

Show that .
1
= X(t)—=dt.
| X055

Exercise 2.15. Let aq,...,a, be distinct numbers, representing the quality of n people.
Suppose n people arrive to interview for a job, one at a time, in a random order. That is,
every possible arrival order of these people is equally likely. For each ¢ € {1,...,n}, upon
interviewing the i’ person, if a; > a; for all 1 < j < i, then the i person is hired. That is,
if the person currently being interviewed is better than the previous candidates, she will be
hired. What is the expected number of hirings that will be made? (Hint: let X; = 1 if the
th person to arrive is hired, and let X; = 0 otherwise. Consider Y ;" | X;.)

2.2. Joint Mass Function, Covariance.

Definition 2.16 (Joint PMF). Let X,Y be two discrete random variables on a sample
space ). Let P be a probability law on €2. Let z,y € R. Define the joint probability
mass function of X and Y by

pxy(@,y) =P{X=z}n{Y =y}) =P(X=zand Y =y) =P(X =2,Y =y).
Let A be a subset of R2. We define
P(X,Y)€eA) = > pxy(zy)
(z,y)eA

Proposition 2.17. Let X,Y be two discrete random variables on a sample space ). Let P
be a probability law on 2. Then for any x,y € R,

px(z) = ZPX,Y(JC,t), py(y) = ZPX,Y(@Z/)-

Proof. We prove the first equality, since the second one is proven similarly. For any ¢ € R,
let A; be the event that Y = t. If t; # to, then A;, N Ay, = 0. And UerA; = Q. So, from
Axiom (ii) in Definition 0.2,

px(@) =P(X =2) =P(Uer{X =2} n{Y =t}) =Y P(X =2,Y =t) =) pxy(z,1).

O

Remark 2.18. We refer to px as the marginal PMF of X, and we refer to py as the
marginal PMF of Y, to distinguish these PMFs from the joint PMF pyx y.

Proposition 2.19. Let Q) be a sample space, let P be a probability law on ). Let X and Y
be discrete random variables on ) taking a finite number of values. Let ¢ be a constant. Let
f:R? - R. Then

Ef(X’Y): Z f(l‘,y)px,y(x,y)-

(z,y)€R?

Consequently, choosing f(z,y) =z + vy, or f(x,y) = cx where ¢ is a constant,
E(X+Y)=E(X)+E(Y), E(cX) = cE(X).

So, in linear algebraic terms, E is a linear transformation.
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Proof. Let z € R. Then pyxy)(2) = P(f(X,Y) = 2). Let z,y € R. Let A,, be the event
{(X =2}n{Y =Y} If (x1,51) # (22,92), then A, N Ay, y, = 0. And Up, yyereAsy = Q.
So, from Axiom (ii) of Definition 0.2,

P(f<X7 Y) = Z) = P<U(x,y)€R2{f<X7 Y) = Z} N Az,y)
= Y PfEY)=gn{X=gn{y=yh)= Y  PX=zY=y

(x,y)€R2 (:B,y)ERQ: f(z,y):z

Note that R?* = U,cr{(7,y) € R?: f(x,y) = z}, where the union is disjoint. So,

E(f(X,Y)) = 3 epjocn(z) = 32 Z P(X =,V = y)

z€R Z€ER  (z,y)eR?: f(z,y)=2
= 2{: f x,y ::$’Y'::y)
(z,y)€R?

The first equality is proven. We now consider f(z,y) = z +y. We have

EX+Y)=) 2 PX=2Y=y)+) y> P(X=zY=y)

zeR  yeR yeR  z€R
=3 4P(X =2)+ Y yP(Y = y) = B(X) + B(Y),
z€R yER

In the last line, we used Proposition 2.17 to get > ., P{X =z} N{Y =y}) = P(X = 2),
and ) pPH{X =2} N{Y =y}) = P(Y = y). Finally, the equality E(cX) = cE(X) was
proven in Proposition 2.5. 0]

Exercise 2.20. Suppose there are ten separate bins. You first randomly place a sphere
randomly in one of the bins, where each bin has an equal probability of getting the sphere.
Once again, you randomly place another sphere uniformly at random in one of the bins.
This process occurs twenty times, so that twenty spheres have been placed in bins. What is
the expected number of empty bins at the end?

Exercise 2.21. You want to complete a set of 100 baseball cards. Cards are sold in packs
of ten. Assume that each card is equally likely to be contained in any pack of cards. How
many packs of cards should you buy in order to get a complete set of cards?

Exercise 2.22. Suppose we are drawing cards out of a standard 52 card deck without
replacing them. How many cards should we expect to draw out of the deck before we find
(a) a King? (b) a Heart?

Exercise 2.23. Let f: R — R be twice differentiable function. Assume that f is convex.
That is, f”(z) > 0, or equivalently, the graph of f lies above any of its tangent lines. That
is, for any z,y € R,

f@) = fly) + f' )@ —y).
(In Calculus class, you may have referred to these functions as “concave up.”) Let X be a
discrete random variable. By setting y = E(X), prove Jensen’s inequality:

Ef(X) > f(E(X)).
In particular, choosing f(x) = x?, we have E(X?) > (E(X))%

13



Definition 2.24 (Covariance). Let € be a sample space, let P be a probability law on €.
Let X and Y be discrete random variables on €2 taking a finite number of values. We define
the covariance of X and Y, denoted cov(X,Y"), by

cov(X,Y)=E((X —EX))(Y —E(Y))).
Remark 2.25.
cov(X, X) = E(X — E(X))? = var(X).
Remark 2.26. By the Cauchy-Schwarz inequality (see Theorem 2.27), we have
lcov(X,Y)| < (E(X — EX)>)YX(E(Y — EY)?)Y/2
So, the covariance is well defined if X, Y both have finite variance. Note that
cov(X, X) = E(X — E(X))? = var(X).

Theorem 2.27 (Cauchy-Schwarz Inequality). Let X,Y: Q — R be random variables.
Then

E|XY| < (EX?)VX(EY?)Y2,
Proof. By scaling, we may assume EX? = EY? = 1 (zeros and infinities being trivial). From
concavity of the log function, we have the pointwise inequality

1
2

which upon integration gives the result. 0

X (@)Y (@)] = (IX(@))2(Y (@) < 51X ()" + % Y(@)*, VweQ

The covariance of X and Y is meant to measure whether or not X and Y are related
somehow. We will discuss the meaning of covariance a bit more further below. For now, we
make the following observation.

Lemma 2.28. Let Q) be a sample space, let P be a probability law on 2. Let Xy,..., X, be
discrete random variables on € taking a finite number of values. Then

V&F(Z X;) = Zvar(Xi) +2 Z cov(X;, X;).
i=1 i=1 1<i<j<n

Proof. From Proposition 2.19, E(}" , X;) = > " | E(X;). So,

var(y_ X0) = B(Y_ X — E(Y X)) = E(Y (X ~ E(X))?

i=1

—E (Z(Xi — E(Xz-))2> +2E ( > (X —EX))(X; - E(Xj))>

i=1 1<i<j<n

g2 T el X
=1

1<i<j<n

14



Exercise 2.29. Let n be a positive integer, and let 0 < p < 1. Let Q@ = {0,1}". Any w € Q
can then be written as w = (wy,...,w,) with w; € {0,1} for each i € {1,...,n}. Let P be
the probability law described in Example 0.5. That is, for any w € 2, we have

n

P(w) =[[p*(1—p)' = p==ei(1 —p)r e
i=1

For each i € {1,...,n}, define X;: Q — R so that X;(w) = w; for any w € Q. That is, if 2
and P model the flipping of n distinct biased coins, then X; = 1 when the i** coin is heads,
and X; = 0 when the i*" coin is tails.

First, show that P(€2) = 1. Then, compute the expected value of X; for each ¢ € {1,...,n}.
Next, compute the expected value of Y = >~  X;. Finally, prove that ¥ is a binomial
random variable with parameters n and p.

Exercise 2.30 (Inclusion-Exclusion Formula). This Exercise gives an alternate proof of

the following identity, which is known as the Inclusion-Exclusion Formula: Let Aq,..., A, C
Q). Then:
P(UL,A;) ZP - Y PANA)+ > P(ANANA
1<i<j<n 1<i<j<k<n

o (=D)"MP(AI NN AY).

Let Y be a random variable such that Y =1 on U} ; A4;, and such that ¥ = 0 otherwise.

e Show that Y =1—[[_ 1(1 X;).
e Expand out the product in the previous item, and take the expected value of both
sides of the result. Deduce the Inclusion-Exclusion formula.

2.2.1. More than Two Random Variables. Our results on the joint PMF can be easily ex-
tended to any number of random variables. For example, if X1, ..., X, are discrete random
variables, and if z1,..., 2, € R, the joint PMF of X;,..., X, is defined as

Pxy. X (1, xn) =P(Xy =21, ., X, = 2p).
Then

Pxy X, (T1,22) = Z Px1, X, (T1, o X)), etc.

Also, if f: R™ — R is a function, we have

Ef(Xl,,Xn) = Z f T1y...,T )pX1 77777 Xn(flfl,...,l‘n).

2.3. Independence of Random Variables. Recall that sets A, B are independent when
P(ANn B) =P(A)P(B). The independence of random variables is a bit more involved than
the independence of sets, since we will require many equalities to hold.

15



Definition 2.31 (Independence of a Random Variable and a Set). Let X be a discrete
random variable on a sample space €2, and let P be a probability law on Q. Let A C 2. We
say that X is independent of A if

P({X =2} NA)=P(X =2)P(4), VzeR

That is, {X = x} is independent of A, for all z € R. That is, knowing that A has occurred
does not changed our knowledge of any value of X.

Example 2.32. Let Q2 = {0, 1}? and let P be the uniform probability measure on Q. Then P
models the toss of two distinct fair coins. For any w = (wy,ws) € {0, 1}?, define X (w) = w;.
That is, X = 1 when the first coin toss is heads (1), and X = 0 when the first coin toss is
tails (0). Let A be the event that the second coin toss is heads. That is, A = {(0,1),(1,1)}.
We will show that X and A are independent.

P{X=1}nA)=P{(L,0),(1,)}nA) =P(1,1)=1/4=(1/2)(1/2) =P(X =1 :
PH{X =0}nA)=P({(0,0),0,1)}nA) =P(0,1)=1/4=(1/2)(1/2) = P(X = 0)P(A).
Therefore, X and A are independent.

Definition 2.33 (Independence of a Random Variable from another). Let X and Y
be discrete random variables on a sample space €2, and let P be a probability law on 2. We
say that X is independent of Y if

PX=z,Y=y=PX =P =y), Vz,yeR.

That is, {X = z} is independent of {Y = y}, for all z,y € R. That is, knowing the values
of Y does not changed our knowledge of any value of X. Written another way,

pxy (2, y) = px()py (y), Ve,yeR.

When two random variables are independent, they satisfy many nice properties. For
example,

Theorem 2.34. Let X and Y be discrete random variables on a sample space ), and let P
be a probability law on 2. Assume that X and Y are independent. Assume that X and Y
take a finite number of values. Then

E(XY)=E(X)E(Y)
Proof. Using Proposition 2.19 and the equality pxy(z,y) = px(z)py(y) for all z,y € R,

E(XY) = Z zypxy (T,y) = prx(x) ZZJPY(Z/) = E(X)E(Y).

z,yeR zeR yEeR

U

Corollary 2.35. Let X4,..., X, be discrete random variables on a sample space €2, and let
P be a probability law on Q). Assume that X1, ..., X, are pairwise independent. That is, X;
and X; are independent whenever i,j € {1,...,n} with i # j. Assume that Xy, ..., X, take
a finite number of values. Then

V&I‘(Z X;) = Z var(X;).
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Proof. Let i,j € {1,...,n} with ¢ # j. Then by Theorem 2.34,
cov(X;, X;j) = B((X; —E(X;))(X; —E(Xj))) = E(X;X;) — 2E(X;)E(X;) + E(X;)E(X;) = 0.
So, Lemma 2.28 concludes the proof. 0

Exercise 2.36. Let X,Y,Z be discrete random variables. Let f(y) = E(X|Y = y) for
any y € R. Then f: R — R is a function. In more advanced probability classes, we
consider the random variable f(Y'), which is denoted by E(X|Y"). Show that E(X + Z]Y) =
E(X]Y) + E(Z|Y). Then, show that E[E(X|Y)] = E(X). That is, understanding E(X|Y")
can help us to compute E(X).

Exercise 2.37. Give an example of two random variables X, Y that are independent. Prove
that these random variables are independent.
Give an example of two random variables X, Y that are not independent. Prove that these

random variables are not independent.
Finally, find two random variables X, Y such that E(XY) # E(X)E(Y).

Exercise 2.38. Is it possible to have a random variable X such that X is independent of X?
Either find such a random variable X, or prove that it is impossible to find such a random
variable X.

Exercise 2.39. Let 0 < p < 1. Let n be a positive integer. Let Xi,..., X, be pairwise
independent Bernoulli random variables. Compute the expected value of

Xt + X
_ . ,

Sn

Then, compute the variance of S,, —E(S,,). Describe in words what this variance computation
tells you as n — oo. Particularly, what does S, “look like” as n — 00? (Consider the
following statistical interpretation. Suppose each X; is the result of some poll of person ¢,
where @ € {1,...,n}. Suppose that each person’s response is a Bernoulli random variable
with parameter p, and each person’s response is independent of each other person’s response.
Then S, is the average of the results of the poll. If S,, — E(S,,) has small variance, then our
poll is very accurate. So, how accurate is the poll as n — oo? Note that the accuracy of the
poll does not depend on the size of the population you are sampling from!)

