407 Midterm 1 Solutiond]

1. QUESTION 1

TRUE/FALSE

(a) The negation of the statement “There exists an integer j such that j2—j < 7”7 is: “For
every integer j, we have j3 —j > 7."

TRUE, by the rules of negation, “There exists” is negated to“For every,” and the inequality
< is negated to >.

(b) Let P be the uniform probability law on [0,1]. Let z1,29,... € [0,1] be a countable
set of distinct points. Then

P