Exercise 2.40. Let X and Y be discrete random variables on a sample space 2, and let P
be a probability law on 2. Assume that X and Y are independent. Assume that X and Y
take a finite number of values. Let f,g: R — R be functions. Then

E(f(X)g(Y)) = E(f(X))E(g(Y)).
2.3.1. Independence of Multiple Random Variables.

Definition 2.41 (Independence of Random Variables). Let X;,..., X, be discrete
random variables on a sample space €2, and let P be a probability law on (2. We say that
Xiq,...,X, are independent if

P(X)=a1,..., Xy =2,) = [[P(Xi=2), Va,... .z, €R
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Remark 2.42. Suppose Xi,..., X, are discrete, independent random variables taking a
finite number of values. Let fi,..., f, be functions from R to R. Similar to Exercise 2.40

we have
n

E(H fz(X1>) = H E(fz(Xz))
In particular, . -

E([]x) = [T,

Proposition 2.43. Let X4,..., X, be discrete random variables on a sample space ). Let
P be a probability law on Q. Assume that X1, ..., X, are independent. Then, for any subset
S of {1,...,n}, the random variables {X;}ics are independent. In particular, Xi,..., X,
are parrwise independent.

Proof. By reordering indices and iterating, it suffices to show that X;,..., X,,_; are inde-
pendent. That is, it suffices to show that

n—1
P(X1 =T1,... 7Xn—1 = $n_1) = HP(XZ = l‘i), \V/l'l, e, T € R.
=1

For any =, € R, let B,, = {X,, = z,,}. Then B,, N B, = 0 if z,, # Yn, Tn,yn € R, and
Uz, er Bz, = €. So, using Axiom (ii) for probability laws in Definition 0.2,

P(X1 = T1y... 7Xn71 = .ClIn,l) = P({Xl = .771} NN {Xn,1 = xn,l} N (anGRB:pn>>
=) P(Xi=ay,... . Xy=m,). (¥
rn€R
Similarly,

n—1

[[PCx =) = PUsceB) [[ P(X; = 2)

i=1

zn€R an€R i=1
So, the quantities (x) and (*x) are equal, by assumption. d
Exercise 2.44. Find three random variables X, X5, X3 such that: X; and X, are indepen-

dent; X7 and X3 are independent; X, and X3 are independent; but such that X, Xy, X3 are
not independent.

Exercise 2.45. Let 0 < p < 1. Let Xy,..., X, be independent Bernoulli random variables
with parameter p. Let S, = >  X;. A moment generating function can help use to
compute moments in various ways. Let ¢ € R and compute the moment generating function
of X; for each ¢ € {1,...,n}. That is, show that

Ec™ = (1 — p) + pe’.
Then, using the product formula for independent random variables, show that
Ee" = [(1 - p) + pe']™.
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By differentiating the last equality at ¢ = 0, and using the power series expansion of the
exponential function, compute ES,, and ES?.

Exercise 2.46. X4,..., X, be independent discrete random variables. Show that

P(Xlgzla7Xn§xn):HP(XZ§xZ)7 vxlw'-aa’:nER'

=1

3. CoNTINUOUS RANDOM VARIABLES

Up until this point, we have mostly focused on discrete random variables. These random
variables take either a finite or countable number of values. However, we are often confronted
with a continuous range of possible values. For example, if I throw a dart at a board, then
there is a continuous range of places that the dart could land. Or, the price of a stock is (for
many purposes) any possible positive real number. We now develop the theory of random
variables which take a continuous range of values.

3.1. Continuous Random Variables.

Definition 3.1 (Probability Density Function, PDF). A probability density func-
tion or PDF, is a function f: R — [0, 00) such that ffooo f(x)dx = 1, and such that, for any

—00 < a < b < oo, the integral fab f(x)dx exists.

Definition 3.2 (Continuous Random Variable). A random variable X on a sample
space {2 is called continuous if there exists a probability density function fx such that, for
any —oo < a < b < 0o, we have

Pla< X <b)— /b Fr(@)da

We call fxy the probability density function of X.

Remark 3.3. Let X be a continuous random variable with density function fx. Then for
any a € R, P(X f fx(z)dx = 0. Consequently, for any —oco < a < b < oo, we have

P(aSXSb):P(a§X<b):P(a<X§b):P(a<X<b).

Remark 3.4. Let Iy, I5,... be disjoint intervals in the real line R. Let B = U2,I;. Then
from Axiom (ii) of Definition 0.2,

P(X € B)=P(X e U2, ;) = ZP(X el = Z/} fx(z)dx = /fo(g;)dg;

The following Theorem is typically proven in advanced analysis classes.

Theorem 3.5 (Fundamental Theorem of Calculus). Let fx be a probability density
function. Then the function g(t f fx(x)dx is continuous at any t € R. Also, if fx is
continuous at a point x, then g is dzﬁerentzable att =z, and ¢'(x) = fx(x).
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Example 3.6. Let 2 = [0, 1], and define fx: R — R so that fx(z) =1 when z € [0, 1], and
fx(x) = 0 otherwise. Then [ fx(z)dx = fol dr =1, and fx(z) >0 for all z € R, so fx is
a probability density function. So, if fx is the density function of X, and if a < b, we have
max(0,min(b,1))
Pla< X <b) = / dr = max(0, min(b, 1)) — max(0, min(a, 1)).
max(0,min(a,1))
In particular, if 0 < a < b < 1, we have P(a < X < b) = b— a. When X has this density
function fy, we say X is uniformly distributed in [0, 1].

Note that fx is not a continuous function, but we still say that X is continuous since the
function ¢(t) = fjoo fx(x)dx is continuous, by the Fundamental Theorem of Calculus. Also,
note that fy only takes two values, but X can take any value in [0, 1]. Finally, note that g
is not differentiable when t = 0 or ¢ = 1, but g is differentiable for any other ¢ € R.

Example 3.7. Let Q = [c¢,d], with —00 < ¢ < d < oo and define fy: R — R so that
fx(x) = 7= when z € [¢,d], and fx(z) = 0 otherwise. Then [~ fx(z)dz = fcd dz =1,

d—c c

and fy(x) >0 for all x € R, so fx is a probability density function. So, if fx is the density
function of X, and if —oo < a < b < oo, we have

d—rc d—c
In particular, if ¢ < a < b < d, we have P(a < X < b) = 2% When X has the density

—C

function fy, we say that X is uniformly distributed in [c, d].

Example 3.8. Let Q2 = R, and define fx: R — R so that fx(x) = \/LQ?G*””Q/Q for all x € R.

Then [7 fx(z)dz = 1 by Exercise 3.10 below and fx(z) > 0 for all z € R, so fx is a
probability density function. So, if fx is the density function of X, and if —co < a < b < o0,

|
Pla < X <)) /a N
We call X the standard Gaussian random variable or the standard normal random
variable. The distribution fx resembles a “bell curve.”

The Gaussian comes up in many applications, and it has a certain “universality” property
which is studied in more advanced probability classes. For example, if we make a histogram
of test scores for a class with a large number of people, then the scores will look something like
the distribution fx (z) = ——e~*/2. And we can replace “test scores” with many other things,

Var
and the histogram will remain essentially the same. This is what is meant by “universality.”

1 max(c,min(b,d)) 1
Pla< X <b) = / dr = (max(c, min(b, d)) — max(c, min(a, d))) .

max(c,min(a,d))

S9

e 2y,

In general, we can intuitively think of a distribution function fy as a histogram for the
(random) values that X takes.

Example 3.9. Let A\ > 0. Define fx(z) = A\e™* for z > 0, and fx(z) = 0 otherwise. Let’s
check that fy satisfies Definition 3.1.

/OO fx(z)dx = )\/OO e Mdr =\ lim [-A"He ™ —1)] = 1.
> 0

N—oo

A random variable X with this density fx is called an exponential random variable with
parameter ). Exponential random variables can be used to model the expiration time of
lightbulbs, or other electronic equipment.
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Exercise 3.10. Verify that [~ \/%e’xz/de =1.

3.1.1. Expected Value. How should we define the expected value of a continuous random
variable? Let’s return to Example 3.6. Let Q = [0,1], and define fy: R — R so that
fx(x) =1 when z € [0,1], and fx(z) = 0 otherwise. Then X is uniformly distributed in
[0,1]. Let n be a positive integer. We will try to approximate the expected value of X.

Consider the intervals [0,1/n), [1/n,2/n), ..., [(n —1)/n,1). Then, for each i € {1,...,n},
P(X € [(i— 1)/n,i/n)) = / dz = 1/n.
(i—-1)/n

So, to estimate the expected value of X, let’s just make the approximation that X takes the
value i/n with probability 1/n, for each i € {1,...,n}. This is not quite true, but it is also
not so far from the truth. Then we estimate the expected value of X by summing up the
(approximate) values of X, multiplied by their probabilities of occurring:
< g ~ i1

—-P(Xel|i—1)/n,i/n)) = ——.
1-21” (X e[(i—=1)/n,i/n)) 2o
We could compute this sum exactly, but it is perhaps better to see that this sum is a Riemann
sum for the function g(z) =« on the interval [0, 1]. That is,

o0

lim Z%-P(X € (i = 1)/n,i/n)) :/0 mdm:/ o fx ().

n—00 4 o

The last expression is exactly our definition of expected value for continuous random
variables.

Definition 3.11 (Expected Value). Let X be a continuous random variable with density
function fy. Assume that [*_|z| fx(2)dz < oco. We then define the expected value of
X, denoted E(X), by

E(X) = /_OO zfx(x)dz.

[e.9]

Let g: R — R be a function. We define

E(g(X)) = / " ge)fx (@) de.

o0

In particular, if n is a positive integer, we have

B(X") = /_ () da

[e.9]

Comparing Definition 2.1 to Definition 3.11, we see that we have essentially replaced the
sums with integrals. Also, we can use the same definition of variance as before.

Definition 3.12 (Variance). Let X be a continuous random variable with density function
fx. We define the variance of X, denoted var(X), by

var(X) = E(X — E(X))%

Many facts for discrete random variables also apply to continuous random variables. For
example, the following restatements of Propositions 2.5 and 2.7 hold, with the same proof
as before, where we replace the sums by integrals.
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Proposition 3.13 (Properties of Expected Value). Let X be a continuous random
variable. Let a,b be constants. Then

E(aX +b) =aE(X) +b.
Proof. Using Definition 3.11 and Definition 3.1

E(aX +b) :/ (ax+b)fx(x)d$:a/oo Tfx(x) —|—b/oO fx(z)dr =aE(X)+0b- 1.

—00 —

(e 9]

O

Proposition 3.14 (Properties of Variance). Let X be a continuous random variable. Let
a,b be constants. Then
var(X) = E(X?) — (E(X))>.
Moreover,
var(aX +b) = a*var(X).

Proof. Using Definition 3.11 and Definition 3.1,

var(X) = E(X — E(X))* = /_OO (z — B(X))*fx(z)dz
_ /_ 2 f(w)da — 2B(X) /_ " o fe(@)dz + (B(X))? /_ " e(@)da
= E(X?) - 2E(X)E(X) + (E(X))* = E(X?) — (E(X))%.

From Proposition 3.13, E(aX + b) = aE(X) + b. So, using Definition 3.11,
var(aX +b) = E(aX + b — (aE(X) +b))* = E(aX — aE(X))* = E(¢*(X — E(X))?)
= a’E(X — E(X))? = a*var(X).
U

Example 3.15. We revisit Example 3.6. Let Q = [0,1], and define fx: R — R so that
fx(z) = 1 when = € [0,1], and fx(xz) = 0 otherwise. Then X is uniformly distributed in
[0,1]. We compute

! 1 ! 1
E(X):/O wde = 2, E()@):/0 93de=§.

var(X) = B(X?) — (E(X))* = % - i = %

In particular, if X is uniformly distributed in [0, 1], then the average value of X is 1/2.
Example 3.16. We revisit Example 3.8. Let 2 = R, and define fy: R — R so that

fx(x) = \/%e_wz/ 2 for all z € R. Then X is a standard Gaussian random variable. We
compute
o 2 dx o 2 dx o0 2 dx
E(X):/ xe * /2—:/ ze v/ —— — ze /2 —— =0,
—oo V2 0 V2T 0 V2

Exercise 3.17. Let X be a continuous random variable with distribution function fx(z) =

—Z=e /2, ¥ z € R. Show that var(X) = 1.
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Example 3.18. We reconsider Example 3.9. Let A > 0. Define fx(x) = X\e™** for x > 0,
and fx(z) = 0 otherwise. Then X is an exponential random variable with parameter
A. Using integration by parts, we compute

E(X) = A/ ze Mdr = —/ mdie‘*xdx = / e Mdy = ;
0 0 X 0

2y _ 2 -z _ 2 -z _ Az . .
E(X))\/O ‘e dw—/o ' e d:c/o 21‘@6 dfoE(X)fﬁ.
2 1 1
var(X) = E(X?*) — (B(X))’ = 15— 5 = 13-

Exercise 3.19. Let X be a random variable such that fx(z) = z when 0 < z < V2 and
fx(z) = 0 otherwise. Compute EX? and EX?.

3.2. Cumulative Distribution Function (CDF). Our treatments of discrete and con-
tinuous random variables have been similar but different. We had to repeat ourselves several
times, and some concepts seem similar but not identical. Thankfully, a unified treatment of
both discrete and continuous random variables can be done. This unified treatment comes
from examining the probability that a random variable X satisfies P(X < z), for any = € R.

Definition 3.20 (Cumulative Distribution Function). Let X be a random variable.
The cumulative distribution function of X, denoted Fl, is a function Fx: R — [0, 1]
defined by

Fx(z) =P(X < x), Vo eR.

Remark 3.21. If X is a discrete random variable, then
Fx( ) X < JJ Z pX
yeR: y<z

If X is a continuous random variable with density function fx, then
Fy(z) = P(X <) = / Fe(t)dt.

Proposition 3.22 (Properties of the Distribution Function). Let X be a random
variable. The cumulative distribution function Fx satisfies the following properties:

If x <y, then Fx(z) < Fx(y).

lim, , o Fx(x) =0 and lim,_,., Fx(z) =1.

If X s discrete, then Fx is piecewise constant.

If X s continuous, then Fx is continuous.

Remark 3.23. If X is a continuous random variable with probability density function fx,
and if fx is continuous at a point # € R, then Theorem 3.5 implies that - Fx (z) = fx(z).

Example 3.24. Let X be a uniformly distributed random variable in [0, 1]. In Example 3.6,
we showed that X has the distribution function fx where fx(z) = 1 when x € [0,1], and
fx(x) = 0 otherwise. So,

T max(0,min(z,1)) xr, T€& [07 1]
:/ fX(t)dt:/ dt =40 z<0
—oo 0
1

, x>1.
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Note also that
1, z e (0,1)
d
—Fx(z) =40, r<0orz>1

dx
undefined, z=0orz=1

So, the derivative of Fy may not exist at some points, but L Fx(z) = fx(z) for any z €
(—00,0) U (0,1) U (1, 00).

Example 3.25 (Maximum of Independent Variables). Let X;, X5 be two independent
discrete random variable with identical CDFs. That is, P(X; < z) = P(X, < z) for all
x € R. Define the random variable Y by

Y = maX(Xl,Xg).
Using Exercise 2.46, for any x € R, we have
PY <2)=P(X;<2,X,<z)=PX, <2)P(X; <1)=[P(X; <)

That is, the CDF of Y is the square of the CDF of Xj.
More generally, if X1, X, ..., X, are independent, discrete random variable with identical

CDFs, and if
Y = max(Xy,...,X,),
then for any x € R,
PY <z)=[P(X; <2)|"
We can think of Y as the maximum score on a test with n test takers, or the longest throw

of a shot put, etc.

Example 3.26. Let X4,..., X, be independent Bernoulli random variables with parameter
p=1/2,s0that P(X; =0) =P(X; =1)=1/2 for all 1 <i <n. Also,

0 ,if <0
PX,<z)=¢1/2 Jif0<zx<1.
1 Lifr>1
Let Y = max(Xy,...,X,). Then
0 Jif 2 <0
PY<z)=PX;<x)"=¢(1/2)" ,if 0<z<1.
1 ifr>1

That is, py(0) = (1/2)™ and py (1) =1 — (1/2)". That is, Y is a Bernoulli random variable
with parameter 1 — (1/2)".

Exercise 3.27. Let X be a random variable such that X = 1 with probability 1. Show that
X is not a continuous random Variable That is, there does not exist a probability density
function f such that P X <a) f f(x)dx for all z € R. (Hint: if X were continuous,

then the function g(t f f(x)dx would be continuous, by the Fundamental Theorem of
Calculus.)
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3.3. Normal Random Variables.

Definition 3.28 (Normal Random Variable). Let p € R, 0 > 0. A continuous random

variable X is said to be normal or Gaussian with mean u and variance o2 if X has the
following PDF:
1 (@=p)®
fx(z) = e 207, VzeR.
2mo
In particular, a standard normal or standard Gaussian random variable is defined to

be a normal with 4 =0 and o = 1.

Exercise 3.29. Verify that a Gaussian random variable X with mean p and variance o>

actually has mean p and variance o?.
Let a,b € R with a # 0. Show that a.X + b is a normal random variable with mean ayu + b
and variance a’c?

In particular, conclude that (X — p)/o is a standard normal.

The Gaussian is probably one of the single most useful random variables within math-
ematics, and within applications of mathematics. Here is a sample result that shows the
usefulness of the Gaussian.

Theorem 3.30 (De Moivre-Laplace Theorem). Let X1, ..., X, be independent Bernoulli
random variables with parameter 1/2. Recall that X, has mean 1/2 and variance 1/4. Let

a €R. Then
lim P X1+"'+X"_(1/2)”§a :/ otz
n—o0 Vny/1/4 e NGz

That is, when n is large, the CDF of 21t ;%1/2) is roughly the same as that of a

standard normal. In particular, if you flip n fair coins, then the number of heads you get
should typically be in the interval (n/2 — /n/2,n/2 + /n/2), when n is large.

Remark 3.31. The random variable 21+ \/JZ)\(;‘_(I/ A" Yas mean zero and variance 1 , just like

the standard Gaussian. So, the normalizations of X; + - - -+ X,, we have chosen are sensible.
Also, to explain the interval (n/2 — /n/2,n/2 4+ \/n/2), note that

limP(%—@gXlnL X, +@)

(< -2 )

n—o0

X+ + X, -5 ! dt
— lim P <—1 < 2 1) :/ et "2~ 6827,
n—00 \/5/2 1 \/ 2T

In fact, there is nothing special about the parameter 1/2 in the above theorem.
Theorem 3.32 (De Moivre-Laplace Theorem, Second Version). Let Xi,..., X, be

independent Bernoulli random variables with parameter p. Recall that X, has mean p and
variance p(1 — p). Let a € R. Then

IN

lim P Xt A Xy <a :/a eiﬁﬂi.
n—00 vnyp(l—p) oo V2m
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In fact, there is nothing special about Bernoulli random variables in the above theorem.
(See the Central Limit Theorem in Theorem 5.20 below.)

Exercise 3.33. Using the De Moivre-Laplace Theorem, estimate the probability that 10°
coin flips of fair coins will result in more than 501, 000 heads. (Some of the following integrals
may be relevant: fi)oo e 12dt/\/2m = 1/2, fjoo e P12dt//2m ~ 8413, ffoo e 12dt )21 ~
9772, [° e PRdt)\/2m ~ .9987.)

Casinos do these kinds of calculations to make sure they make money and that they do
not go bankrupt. Financial institutions and insurance companies do similar calculations for
similar reasons.

3.4. Joint PDFs.

Definition 3.34 (Joint Probability Density Function, Two Variables). A joint
probability density function (PDF) for two random variables is a function f: R?* —
[0,00) such that [[o, f(z,y)dzdy = 1, and such that, for any —oo < a < b < oo and

—00 < ¢ < d < o0, the integral fy df Ixy(z,y)dzrdy exists.

Definition 3.35. Let X, Y be two continuous random variables on a sample space 2. We
say that X and Y are jointly continuous with joint PDF fxy: R* — [0,00) if, for any
subset A C R?, we have

P((X,Y)e A) = //A fxy(z,y)dzdy.

In particular, choosing A = [a, b] X [¢,d] with —oc0o < a < b < 00 and —o0 < ¢ < d < 00, we
have

Pla<X <bc<Y <d)= /y_d/ fxy (2, y)dvdy.
We define the marginal PDF fx of X by .
fx(z) = /Oo fxy (,y)dy, Ve eR.
We define the marginal PDF fy of Y by
= /: fxy(z,y)de, VyeR.
Note that
P(c§YSd)—P(—OOSXSOO,CSYSd)—/ / fxy(z,y)dxdy.
y=

Comparing this formula with Definition 3.2, we see that the marginal PDF of YV is exactly
the PDF of Y. Similarly, the marginal PDF of X is the PDF of X.

Example 3.36. In this example, we take it as given that

S // e_(””2+y2)/2dmdy =1.
™ R2
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Suppose X and Y have a joint PDF so that

1 2 2
P((X,Y)e A) = %//A e~ @I 2 qrdy.

That is, we can think of X as the x-coordinate of a randomly thrown dart, and we can think
of Y as the y-coordinate of a randomly thrown dart on the infinite dartboard R2.
In this case, the marginals are both standard Gaussians:

1 2 2 dy 1 2
—x?/2 —y?/2 —z%/2 V%
T) = e e — = —2c0¢ , r e R.
Jx(x) V2T oo V2T V2T

_$2/2 dl' . 1 _y2/2

1 2
() V2T o V2T V2T

That is, if we only keep track of the z-coordinate of the random dart, then this x-coordinate
is a standard Gaussian itself. And if we only keep track of the y-coordinate of the random
dart, then this y-coordinate is also a standard Gaussian.

Vy € R.

Example 3.37 (Buffon’s Needle). Suppose a needle of length ¢ > 0 is kept parallel to
the ground. The needle is dropped onto the ground with a random position and orientation.
The ground has a grid of equally spaced horizontal lines, where the distance between two
adjacent lines is d > 0. Suppose ¢ < d. What is the probability that the needle touches one
of the lines? (Since ¢ < d, the needle can touch at most one line.)

Let x be the distance of the midpoint of the needle from the closest line. Let 6 be the acute
angle formed by the needle and any horizontal line. The tip of the needle exactly touches
the line when sinf = z/(¢/2) = 2z /(. So, any part of the needle touches some line if and
only if z < (¢/2)sinf. Since the needle has a uniformly random position and orientation,
we model X, © as random variables with joint distribution uniform on [0, d/2] x [0, 7/2]. So

4 2€[0,d/2] and 6 € [0, 7/2
fealn o)~ [ TE0.d/2)and e 0./
0, otherwise.

(Note that [ ng fxo(z,0)drdd = 1.) And the probability that the needle touches one of the
lines is

0=m/2 px=(¢/2)sind 4
// Ixe(z,0)dxdd —/ / —dmd@
0<z<(£/2)sin@ =

20 (0= 20 - 20
= — sin0d = == [— cosA)5—n/* = ==
md Jo—o md nd
Note that z < £/2 < d/2 always, so the set 0 < z < (£/2)sin# is still contained in the set

x € [0,d/2].
In particular, when ¢ = d, the probability is 2/.

Definition 3.38. Let X, Y be random variables with joint PDF fxy. Let g: R* — R. Then

Eg(X.Y) = //2 9(@,y) fxy (@,y)dedy.
R
In particular,

E(XY) = //R? zyfxy(z,y)dedy.
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Exercise 3.39. Let X,Y be random variables with joint PDF fxy. Let a,b € R. Using
Definition 3.38, show that E(aX + 0Y) = aEX + bEY .

Theorem 3.40 (Fubini Theorem). Let h: R> — R be a continuous function such that
ffR2 |h(z,y)|dedy < co. Then

//}R2 h(x,y)dxdy = /R (/R h(a:,y)dx) dy = /R (/R h(x,y)dy) dr.

Exercise 3.41. Let X,Y be random variables. For any y € R, assume that E(X|Y =y) =
e . Also, assume that Y has an exponential distribution with parameter A = 2. Compute
EX.

3.5. Independence.

Definition 3.42. Let X, Y be random variables with joint PDF fxy. We say that X and
Y are independent if

fX,Y<x7y):fX(‘r)fY(y)7 vxvyeR'
More generally, random variables X1, ..., X, with joint PDF fx,

-----

Example 3.43. We continue Example 3.36. We suppose X and Y have a joint PDF so that
1 2 2
P((X,Y) € A) = o~ // e~ @I 2drdy, VA CR
A

™

We showed in Example 3.36 that X and Y are both standard normals. We verified in
Example 3.36 that fxy(z,y) = fx(z)fy(y) forall z,y € R. So, X and Y are independent.

Proposition 3.44. Let X, Y be two independent random variables with joint PDF fxy. Let
A, B CR. Then the events {X € A} and {Y € B} are independent.

Proof. Using Definition 3.42 and Theorem 3.40,
P(X €AY eB)= / / fxy(z,y)dydx = / / fy (y)dy fx(z)dx
AJB AJB

= ([ sx@an)( [ fel)in) =P(X € AP(Y € B),
O
Theorem 3.45. Let X,Y be two independent random variables with joint PDF fxy. Then
E(XY) = (EX)(EY).
More generally, if g,h: R — R, then
E(g(X)h(Y)) = (Eg(X))(EA(Y)).

More generally, if X1,...,X, are independent random variables with joint PDF fx, . x,,
and if g1,...,9,: R = R, then

n n

E(] ] g:(X0) = [[B(g:(X)).

i=1 =1
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Proof. We prove the second statement since it implies the first. Using Definitions 3.38 and
3.42, and Theorem 3.40

E(g(X //R2 Y) fxy(z,y)dedy = // (x) fy (y)dzdy

= ([ 9@} [ 1) fl)dy) = (Bg(X))(ERY)),
O
Exercise 3.46. Let X,Y be independent random variables with joint PDF fxy. Show that
var(X +Y) = var(X) 4 var(Y').

Exercise 3.47. Let X and Y be uniformly distributed random variables on [0, 1]. Assume
that X and Y are independent. Compute the following probabilities:

Exercise 3.48. Let X,Y) be random variables with joint PDF fx, y,. Let X5, Y5 be random
variables with joint PDF fx,y,. Let T: R?* — R? and let S: R? — R? so that ST (z,y) =
(z,y) and T'S(x,y) = (z,y) for every (z,y) € R% Let J(z,y) denote the determinant of the
Jacobian of S at (x,y). Using the change of variables formula from multivariable calculus,
show that

fX2,Y2(I7y) - le,Yl (S(:E,y)) |J($,y)| :

Exercise 3.49 (Numerical Integration). In computer graphics in video games, etc., var-
ious integrations are performed in order to simulate lighting effects. Here is a way to use
random sampling to integrate a function in order to quickly and accurately render lighting
effects. Let Q = [0, 1], and let P be the uniform probably law on €, so that if 0 <a <b <1,
we have P([a,b]) = b — a. Let Xi,..., X, be independent random variables such that
P(X;€a,b])=b—aforall0 <a<b<1 forallie{l,....,n}. Let f:[0,1] — R be a
continuous function we would like to integrate. Instead of integrating f directly, we instead
compute the quantity

Ly

"

Jim B (%Zf(&)) - / F(t)dt

T}Lrgo var (% ;f(XJ) =

That is, as n becomes large, + > | f(X;) is a good estimate for fol f(t)dt.

Show that
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3.6. Joint CDF.

Definition 3.50 (Joint CDF). Let X,Y be random variables. We define the joint CDF
of X,Y to be the function

Fxy(z,y) =P(X <z,Y <y), Vz,yeR.

More generally, if X, ..., X, are random variables, we define the joint CDF of X;,..., X,
to be the function

FX1 ..... Xn($1,...,llfn):P(X1SIl,...,XnSIn), \V/[Lj,...,JTnGR.

Remark 3.51. If XY are independent random variables with joint PDF fx y-, then Propo-
sition 3.44 says that

Fyy(r,y) = P(X <2,V <y) = P(X < 2)P(Y < y) = Fx(2)Fy(y).

More generally, if X;,...,X,, are independent random variables with joint PDF fx,  x,.,
then

Remark 3.52. In fact, we can use the last equality as a definition in order to define in-
dependence of general random variables. That is, we say random variables Xi,..., X, are
independent if

n
FX1 _____ X,ﬂ(xl,...,xn):HFXi(xi), \V/I'l,...,l'nER.
i=1

4. LiMiT THEOREM PRELIMINARIES: COVARIANCE, TRANSFORMS

4.1. Introduction to Limit Theorems. Suppose I flip a fair coin 10° times. Then I
should expect to get roughly $10° heads and $10° tails. This is formalized in the Law of
Large Numbers. Or, suppose I have a casino game where the casino wins 51% of the time.
Then over a long period of time, the casino will make money; the Law of Large Numbers
guarantees that! However, if I do flip 10° fair coins, it is unlikely that I will get ezactly %109
heads. (What is the exact probability?) There will typically be some small fluctuations
around %109. But about how close to %109 will the number of heads be? This question is
answered precisely by the Central Limit Theorem. In your previous probability class, you
may have mentioned the Central Limit Theorem applied to coin flips, which is known as the
De Moivre-Laplace Theorem:

Theorem 4.1 (De Moivre-Laplace Theorem). Let X1, ..., X, be independent Bernoulli
random variables with parameter 1/2, so that P(X; = 1) = P(X; = 0) = 1/2. Recall that
Xi has mean 1/2 and variance 1/4. Let a € R. Then

lim P gt X = (1/2)n <a :/ e_tQ/Zi.
n—00 Vny/1/4 o V2T

That is, when n is large, the CDF of X1+"\'/”;)\71_/_i1/2)" is roughly the same as that of a

standard normal. In particular, if you flip n fair coins, then the number of heads you get
should typically be in the interval (n/2 — \/n/2,n/2 + \/n/2), when n is large.
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Remark 4.2. The random variable 2t X002 poq yhean zero and variance 1, just like
Vny/1/4

the standard Gaussian. So, the normalizations of X + - -+ X, we have chosen are sensible.
Also, to explain the interval (n/2 —\/n/2,n/2 + \/n/2), note that

imP (oY e x, 4. yx, <2 V"

n300 <2 g =T +”—2+2>
Cdm P (- <X x, VD
n—o0 2 2 2

Xi+-+X, -2 Vo, dt
— lim P (—1 < 2 < 1) — | P2 & 6827
n—o0 Vn/2 _

Exercise 4.3. Let X and Y be nonnegative random variables. Recall that we can define
EX ::/ P(X > t)dt.
0

Assume that X <Y. Conclude that EX < EY.

More generally, if X satisfies E |X| < oo, we define EX := Emax(X,0) — Emax(—X,0).
If X,Y are any random variables with X < Y, E|X| < oo and E[Y| < oo, show that
EX <EY.

4.2. Covariance. Recall that the covariance of two random variables X and Y, denoted
cov(X,Y), is

cov(X,Y)=E(X —EX))(Y —E(®Y))).
In particular, cov(X, X) = E(X — E(X))? = var(X).

Definition 4.4. Let X,Y be random variables. We say that X,Y are uncorrelated if
cov(X,Y) = 0.

Exercise 4.5. Let X,Y be random variables with EX? < oo and EY? < co. Prove the
Cauchy-Schwarz inequality:

E(XY) < (EX?)V2(EY?)Y2,
Then, deduce the following when XY both have finite variance:
lcov(X,Y)| < (var(X))V2(var(Y))'2.
(Hint: in the case that EY? > 0, expand out the product E(X — YE(XY)/EY?)2)

Recall in Lemma 2.28, we proved the following for discrete random variables, though the
proof applies for any random variables.

Lemma 4.6. Let Xy,..., X, be random variables with var(X;) < oo for all1 <1i <n. Then

V&I‘(Z X;) = Zvar(Xi) +2 Z cov(X;, X;).

1<i<j<n
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Proof.

n n

Var(z X;) = E(Z X; — E(Z X;))? = E(Z(XZ - E(X;)))?

i=1 i=1

— (Z(Xi - E(Xi))2> +2E ( > (X - E(X)(X; - E(Xj))>

i=1 1<i<j<n

i=1

1<i<j<n
The assumption var(X;) < oo for all 1 < ¢ < n and Exercise 4.5 ensure that all of the above
quantities are finite. O

As in Corollary 2.35, Lemma 4.6 immediately implies:

Corollary 4.7. Let X1,..., X, be random variables that are pairwise uncorrelated. That is,
cov(X;, X;) =0 forany i,5 € {1,...,n} withi # j. Then

Var(z X;) = Z var(Xj;).

Corollary 4.8. Let Xi,...,X,, be independent random variables. Then

V&I‘(Z X;) = Z var(X;).

Proof. Let i,j € {1,...,n} with ¢ # j. Then, using independence,
cov(X;, X;) = E((X; — E(X;))(X; - E(X)))) = E(X;X;) - 2E(X;) E(X;) + E(X;)E(X;) = 0.
So, Corollary 4.7 concludes the proof. 0J

Exercise 4.9. Let X be a binomial random variable with parameters n = 2 and p = 1/2.
So, P(X =0)=1/4, P(X =1) =1/2 and P(X =2) = 1/4. And X satisfies EX =1 and
EX? =3/2.

Let Y be a geometric random variable with parameter 1/2. So, for any positive integer k,
P(Y =k)=27% And Y satisfies EY =2 and EY? = 6.

Let Z be a Poisson random variable with parameter 1. So, for any nonnegative integer k,
P(Z =k) =15, And Z satisfies EZ =1 and EZ* = 2.

Let W be a discrete random variable such that P(W = 0) = 1/2 and P(W = 4) = 1/2,
so that EW = 2 and EW? = 8.

Assume that X, Y, Z and W are all independent. Compute

var(X +Y +Z 4+ W).

Exercise 4.10. Let X,...,X,, be random variables with finite variance. Define an n x n
matrix A such that A;; = cov(X;, X;) for any 1 < ¢,j < n. Show that the matrix A is
positive semidefinite. That is, show that for any y = (y1,...,y,) € R™, we have

y' Ay = Z Yiy; Aij > 0.

3,7=1
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4.3. Transforms. Generally speaking, a transform is a way of creating one function from
another function. For example, the moment generating function associates a real-valued
function to a random variable. And the characteristic function (or Fourier transform) asso-
ciates a complex-valued function to a random variable.

Definition 4.11 (Moment Generating Function). Let X be a random variable. The
moment generating function of X is a function My : R — R defined by

Mx(t) == E('), VteR.

Remark 4.12. For certain random variables X, the moment generating function may not
exist. For example, if X is a continuous random Variable with density function fx(z) = z72
for any 2 > 1, and fx(z) = 0 otherwise. Then Mx(t) = [~ ' fx(x)dz does not exist when
t>0.

Assume that Mx(t) exists for all t € R, and assume we can differentiate under the expected

value. Then

d

d
—|l—oMx () =E [ — %) =EX).

That is, the first derivative of the moment generating function at ¢ = 0 is equal to the first
moment of X. More generally, the n'" derivative of the moment generating function at ¢ = 0
is equal to the n** moment of X:

Exercise 4.13. Let X be a random variable. Assume that My (t) exists for all ¢ € R, and
assume we can differentiate under the expected value any number of times. For any positive
integer n, show that
dn
dtn
So, in principle, all moments of X can be computed just by taking derivatives of the moment
generating function.

=0 Mx () = B(XT).

Example 4.14. Let X be an exponential random variable with parameter A > 0. That is,
fx(z) = Xe ™ for any = > 0, and fx(x) = 0 otherwise. Then for any ¢ < ),

Mx(t) = )\/ e e M dr = )\/ =Ny
0 0

A
— : (t=Nzj2=N _
A]\}l_rgot_)\[e J+=o A—t

From Exercise 4.13, EX = %]t:oM x(t) = /\—); = A\~L. More generally, it follows by induction
that for any integer n > 0,

d_",
den'’

Instead of proving this equality by induction, we use power series. Let ¢t € R with |¢| < 1.
From the summation formula for geometric series,

k=0
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That is, for any ¢ € R with [¢t| < A,

A oo
A—t 1—( t/)\ _Zt/A

=0

So, from Exercise 4.13, if n is a positive integer, then

dm > mn
BX" = O leMx(t) = o lemalt/ N =

kf

d” .
|t o(t/A)" =nIA""
The Gaussian density has a fairly simple moment generating function.

Proposition 4.15. Let X be a standard Gaussian random variable. Then

Mx(t) =€, VteR.

Proof.
M« (1) = EetX _ / t:c 71‘2/2d / (xz—t)2/2 t2/2dl’
x(1) \/27‘(‘ V2T
_t?2 / (z—t) /Qd t2/2 fx2/2d _ )2
=€ =€ € r =€ .
Vo

7=l
0

Exercise 4.16. Using the explicit formula for the moment generating function, compute an
explicit formula for all moments of the Gaussian random variable. (The 2n'® moment of X
should be something resembling a factorial.)

Proposition 4.17. Let X4,...,X,, be independent random variables. Then
Mx,1.4x, (1) = HMX]-(t), VteR.

Proof. Since X1, ..., X, are independent, e, ..., e are independent, for any ¢ € R. So,
n n n
Mx, 4t x, (t) = Be! Kt — EH e = H Ec't = H M, (t)

O

Example 4.18. Let X be a binomial distributed random variable with parameters n and
0 < p < 1. That is, X can be written as the sum of n independent Bernoulli random
variables X7, ..., X, with parameter p. Then by Proposition 4.17, for any ¢t € R,

HMX = (Mx,(£))" = (1 = p)e™ +pe")" = (1 = p+ pe')".

In some cases, the moment generating function uniquely determines the random variable.

Theorem 4.19 (Lévy Continuity Theorem, Weak Form). Let X,Y be random vari-
ables. Assume that Mx(t), My (t) exist for allt € R, and that Mx(t) = My (t) for allt € R.
Then X andY have the same CDF.
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Exercise 4.20. Construct two random variables X,Y: 2 — R such that X # Y but
Mx(t), My (t) exist for all t € R, and such that Mx(t) = My (¢t) for all t € R.

Exercise 4.21. Unfortunately, there exist random variables X, Y such that EX" = EY™"
foralln =1,2,3,..., but such that X,Y do not have the same CDF. First, explain why this
does not contradict the Lévy Continuity Theorem, Weak Form. Now, let —1 < a < 1, and
define a density

. 2
fu(2) = m}ﬂe_%(l +asin(2rlogz)) ,ifxz>0
‘ 0 , otherwise.

Suppose X, has density f,. If —1 < a,b < 1, show that EX] = EX] for alln =1,2,3,....
(Hint: write out the integrals, and make a change of variables s = log(x) — n.)

From Exercise 4.13, the moment generating function of a random variable X contains all
information about the moments of X. However, as mentioned in Remark 4.12, Mx (t) may
not exist for many values of ¢. So, studying the moment generating function may not be so
helpful for certain random variables. Fortunately, the closely related characteristic function
will always exist, and it also contains all information about the moments of X

5. Limrt THEOREMS

We now start to build up the machinery that is used to prove the two “big theorems” of
probability: the Law of Large Numbers, and the Central Limit Theorem. We begin with
some useful inequalities.

5.1. Markov and Chebyshev Inequalities. Markov’s inequality says that a random vari-
able with finite expected value cannot be too large very often.

Proposition 5.1 (The Markov Inequality). Let X be a nonnegative random variable.

Then

EX
P(X>1)< == V>0,

Proof. Let t > 0. Let Y be a random variable such that
v — t %f X >t
0 ,if X <t.

By definition of Y, we have Y < X. Therefore, EY < EX by Exercise 4.3. By the definition
of Y, EY = tP(X >t). That is,

tP(X > t) < E(X).

Remark 5.2. A nearly identical proof shows that P(X >t) < X for all ¢ > 0.

Markov’s inequality is commonly applied in the following ways.

Corollary 5.3. Let X be a random variable. Then

E|X
P(|X|>1t) < |T| Vit > 0.
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More generally, if n is a positive integer, then
X"

E|X
P(X|zt)<=2—, V>0

Proof. The first assertion follows immediately by applying Proposition 5.1 to | X|. For the
second assertion, we use the first assertion to get

E X"

, vVt >D0.
tn

P(X] > 1) = P(IX]" > 1) <

U

The second inequality of Corollary 5.3 is fairly useful, since if many moments of | X| are
bounded, then P(|X| > t) decays very rapidly.
Replacing X by X — p and taking n = 2 in Corollary 5.3 gives:

Corollary 5.4 (Chebyshev Inequality). Let X be a random variable with mean p. Then
var(X)
Or, replacing t by ty/var(X),
1
P(|X — pu] > ty/var(X)) < 2 vVt > 0.

Exercise 5.5. Let X be a standard Gaussian random variable. Let ¢ > 0 and let n be a
positive even integer. Show that

(n—1n-3)---3)1)
tn '
That is, the function ¢ — P(X > t) decays faster than any monomial.

Exercise 5.6. Let X be a random variable. Let ¢ > 0. Show that
4

P(X >1t) <

EX
P(X|>1) < =

Proposition 5.7 (Borel-Cantelli Lemma). Let Ay, As, ... be events with Y~ P(A,) <
00. Let B := {>"" 14, = oo}, so that B is the event that infinitely many of the events
Ay, Ay, ... occur. Then P(B) = 0.

5.2. Weak Law of Large Numbers.

Definition 5.8. Let X, X5, ... be random variables. We say that X;, Xs, ... are identically
distributed if Xy, X, ... all have the same CDF. That is, P(X; <t) = P(X,; < t) for all
t € R and for all positive integers 7, j.

Remark 5.9. If X, Xy, ... are identically distributed random variables, then EX; = EX;
for all positive integers 1, j.

We know intuitively that, if the results of independent experiments are averaged, then the
average will become close to the expected value of a single experiment. Indeed, one way to
intuitively think about expected value is as the average of many repeated experiments. The
Law of Large Numbers makes the previous statement rigorous. For now, we only prove a
weak version of this statement, though a stronger version will be proven later.
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Theorem 5.10 (Weak Law of Large Numbers). Let X, Xs,... be independent iden-
tically distributed random wvariables. Assume that p € R and EXy = p. Then, for any

e >0,
limP( X1+H'+Xn—,u‘25):0.

n—00 n

Proof. We make the additional assumption that var(X;) < oo. Removing this assumption
relies on things outside of this class. From Corollary 4.7,

X1+ + X, 1O 1
var ( L ) =— E var(X;) = —var(Xy).
n
i=1

n n

So, Chebyshev’s inequality implies that

X, 4+ X, 1
P ( 1 — ,u' > 5) < —e var(X)).

n n
Letting n — oo concludes the proof. 0
Example 5.11. Let X;, X, ... be independent Bernoulli random variables with parameter

1/2. Let n:=10% £ :=1072. Then
X, 44X, 1
p <' 1+ + ‘

1 1
> — ) <107*10%*(1/4) = =.
. 5| 2 105) = 10700/ = |

10
5.3. Convergence in Probability.

Definition 5.12. We say that a sequence of random variables Yi,Y5,... converges in
probability to a random variable Y if: for all € > 0

lim P(|Y, — Y| > ¢) = 0.

n—oo
More formally, if Q is the sample space, then ¥V ¢ > 0, lim,, ,oc P(w € Q: |V, (w) — Y (w)| >
e)=0.

Remark 5.13. So, the Weak Law of Large numbers says: if X;, X5 are independent identi-
cally distributed random variables with y := EX; € R, then the random variables %
converge in probability to the constant .

Example 5.14. For any n > 1, let Y,, be a random variable such that P(Y,, = n?) = 1/n,
and P(Y,, =0) =1—1/n. Then Y}, Y5, ... converges in probability to 0. For any & > 0,

P(|Y, — 0| > &) = P(|Y,]| > &) = P(Y, =n?) = 1/n.

Therefore, lim,,_,., P(|Y, — 0] > ¢) = 0.
However, note that convergence in probability does not imply convergence in expected
value, since lim,, ., EY,, = lim,, ..o n = 0o, whereas the expected value of 0 is just 0.

Proposition 5.15 (Uniqueness of the Limit). Suppose Y1,Y5, ... converges in probability
toY. Also, suppose Y1,Ys, ... converges in probability to Z. Then P(Z #Y) = 0.

Proof. From the triangle inequality, for any n > 1,
Z=Y|=1Z-Y,+Y,-Y|<|Z-Y,|+|Y -Y,|.
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So, for any € > 0, if |Z — Y| > ¢, then either |Z —Y,,| > ¢/2 or |[Y —Y,| > ¢/2. That is, for
any € > 0 and for any n > 1,
{we: |Z(w) = Y(w)| >e}
Cl{we: |Z(w) = Yo(w)| > e/2} U{w e Q: |V (w) — Ya(w)| >e/2}.
Therefore, for any € > 0 and for any n > 1,
P(|Z-Y|>e)<P(|Z-Y, >¢/2)+ P(|Y = Y.| > ¢/2).

The left side does not depend on n. So, letting n — oo, we get P(|Z — Y| > ¢) = 0, for all
e > 0. Now,

(ZAYYCUR{IZ Y] > 1/t).
Therefore, P(Z #Y) <> ° P(|Z-Y|>1/t)=0. So, P(Z #Y) =0. d

Exercise 5.16. Let Xi, X5, ... be independent random variables, each with exponential
distribution with parameter A = 1. For any n > 1, let Y, := max(Xi,...,X,). Let
0 < a <1< b Show that P(Y, < alogn) — 0 as n — oo, and P(Y,, < blogn) — 1 as
n — 0o0. Conclude that Y,,/logn converges to 1 in probability as n — oo.

Exercise 5.17. We say that random variables X7, X5, ... converge to a random variable X
in L2 if
lim E|X, — X|* = 0.

n—oo
Show that, if X7, X, ... converge to X in Lo, then Xy, X, ... converges to X in probability.
Is the converse true? Prove your assertion.

Exercise 5.18. Let X, X5,... be independent, identically distributed random variables
such that E|X;| < oo and var(X;) < co. For any n > 1, define

1 n
Y, = ;Xf.

Show that Y7, Y, ... converges in probability. Express the limit in terms of EX; and var(X}).
5.4. Central Limit Theorem. The following is a stronger version of Theorem 4.19.

Theorem 5.19 (Lévy Continuity Theorem). Let X, Xs, ... be random variables and let
X be a random variable. For any fired t € R, assume that lim,,_,o, Mx, (t) = Mx(t). Then
for any fizred t € R such that P(X <'t) is continuous, we have lim,,_,, P(X, <t) =P(X <
t).

In particular, if X,Y are random variables with Mx(t) = My (t) for allt € R, then X,Y
are identically distributed.

We are finally able to prove the generalization of the De Moivre Laplace Theorem, Theorem
4.1, to arbitrary random variables.

Theorem 5.20 (Central Limit Theorem). Let Xi, Xs,... be independent, identically
distributed random variables. Let Z be a standard Gaussian random variable. Let p,0 € R
with 0 > 0. Assume that EX, = p and var(X,) = 0. Then for any t € R,

Xi4 o+ X, — t d
lim P ( L o< t) :/ e _pig <y
n—00 O'\/ﬁ —00 V 2
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Remark 5.21. The random variable m;—w has mean zero and variance 1, just like
the standard Gaussian Z.

Proof. We make the additional assumption that all moment generating functions of the
random variables exist for all ¢ € R, and they are differentiable

For any j > 1, let Y; := (X; — p)/o. Then Y;,Ys,... are independent and identically
distributed, EY; = 0 and EYj2 =1,V j > 1. We will show that lim,, P(Yﬁ—\/gy’l <t)=
P(Z <t),VteR. From Theorem 5.19 and Proposition 4.15, it suffices to show:

Yi+-4+Yn

lim Ee!” va  =EeZ =¢2,  vieR.
n—oo
From Proposition 4.17,
B v = H EelYi/Vt = (EeM/Vmyn,
j=1
So, it suffices to show:
X tY1+"'+Yn 2
lim logEe  v»  =1t%/2 VteR.
n—oo

Denote c¢(t) := log Ee™ = log My, (t) for all t € R. Recall that My, (0) =1, M{. (0) = EY; =
0, and M{. (0) = EY? = 1. Therefore, ¢(0) =1,

d(0) = =0,
=300
M. (0) My, (0 M. (0)]?
0y = VRO 0 = DL OF
[My, (0)]
So, using LHopital’s rule, twice,
Y{4-4Yn loc E tY1/v/n
lim log Ee' A o lim log(Ee/V™)" = lim nlog Ee™/V® = lim e
n—o00 n—o00 n—o0 n—o00 1/n

1 E tY1s t t / t t2 /i t tQ
zlimOg—e:limc(S):hm C(S)zlim C(S):—.
s—0 52 s—0  §2 s—0  2s s—0 2 2

O

Definition 5.22 (Convergence in Distribution). Let X, X;, X5, ... be random variables.
We say that X, X5, ... converge in distribution to X if, for any ¢ € R such that the CDF
of X is continuous at t,

nlglgoP(X” <t)=P(X <t).

So, the Central Limit Theorem, Theorem 5.20, says: if X;, Xs,... are independent, iden-
tically distributed random variables with p := EX; and ¢? := Var(X;) with ¢ > 0, then
the random variables m;—w converge in distribution to the standard Gaussian random
variable. This fact is rather remarkable, since it holds no matter what distribution X; has!
In this sense, the Gaussian random variable is “universal.”
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Exercise 5.23. This exercise demonstrates that geometry in high dimensions is different
than geometry in low dimensions.
Let = (z1,...,2,) € R™ Let ||z|| == /23 +---+22. Let ¢ > 0. Show that for all

sufficiently large n, “most” of the cube [—1,1]" is contained in the annulus

A={z eR": (1 —-¢)y/n/3 <|z| < (1+¢)\/n/3}.
That is, if X7, ..., X, are each independent and identically distributed in [—1, 1], then for n
sufficiently large
P((Xy,...,.X,)€eA)>1—c¢c.
(Hint: apply the weak law of large numbers to XZ,..., X2

Exercise 5.24 (Confidence Intervals). Among 625 members of a bank chosen uniformly
at random among all bank members, it was found that 25 had a savings account. Give
an interval of the form [a,b] where 0 < a,b < 625 are integers, such that with about 95%
certainty, if we sample 625 bank members independently and uniformly at random (from a
very large bank membership), then the number of these people with savings accounts lies in
the interval [a,b]. (Hint: if Y is a standard Gaussian random variable, then P(—2 <Y <
2) =~ .95.)

Exercise 5.25 (Hypothesis Testing). Suppose we run a casino, and we want to test
whether or not a particular roulette wheel is biased. Let p be the probability that red results
from one spin of the roulette wheel. Using statistical terminology, “p = 18/38” is the null
hypothesis, and “p # 18/38” is the alternative hypothesis. (On a standard roulette wheel,
18 of the 38 spaces are red.) For any i > 1, let X; = 1 if the i'" spin is red, and let X; = 0
otherwise.

Let 1 := EX; and let 0 := y/var(X;). If the null hypothesis is true, and if Y is a standard
Gaussian random variable

X+t X —np

TLILHO]-O P ( o\/n
To test the null hypothesis, we spin the wheel n times. In our test, we reject the null
hypothesis if | X; + --- + X,, — nu| > 20+/n. Rejecting the null hypothesis when it is true is
called a type I error. In this test, we set the type I error percentage to be 5%. (The type I
error percentage is closely related to the p-value.)
Suppose we spin the wheel n = 3800 times and we get red 1868 times. Is the wheel biased?
That is, can we reject the null hypothesis with around 95% certainty?

> 2) —P(|Y| > 2) ~ .05.

Theorem 5.26 (Strong Law of Large Numbers). Let X1, Xs,... be a sequence of in-
dependent identically distributed random variables. Let pn € R. Assume that p = EX;.

Then % %
P(lim Lhe ":,u)zl.

n—00 n

Proof. We prove the Theorem under the stronger assumption that EX} < oo. For any j > 1,
let Y; := X; —u. We are required to show P (lim,Hoo % = ()) = 1. Note that Y;,Y5, ...
are independent identically distributed random variables with EY; = 0 and EY}* < co. We
compute

EY:+---+Y,)'= Y EYYWY.

1<4,5,kL<n
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By independence, terms with ¢ # j = k = { vanish, since they become EY;Y;Y;Y, =
EY,;EYJ-?’ = 0. Terms with 1, j, k, ¢ distinct also vanish, since EY;Y;Y,Y, = EY;EY;EY,EY, =
0. The remaining nonvanishing terms are ¢ = j = k = ¢ and the six permutations of

1=j# k=1/{. That is,
E(Y; + -+ Y,)* = nEY}! + 6[n(n — 1)/2](EY?)>.
By Jensen’s Inequality, Exercise 2.23,
E(Y, + -+ Y,)* <nEY] +3n(n — DEY;! <4n’EY. (%)
By Markov’s Inequality, Proposition 5.1, for any ¢ > 0,

. 4 (%) 4
>t> SEM A4 Y 4EY}
- tint ~ tin?

So > o7 P(|¥tt¥a| > ¢) < 0o and by Borel-Cantelli, Proposition 5.7, V t > 0,

Y+ +Y,
P(‘ 1+ +
n

P(‘Yl+-~+Yn
n

> t for infinitely many n > 1) = 0.

Vit tYn
n

Since this holds for any ¢ > 0, we conclude that converges almost surely to 0. [

6. ESTIMATION OF PARAMETERS

Exercise 6.1. Suppose I tell you that the following list of 20 numbers is a random sample
from a Gaussian random variable, but I don’t tell the mean or standard deviation.

5.1715, 3.2925, 5.2172, 6.1302, 4.9889, 5.5347, 5.2269, 4.1966, 4.7939, 3.7127
5.3884, 3.3529, 3.4311, 3.6905, 1.5557, 5.9384, 4.8252, 3.7451, 5.8703, 2.7885

To the best of your ability, determine what the mean and standard deviation are of this
random variable. (This question is a bit open-ended, so there could be more than one correct
way of justifying your answer.)

A basic problem in statistics is to fit data to an unknown probability distribution. As
in Exercise 6.1, we might have a list of numbers, and we known these numbers follow some
Gaussian distribution, but we might not know the mean and variance of this Gaussian.
We then want to infer the mean and variance from the data. In this example, there are
two unknown parameters. In general, we might want to estimate any number of unknown
parameters.

Let X1,..., X, be a random sample of size n from a family of distributions {fy: 0§ € ©}.
We can regard {fp: 0 € O} as either a family of probability density functions, or a family of
probability mass functions. If Y is a statistic that is used to estimate the parameter 6 that
fits the data at hand, we then refer to Y as a point estimator or estimator.

Example 6.2. In Exercise 6.1 we have a random sample Xi,..., X5 from a Gaussian
distribution with unknown mean and variance. We denote the unknown Gaussians as

1 o—p)?
{fo:0€ 0} ={fuo(x): (1,0) eR? p€R, 0>O}:{ o t € R, a>0}.

2mo
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One estimator for the unknown mean g is the sample mean

Xi+-+ Xo

20 '
A “less good” estimator for the unknown mean u could be X; + X5 or (X; + X3)/2.
As previously discussed, an estimator for the unknown variance o

L 2 o
=) (X; - X)2
19

i=1

And an estimator for the unknown parameter o itself is

20

1 Y2
S = EZ(}Q—X) :

i=1
As we see from this example, there are many ways of defining estimators for various
unknown parameters. One focus of this course will be criteria for determining if an estimator
is “good” or not.
There are many different ways to create estimators. A priori, it might not be clear which
estimator is the best. One desirable property of an estimator is that it is unbiased.

Definition 6.3. Let X,..., X,, be a random sample of size n from a family of distributions
{fo: 0 € ©}. Let t: R — R* and let Y := #(X,,...,X,) be an estimator for g(f). Let
g: © — R*. We say that Y is unbiased for g(#) if

EoY = g(0), Vo eo.

For example, we saw in Exercise 6.4 that the sample mean and sample variance are unbi-
ased estimates of the mean and variance, respectively.

Exercise 6.4. Let n > 2 be an integer. Let Xi,..., X, be a random sample of size n.
Assume that p:= EX; € R and o := y/var(X;) < oo. Let X be the sample mean and let
S be the sample standard deviation of the random sample. Show the following

o Var(X) = o2/n.

o ES? =2

6.1. Method of Moments.

Definition 6.5 (Consistency). Let {fp: 6 € ©} be a family of distributions. Let Y7, Ys, ...
be a sequence of estimators of g(f) where g: © — R*. We say that Y7,Y5,... is consistent
for g(0) if, for any 6 € O, Y1,Y5, ... converges in probability to the constant value g(6), with
respect to the probability distribution fj.

Typically, we will take Y,, to be a function of a random sample of size n, for all n > 1.

Example 6.6. Let X;,..., X, be a random sample of size n with distribution fy. The
Weak Law of Large Numbers, Theorem 5.10, says that the sample mean is consistent when
Ey | X1| < oo for all § € ©. More generally, if j > 1 is a positive integer such that Eq | X;|’ <
oo for all # € O, then the j** sample moment
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is also consistent (as n — 00), i.e. as n — 0o, M; converges in probability to the j* moment
p;(0) == EX.

Note also that if h: R¥ — RF is continuous, and if Y}, Ys, ... is consistent for g(#), then
h(Y1), h(Y3), ... is consistent for h(g(0)) by Exercise 6.7.

Exercise 6.7. Let X1, X5,...: Q2 — R be random variables that converge in probability to
X:Q —R. Let f: R — R be continuous. Then f(X3), f(Xs),... converges in probability

to f(X).

Definition 6.8 (Method of Moments). Let g: © — R*. Suppose we want to estimate
g(0) for any 6 € ©. Suppose there exists h: R — R* such that

Then the estimator
h(My, ..., M)

is a method of moments estimator for g(f).

Example 6.9. To estimate the mean pu, we can use © = R = {u; € R}, 7 = 1 and
h(p1) = p1, so that a method of moments estimator of p; is the sample mean M;.

To estimate the standard deviation, we can use © = R x (0,00) = {(u1, pt2): 1 € R, g >
0}, 7 =2 and h(uq, po) = /2 — i3, so that a method of moments estimator of the standard

deviation is /My — ME.

This estimation approach is good in that it uses essentially no assumptions about model
parameters. Perhaps for this reason, the method of moments is one of the oldest methods
of point estimation, originating in the late 1800s. However, when information about model
parameters is available, often the method of moments does not work well (despite being
consistent). In the following example, we demonstrate an estimator with much smaller
variance than the method of moments estimator.

Example 6.10. Suppose Xi,...,X,, is a random sample of size n from the uniform distri-
bution on the interval [0, 6] and 6 > 0 is unknown. Since EgX; = 0/2, a method of moment
estimator for 6 is 2M; = %Z?Zl X;. This estimator is unbiased and consistent (by Exam-
ple 6.6), but its variance is 5-6%. It turns out the estimator (1 + 1/n)X(,) is unbiased and
consistent for # with a smaller variance. From Definition 6.11 we have

0 6
E(1+1/n)X(n)=(1+1/n)/ P (X >t)dt:(1+1/n)/ 11— P(X < 0)]dt
09 ’ 0
:(1+1/n)/ 11— P(Xu <t)]dt:(1+1/n)(9—/ P(X, < )"df)

=(1+1/n)(0— /09<t/9)%> =(1+1/n)(0— 070" /(n+1))

n+1l n B
n n+1

=(1+1/n)@—-0/(n+1))=806
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From Definition 6.11, var((1 + 1/n
(n + 1) (n+1

ny) is equal to

)X
EX(,) —0° = / 2tP(X(n) > t)dt — 67
0
0
/ QtP(X(n) < t)dt
0

(T
<n+1 >—M9"/aztt”dt:m(M_l)_(n+1)292 2

n n?

)?
)_ (n+1)2

— —((n+1) (n+2)—n2(n+2)—2(n+1)2>

n?(n +2)
_ %@(”* D? = (0 +2) — 2(n +1)°)
6 ) 6 6
~ m<[2n+1](n+2)—2(n+1) )= g O 2= = s

In fact, (1 +1/n)X(, is the uniform minimum variance unbiased estimator for 6 (and we
call this estimator UMVU), though we will not prove it.

Definition 6.11 (Expected Value). Let 2 be a sample space, let P be a probability law
on Q. Let X be a random variable on . Assume that X: Q — [0,00). We define the
expected value of X, denoted E(X), by

E(X) = /OOOP(X > t)dt.

More generally, if g: [0,00) — [0,00) is a differentiable function such that ¢’ is continuous
and ¢g(0) = 0, we define

Eg(X) = /OO g (OP(X > t)dt.
In particular, taking g(t) = " for any posoitive integer n, for any ¢ > 0, we have

EX" = /Oo nt" 'P(X > t)dt.
For a general random variable X if En(iax(X, 0) < oo and if Emax(—X,0) < oo, we then
define E(X) = Emax(X,0) — Emax(—X,0). Otherwise, we say that E(X) is undefined.

Example 6.12. Suppose we have a binomial random variable with unknown parameters

n,p. We want to find method of moments estimators for n and for p. It is known that

EX, = np and EX? = np(1 — p) + n?p?. So, we solve for n,p in the system of equations
pr=mnp,  py =np(l—p)+n’p

to get an estimator for n:

M2 MQ
N = ! , since n = ! ,
Ml—(M2_M12> Ml—(/m—/l%)
and an estimator for p:
M, . M1
pP:=— since = —.
N’ o P=7
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(To solve the system, note that the second equation says o = (1—p)u1+p3 = (1—py/n)ps+
u2, and then solve for n.)

The Central Limit Theorem implies that the combination of a large number of independent
identically distributed random actions results in a Gaussian distribution. For this reason, one
can often (but not always) assume that sampling from a large population is sampling from
the normal distribution with unknown mean and variance. Since this Gaussian assumption
is so common, we discuss properties of sampling from the normal in this section.

Proposition 6.13. Let n > 2 be an integer. Let Xi,..., X, be a random sample from the
Gaussian distribution with mean p € R and variance 0® > 0. Let X be the sample mean and
let S be the sample standard deviation.

° X and S are independent random variables.
e X is a Gaussian random variable with mean p and variance o?/n.
e (n—1)S?/0? is a chi-squared distributed random variable with n—1 degrees of freedom.

6.2. Evaluating Estimators. Even if an estimator is unbiased, its distribution of values
might be quite far from g(#). Recall that we made a similar observation that the Law of Large
Numbers does not give any information about the Central Limit Theorem. It is desirable
to examine the distribution of values of the estimator. The most common way to check the
quality of an estimator in this sense is to examine the mean-squared error, or squared Lo
norm, of the estimator minus g(6):

Eyo(Y — g(0))*.
If the estimator is unbiased, this quantity is equal to the variance of Y.

Definition 6.14 (UMVU). Let Xj,..., X, be a random sample of size n from a family of
distributions {fyp: 0 € ©}. Let g: © - R. Let t: R* — R and let YV :=#(X;,..., X,,) be an
unbiased estimator for g(¢). We say that Y is uniformly minimum variance unbiased
(UMVU) if, for any other unbiased estimator Z for g(#), we have

Varg(Y') < Vary(Z), Vo e o.

Remark 6.15. Unfortunately the UMVU might not exist. Suppose we want a UMVU for
a binomial random variable X with known parameter n and unknown parameter 0 < 6 < 1,
and we want an estimator for §/(1—#6). In fact, no unbiased estimate exists for this function,
since Eqt (X) = Y77 (?)t(j)é’j(l —6)"7 and this is a polynomial in 6, i.e. only polynomials
in 6 of degree at most n can possible have unbiased estimates. And 6/(1 — 6) is not a
polynomial in 6.

6.3. Efficiency of an Estimator. Another desirable property of an estimator is high effi-
ciency. That is, the estimator is good with a small number of samples. One way to quantify
“oood” in the previous sentence is to define a notion of information and to try to maximize
the information content of the estimator.

Definition 6.16 (Fisher Information). Let {fy: § € O} be a family of multivariable
probability densities or probability mass functions. Assume © C R. Let X be a random
vector with distribution fy. Define the Fisher information of the family to be

I1(0) = Ix(0) := Eg(d% log fo(X))?, V€O,
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if this quantity exists and is finite.

In order for the Fisher information to be well defined, the set {z € R™: fp(z) > 0} should
not depend on 6, otherwise the derivative % log fo(X) might not be well-defined.
If {fp: 6 € O} are n-dimensional probability densities, note that

4 e
Eed%logfa( )=/ djcf((’;))fe(x)d —/Rn gg o (x)dx d% Rnfa(x)dxzd%(l)zo'

Similarly, if {fy: 6 € ©} are multivariable probability mass functions, Egd% log fo(X) = 0.
So, we could equivalently define

1(0) = varg(d%logfg()()), Vo e o

(Here we assume we can differentiate under the integral sign.) We also have another equiv-
alent definition:

: g0 fola) o) — (o))
B0 tog () = An%d;fz())fe(x)de/n — em(x)]gd L)

/Rn d62f9( ) — (je log fo(x )>2f9(:v)dx =0—1Ix(0) = —Ix(h).

The Fisher information expresses the amount of “information” a random variable has.

Example 6.17. Let o > 0 and let fy(x) := U\}Ee_(’”_ew[%ﬂ for all 0 € ©, x € R. We have

d —(X —0)?
do 202

For the Gaussian case, we interpret “more information” as o small, since then the variance
is small, so more “information” is conveyed by a single sample than when o is large. The
Fisher information also agrees with our intuitive notion of information since the information
of a joint distribution of independent random variables is equal to the sum of the separate
informations.

1
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1(0) = Var9< ) = —Varg(X 0) =

o

Proposition 6.18. Let X be a random variable with distribution from {fy: 0 € ©} (densities
or mass functions). LetY be a random variable with distribution from {ge: 0 € O} (densities
or mass functions). Assume that X and Y are independent. Then

](X7y)(9) - [X(Q) ‘l‘ Iy(e), ‘v’@ S @

Proof. Since X and Y are independent (X,Y) has distribution from the multivariate density
Jo(X)ga(Y). Also, L log fo(X) and < log go(Y') are independent for any 6 € ©, so

Tixw)(0) = vare(ilog[fe( X)g (Y)]):vare(jeuog JolX) +log go(V)] )

df
= Var,g(dile log fo(X )) + Varg(d%lg log gg(X)> =Ix(0) + Iy (0).
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Exercise 6.19. Let X be a random variable with distribution from {fy: 6 € ©} (densities or
mass functions). Let Y be a random variable with distribution from {gy: 6 € ©} (densities
or mass functions). Show that

Iixy)(0) = Ix(0) + Iy|x=.(0), V0e€O,zeR.

(If X,Y are continuous random variables, recall that Y| X has density fxy(z,y)/fx(x) for
any fixed z. And if XY are discrete random variables, recall that Y| X has mass function

P(X =z,Y =y)/P(Y =y).)

Our primary interest in information is the following inequality. Theorem 6.20 gives a lower
bound on the variance of unbiased estimators of 6.

Theorem 6.20 (Cramér-Rao/ Information Inequality). Let X: Q — R™ be a random
variable with distribution from a family of multivariable probability densities or probability
mass functions {fp: 0 € ©} with © CR. Let t: R* — R and let Y := t(X) be statistic. For
any 0 € O let g(0) := EpY. Then

lg'(0)|”
Varg(Y) > , Vo eo.
oY) > Ix(0)
In particular, if Y is unbiased for 6,
1
Y) > 0 )
Varg( )_IX(Q)’ VO eo

Equality occurs for some 0 € © only when d% log fo(X) and Y — EyY are multiples of each
other.

(Here we assume we can differentiate under the integral sign. Also, we assume that
{z € R": fy(x) > 0} does not depend on 6, and for a.e. x € R", (d/df)fe(x)) exists and is
finite.)

Remark 6.21. In the case that X;,..., X, are i.i.d. real-valued random variables and
X = (Xy,...,X,), Proposition 6.18 says that Ix(0) = >, Ix,(0) = nlx,(0). And if YV is
unbiased for 6, Theorem 6.20 says

1
Varg(Y) > ———— Vo e O.
al'g( ) > n[Xl(e), €
Proof. For any 6 € O let g(0) := E@Y We assume that X is continuous, the discrete case
being similar. Using E(;@ log fo(X) = 0 and Remark 2.26,
d d
/0= |55 [l D rog fo(@)t(a)folw)i ]E% log o(X)H(X)
d d

COV@(@log fo(X), t(X)| < Varg(@log Jo(X))Varg(t( = /Ix(0)Varg(t(X)).
The equality case follows from Remark 2.26 and the known equality case of the Cauchy-
Schwarz Inequality (see Theorem 2.27). O

For a one-parameter family of distributions, the equality case of Theorem 6.20 allows us
to find a UMVU for 6. To find such an estimator, we look for affine functions of £ log fs(X).

47



Example 6.22. Suppose fy(z) := 0% g peq for all x € R, 0 > 0. (This is a beta distri-
bution with § = 1.) We have

d 1
@logfg(x)zé—klogx, Vo< z<l.

A vector X = (Xy,...,X,) of n independent samples from fy is distributed according to the
product []_, fo(z;), so that
d lo ﬁf(x-)i(l—l—lo a:) n(l—l— 1lo ﬁx) Vo<z; <1,1<i<n
de g P 6 1) — 0 g 7 - 0 n g P 2] 7 9 — — .

By Theorem 6.20, any function of Zlog[T"", fo(X;) (plus a constant) is UMVU for its
expectation. So, for example,

1 n
Y = _EloggXi

is UMVU of its expectation, which is § since Eq-% log [T7, fo(X;) = 0.
Theorem 6.20 suggests the following quantity represents the efficiency of an estimator.
Definition 6.23 (Efficiency). Let X : 2 — R" be a random variable with distribution from

a family of multivariable probability densities or probability mass functions {fy: 6 € ©} with
© CR. Let t: R" — R and let Y := ¢(X) be statistic. Define the efficiency of Y to be

1
IX (6)\[&1‘9 (Y) ’

if this quantity exists and is finite. If Z is another statistic, we define the relative efficiency
of Y to Z to be

Vo e 0o,

]X(G)Varg(Z) . Val‘g(Z)
Ix(0)Varg(Y)  Varg(Y)’

6.4. Maximum Likelihood Estimator. Let X,..., X, be a random sample of size n from
a family of distributions {fp: 6 € ©}. So, we denote the joint distribution of X7,..., X, as

Vo e o.

[1#5@), vi<i<na
=1

If we have data x € R™, recall that we defined the function ¢: © — [0, 00)

00) = Hfg(fﬂi)

and called it the likelihood function.

Definition 6.24 (Maximum Likelihood Estimator). The maximum likelihood esti-
mator (MLE) Y is the estimator maximizing the likelihood function. That is, Y = ¢(X),
t: R" — © and t(xy,...,x,) is defined to be any value of § € © that maximizes the function

er(xz’),

if this value of @ exists. A priori, the § maximizing ¢(6) might not exist, and it might not be
unique
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Remark 6.25. Maximizing the likelihood ¢(6) is equivalent to maximizing log ¢(), since
log is monotone increasing.

It is relatively easy to construct examples where the MLE is not unique.

Example 6.26. Let fy(x1) := 1941 (21) for all z1,0 € R. Then, for all z4,...,2,,0 € R,

we have . . .
H fa(ﬂfi) = H 1[9,9+1] (332) = H 1x¢€[0,9+1}~
i=1 i=1 i=1

So, if 1 =--- =z, =0, we have

Hfa(l'i) = locpp,0+1] = Loe[-1,0)-

i=1
That is, any value of § € [—1,0] is a maximum of the likelihood function, i.e. there are
infinitely many maxima of the likelihood function. This is certainly not desirable.

If the likelihood function is continuous and © is compact, then at least one maximum of
the likelihood function must exist.

A common assumption of a probability density function is that it is logarithmically con-
cave. We will describe how this condition guarantees the uniqueness of the MLE. For a proof
of consistency of the MLE under certain assumptions, see the Keener book, Theorem 9.11.

Recall that ¢: R" — R is convex if for any x,y € R" with = # y and for any t € (0, 1),

otz + (1 —t)y) < td(z) + (1 — t)d(y).
And ¢: R™ — R is strictly convex if this inequality is always a strict inequality. We also say
¢ is concave if —log ¢ is convex, and ¢ is strictly concave if —log ¢ is strictly convex.

Definition 6.27 (Log-Concave). We say that ¢: R" — [0,00) is logarithmically con-
cave or log concave if log ¢ is concave, i.e. —log ¢ is convex.

For example, the function ¢(x) = 6_332, r € R, is log concave, since log ¢ is concave. If

we allow ¢ to take infinite values, then 1_; ¢ is log-concave, so Example 6.26 shows that
log-concavity still does not guarantee uniqueness of the maximum of the likelihood function.
However, strict log-concavity does guarantee uniqueness.

Proposition 6.28. Let fy: R — [0,00) be a family of probability density functions, where
0O CRF. Fizxxy,...,x, €R. Assume that the function

18 strictly log-concave, for every 1 <1 <n. Fix x,...,x, € R. Then the likelihood function

0 Hfg(xi)

has at most one maximum value.

Proof. The function 6 — log fy(x;) is strictly concave for all 1 < i < n, so the function

0 — > log fo(x;) = log [ [ fo(x:)
i=1 1=1
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is strictly concave by Exercise 6.31. From Exercise 6.29, this function has at most one global
maximum. 0

Exercise 6.29. Let f: R" — R be a convex function. Let z € R" be a local minimum of f.
Show that x is in fact a global minimum of f.
Show also that if f is strictly convex, then there is at most one global minimum of f.
Now suppose additionally that f is a C' function (all derivatives of f exist and are con-
tinuous), and x € R™ satisfies V f(z) = 0. Show that x is a global minimum of f.

Exercise 6.30. Let A be a real m x n matrix. Let + € R™ and let b € R™. Show that the
function f: R™ — R defined by f(z) = 1 ||Az — b||” is convex. Moreover, show that

Vf(z)=AT(Az —b), D?f(z) = AT A.

(Here D?f denotes the matrix of second derivatives of f.)
So, if Vf(z) =0, i.e. if AT Az = ATb, then x is the global minimum of f. And if A has
full rank, then AT A is invertible, so that = (AT A)~1ATb is the global minimum of f.

Exercise 6.31. Let fi,..., f,: R — R be n strictly convex functions on R. Define g: R" —
R by

g(x1, ..., xy) ::Zf(:r;i), V(z1,...,x,) € R™

Show that g: R™ — R is strictly convex.

Exercise 6.32. Let f: R?> — R be a C' function (all derivatives of f exist and are continu-
ous). Suppose there exists z € R such that, for any z; € R, we have

f(z1,2) < f(z1,29), Vg # 2.
Assume also that the function
zy = f(21,2)
is strictly convex. Show that f has at most one global minimum.

Example 6.33. Consider a random sample from a Gaussian distribution with unknown
mean 4 € R and unknown variance o2 > 0, so that § = (i, o). The value of § maximizing

n

. H wlﬁ exp(—(z; — p)*/[20°]) = ) | ~logo — %log(%) — (3“"2;“)

: o?
=1

can be found by differentiating in the two parameters. We have

0 = X; —
a—’ulogﬁ(ﬁ)zz 02,u7 —log€ Z —o M o (@ — p)?,
i=1

Setting both terms equal to zero, we get
RS o _ 1 2
= - Ty, g =- Ti — :
3 LS
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This is the unique critical point of the function ¢(#). It remains to show that this critical
point is the global maximum of £(6). It follows from Exercise 2.8 that, if z # £ > | x;, then

n n n

Z (:v, - %Z%Y < %Z(% — 2)%

i=1 i=1 i=1
Therefore, for any such z € R

log ¢(— Z:p,, ) > log{(z,0).

So, we need only show that log ¢(+ 37" | 2;,0) is maximized when o = \/% Yo (s — p)?
Since

a -3
5, log £(0) Z 0%+ (v — p)?,

the function o +— log ¢(u, o) is increasing, and then decreasing, so that the global maximum
occurs at the unique critical point.
It is known that the sample mean M; is UMVU for the mean. Let

Y =Y, = Ya(X1,..., X) i= %i (Xj _ %ix)z
j=1 i=1

We also know from Proposition 6.13 that Y is asymptotically unbiased for o2, i.e.
n—1

lim — = lim =1.

n—oo g n—00 n
We will show that Y has asymptotically optimal variance. If we fix © € R and look at the
information of the n-dimensional Gaussian X, we get by modifying Example 6.17 and using
Proposition 6.18

() = I, (0) = nVar, (- ZELZIEY v, [0, — )

=no °E,((X; — p)* —o*) = 2no2.
By the Cramér-Rao Inequality, Theorem 6.20, with g(o) = E,(Y) = o*(n — 1)/n (using
Proposition 6.13), the variance of any unblased estimator Z of o%(n — 1) /n satisfies

Var(z) 5 9@F 40— 17 _ 20'n 12

Ix(o)  n22no-2 n3

And by Proposition 6.13,
Var, (V) = Varg[n — Z (X - —ZX> ] —2 (n—1) =201

In summary,

EY ’ Var,(Y)
i

lim — =1, m 5 =
noee 0 = |g'(o)]” /Ix (o)
That is, the estimator Y is asymptotically unbiased (as n — o0) and it asymptotically
achieves the optimal variance bound in the Cramér-Rao Inequality.
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Example 6.34. Consider a random sample that is uniform on [0, 6] with 6 > 0 unknown.
The value of § maximizing

occurs when 6 is as small as possible such that the likelihood is nonzero, since 67" is a
decreasing function in 6. Once < z(y), this expression is zero, so the smallest value of ¢
giving a nonzero likelihood is 6 = x(,). So, the unique global maximum occurs at 6 = x(,),
so that X, is the MLE for . In contrast, recall that the UMVU for 6 is (1 + 1/n)X (), so
both are asymptotically equivalent, though the MLE is biased.

Example 6.35. Consider a random sample from the exponential density 1,-00e~% with
6 > 0 unknown. Then

log H 1xi>09679“ =1y, 2.>0logd —0 Z Ti.

i=1 i=1

So,

As a function of 6, the likelihood is increasing for small # and decreasing for large 6, so there
is a unique maximum of

which is the MLE for 8. It turns out that
1 1
Var(Y) = Var [nlﬂx/ﬁ(y— — «9)] = —0%(1+o(1)).
n n
On the other hand, the information inequality, Theorem 6.20, says the smallest possible
variance of an unbiased estimator of 0 is

1 /Var(% - i XZ-> —1/(nb72) = 6%/n.

So, the MLE asymptotically achieves the optimal variance for an estimator of 6.

Example 6.36. Consider a random sample from the exponential density 1,-¢0e %" with
6 > 0 unknown. That is, we continue the previous example. Instead of finding an MLE
for 0, suppose we want an MLE for e?. From the previous example, we can immediately
conclude that

P =e iz,
by with g(6) := e~?. Proposition 6.37.

Proposition 6.37 (Functional Equivariance of MLE). Let g: © — ©’ be a bijection.
Suppose Y is the MLE of 6. Then g(Y') is the MLE of g(f).

Proof. By definition of the MLE Y, (X7, ..., X,,) achieves the maximum value of 6 — £(9).
Writing £(0) = £(g~'g(#)), we have the equivalent statement: g(Y)(X7, ..., X,) achieves the
maximum value of 6’ — £(g~1(6")). O
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So, unlike the UMVU, once we know the MLE for 6, we can easily get the MLE for
invertible functions of 6.

Lemma 6.38 (Likelihood Inequality). Let X : Q — R™ be a random variable with proba-
bility density fo: R™ — [0,00). Let f,: R" — [0,00) be another probability density. Assume
that the probability laws Py and P, corresponding to fy and f,, are not equal. Then the
Kullback-Leibler information

fo(X)
fu(X)

I1(0,w) := Eylog

satisfies 1(0,w) > 0.

Remark 6.39. If Py(f,(X) = 0 and fp(X) > 0) > 0, then define I(0,w) := oo, so there
is nothing to prove. Also, in the definition of I(6,w), if both densities take value zero, we
define the ratio of zero over zero to be 1.

Proof. We may assume that Py(f,,(X) =0 and fy(X) > 0) = 0. Note that fp(X) > 0 with
probability one with respect to Py. By Jensen’s Inequality, Exercise 2.23,
Ju(X) fo(X) Ju(x)

1(6,0) = Bylog Jo(X) = log B fo(X) o /a:eRn: Jo(@)>0 Jo() fole)de < log{1) =0.
If 1(,w) = 0, then both of the inequalities above are equalities. The last inequality being
an equality implies that {x € R": fy(z) > 0} and {z € R: f,(z) > 0} are equal almost
everywhere. Since log is strictly concave, equality in the application of Jensen’s Inequality
implies that ’}‘; ((;)) is constant almost surely (with respect to the probability law Py), therefore
the densities f, and fy, must be proportional, hence equal almost surely with respect to Py,
so their corresponding probability laws are equal. 0]

Theorem 6.40 (Consistency of MLE). Let X;, Xy,...: Q — R" be i.i.d. random vari-
ables with common probability density fo: R* — [0,00). Fix § € © C R™. Suppose ©
is compact and fg(x1) is a continuous function of 0 for a.e. xy € R. (Then the maz-
imum of (0) exists, since it is a continuous function on a compact set.) Assume that
Eg supy e log for(X1)| < 00, and Py # Py, for all 0" # 6. Then, as n — oo, the MLE'Y,,
of 0 converges in probability to the constant function 0, with respect to Py.

Proof. For simplicity we assume that © is finite. For a full proof, see the Keener book,
Theorem 9.11. Fix 0 € ©.

For any ¢ € © and n > 1, let £,(¢') :== 257" log fo(X;). Denote © = {6,6y,...,6,}.
By the Weak Law of Large Numbers, Theorem 5.10, for any 6’ € ©, £,(0') converges in
probability with respect to Py to the constant u(0') := Egylog for(X1) as n — oo. Since
Py # Py, for all 8’ # 0, we have u(0) > u(0') for all ¢ € © with 6’ # 6, by Lemma 6.38

(since 1(0,0") = pu(0) — u(0') > 0). For any n > 1, let
A, = {0,(0) > 0,(0;), Y1<j<k}

Then lim,,_,., Py(A,) = 1, and on the set A,, the MLE Y, is well-defined and unique with
Y, =0,s0{Y,=0}°C A%, and for any ¢ > 0

n—o00 n—o0
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If g: ® — O is a bijection, it follows from Proposition 6.37 that the MLE for g() is also
consistent.

The above Theorem is analogous to a weak law of large numbers, since it gives convergence
in probability of the MLE. Continuing this analogy, the following Theorem is analogous to
the Central Limit Theorem, since it gives the limiting distribution of the MLE.

Theorem 6.41 (Limiting Distribution of MLE). Let {fy: 6 € ©} be a family of proba-
bility density functions, so that fy: R" — [0,00) V 0 € ©. Let X1, Xs,... be i.i.d. such that
X1 has density fy. Let © C R. Assume the following

(i) The set A :={x € R: fyp(x) > 0} does not depend on 6.
(ii) For every x € A, 8% fo(x)/06? exists and is continuous in 0.
(ili) The Fisher Information Ix,(0) exists and is finite, with Eg-Llog fo(X1) = 0 and
2

d d
Ix,(0) = Ee(@ log fo(X1))? = —E.gﬁlog fo(X1) > 0.

(iv) For every 0 in the interior of ©, 3 € > 0 such that
2
Eg sup |1pcig—corel1——73 log for(X7)| < 00.
90/61(% 0’ c[o—e,0+ ]d[Q’P g fo ( 1)
(v) The MLE'Y,, of 0 is consistent.

Then, for any 0 in the interior of ©, as n — oo,
\/E(Yn - 9)

converges in distribution to a mean zero Gaussian with variance Ix;@’ with respect to Py.
1

Remark 6.42. Combining this Theorem with Proposition 6.37, under the above assump-
tions (and also if the variance of the MLE converges), the MLE for 6 achieves the asymp-
totically optimal variance in the Cramér-Rao Inequality, Theorem 6.20. The same holds for
an invertible function of 6.

Proof. For simplicity we assume that © is finite. For a full proof, see the Keener book,
Theorem 9.14. Fix # € ©. (When © is finite, it has no interior, so the theorem is vacuous
in this case, but the proof below is meant to illustrate the general case while avoiding a few
technicalities.)

For any ¢’ € © and n > 1, let £,(¢') := 1 3" | log fo (X;).

Choose € > 0 sufficiently small such that [0 —e,04+¢]NO = {f}. For any n > 1, let A, be
the event that Y,, = 6. Since Y7, Y53, ... is consistent by Assumption (v), lim,_,., Ps(4,) = 1.
Since Y,, maximizes ¢,,, we have /(Y,,) = 0 on A,,. (Since © is finite, this is not true, so take
it as an additional assumption.) Taylor expanding ¢/, then gives

0="0,(Y,)=0.00)+ 0 (Z,) (Y, — 0), if A, occurs,
where Z,, lies between 6 and Y,,. Rewriting this equation gives

vt (0) :
Vn(Y, —0) = iz if A, occurs. (%)
By Assumption (iii), the summed terms in ¢ (¢) i.i.d. random variables with mean zero
and variance Ix,(#). So, the Central Limit Theorem 5.20 says that \/nf,,(f) converges in

distribution to a mean zero Gaussian with variance Ix, (6).
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We now examine the denominator of (x). By Assumption (iv) and the Weak Law of Large
Numbers, ¢/(6') converges in probability to Ey¢"(¢'). Since |Z, — 0| < |Y,, — 0] when A,
occurs, we conclude that Z,, also converges in probability to 8 as n — oo. Since Z,, only
takes finitely many values, ¢/ (Z,) converges in probability to Egf! () o —Ix,(0). So, (x)
implies that \/n(Y, — @) converges in distribution as n — oo to a mean zero Gaussian with
variance

Ix,(0) 1
[Lx, () Ix,(0)
So, we are done by Exercise 6.43. O
Exercise 6.43. Suppose Wi, W5, ... are random variables that converge in distribution to a
random variable W, and Uy, Us, ... is any sequence of random variables. Let Ay, As,... C Q)

satisfy lim,, .., P(A,,) = 1. Then, as n — oo
WnlAn + UnlA%
converges in distribution to W.

6.5. Additional Comments. The Cramér-Rao and Limiting Distribution for the MLE
have analogous statements when © is a vector space.

Theorem 6.44 (Multiparameter Cramér-Rao/ Information Inequality). Suppose
X: Q —= R" is a random variable with distribution from a family of multivariable probability
densities or probability mass functions {fp: 0 € ©}. Assume that © C R™ is an open set.
We assume that {x € R™: fp(x) > 0} does not depend on 0, and for a.e. x € R™, and for all
1 <i<m, (0/06;)fs(x) exists and is finite. Define the Fisher information of the family
to be the m x m matriz 1(0) = Ix(0), so that if 1 <i,j <m, the (i,7) entry of 1(0) is

log fo(X) - —-log fo(X)). ¥ €O,

0 0 0
Cov@<—10gf9(X) —10gf9(X)> = E9< 90,

00; " 00, 00;
and assume this quantity exists and is finite. Moreover, assume that I(0) is an invertible
matrixz. (It is symmetric positive semidefinite by e.g. FErxercise 6.45, but it might have a zero
eigenvalue, a priori.)

Let t: R™ — R™ and let Y = t(X) be statistic. For any 0 € O, let g(0) := EpY so that
g: © — 0. Assume that all first order partial derivatives of g exist and are continuous.
We assume we can differentiate under the integral sign. Let Dg(0) denote the matrixz of
first order partial derivatives of g, and let Varg(Y') denote the vector of variances of the
components of Y. Then

Vary(Y) > (Dg(0))" [Ix(0)] ' Dg(0), Vo e o.
In particular, if Y is unbiased for 6,
Varg(Y) > [Ix(0)] 7}, Vo e o.

Equality occurs for some 8 € © only when d% log fo(X) and Y — EyY are multiples of each
other.

Exercise 6.45. Let Z = (Zy,...,7Z;) € R? be a Gaussian random vector.
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e Show that the covariance matrix (a;;)1<i j<q of Z is symmetric, positive semidefinite.
That is, for any v € R?, we have

d
vlav = E vivja;; > 0.

,j=1

e Given any symmetric positive semidefinite matrix (b;;)1<; j<a, Show that there exists a
Gaussian random vector Z such that the covariance matrix of Z is (b;;)1<i j<4. (Hint:
write the matrix b in its Cholesky decomposition b = rr*, where r is a d x d real

matrix. Let e, ... e be the rows of r. Let Xi,..., Xy be independent standard
Gaussian random variables. Let X := (X1,..., Xy). Define Z; := (X, e®) for any
1<i<d)

Theorem 6.46 (Limiting Distribution of MLE). Let {fy: 6 € ©} be a family of proba-
bility density functions, so that fo: R™ — [0,00) ¥V 0 € ©. Let X1, Xo,... be i.i.d. such that
Xy has density fo. Let © CR™. Assume the following

(i) The set A :={x € R": fy(x) > 0} does not depend on 6.

. . 2 . . . .
(ii) For everyxz € A,V 1<14,j <m, %%(;) exists and is continuous in 6.
K J

(i) The Fisher Information Ix,(0) exists and is finite, with EyVylog fo(X1) =0 and
0 0
I, (0) = Bo 5 10g fo(X) - 55-1og fo(X) ) = ~EaD3log fo(Xa).

(D3 denotes the matriz of iterated second order derivatives in 6.) Moreover, assume

that Ix,(0) is an invertible matriz.
(iv) For every 0 in the interior of ©,V 1 <1i,57 <m, 3 &> 0 such that

2

0
E Lelo—eore ——log for(X
0 Qsllég 0'e 9 9+ 80/69/ Og f9 ( 1)

(v) The MLE'Y,, of 0 is consistent.

Then, for any 0 in the interior of ©, as n — oo,

converges in distribution to a mean zero Gaussian random vector with covariance matrix
[Ix,(0)]7, with respect to Py.
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7. APPENDIX: NOTATION
Let n,m be a positive integers. Let A, B be sets contained in a universal set €.

R denotes the set of real numbers

€ means “is an element of.” For example, 2 € R is read as “2 is an element of R.”
V means “for all”

J means “there exists”
R™ = {(x1,22,...,2,): z; € RV1 < i <n}
f: A— B means f is a function with domain A and range B. For example,

f: R? — R means that f is a function with domain R? and range R
() denotes the empty set

A C BmeansVa € A, we have a € B, so A is contained in B
ANB:={a€A:a¢ B}
A= Q N A, the complement of Ain (2
AN B denotes the intersection of A and B
AU B denotes the union of A and B

P denotes a probability law on €2
P(A|B) denotes the conditional probability of A, given B.

Let aq,...,a, be real numbers. Let n be a positive integer.

Zai:a1+a2+"'+an71+an~
i=1

n
Hai:al‘GQ"‘anfl'an-
i=1

min(ay, az) denotes the minimum of a; and as,.
max(ay, az) denotes the maximum of a; and as.

Let X be a discrete random variable on a sample space 2, so that X: Q2 — R. Let P be
a probability law on Q. Let z € R. Let A C Q. Let Y be another discrete random variable

px(x) =P(X =2)=P{{we: X(w)=2}),VzeR

the Probability Mass Function (PMF) of X
E(X) denotes the expected value of X

var(X) = E(X — E(X))?, the variance of X
ox = y/var(X), the standard deviation of X

X|A denotes the random variable X conditioned on the event A.

E(X]A) denotes the expected value of X conditioned on the event A.
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1a: Q — {0, 1}, denotes the indicator function of A, so that

1 ,ifweA
1A(w)—{

0 , otherwise.

Let X,Y be a continuous random variables on a sample space €2, so that X, Y : Q — R.
Let —co <a<b<oo, —00<c<d<oo. Let P be a probability law on 2. Let A C Q.

fx: R — [0,00) denotes the Probability Density Function (PDF) of X, so

b
Pla< X <b) = / fx(z)dz
fxy: R —[0,00) denotes the joint PDF of X and Y, so

Pla< X <bc<Y <d) = //fxya:y)dxdy

fx|a denotes the Conditional PDF of X given A
E(X|A) denotes the expected value of X conditioned on the event A.

Let X be a random variable on a sample space €2, so that X: 2 — R. Let P be a
probability law on Q. Let z,t € R. Let i := /—1.

Fx(z)=P(X <z)=P{Hw e Q: X(w) <z})
the Cumulative Distibution Function (CDF) of X.
Mx (t) = Ee'™ denotes the Moment Generating Function of X at t € R
¢x(t) = Ee"X denotes the Characteristic Function (or Fourier Transform) of X at ¢ € R

Letg,h'Z—>]R Let t € Z.

(g*h)( Z g(j)h(t — j) denotes the convolution of g and h at t € Z
JEZ

Let g,h: R — R. Let t € R.

(gxh)(t) = / g(x)h(t — x)dz denotes the convolution of g and h at t € R

o0

Let f,g: R — R. We use the notation f(t) = o(g(t)), V t € R to denote lim;_q | ‘ =0.

g(t)

USC MATHEMATICS, LLOS ANGELES, CA
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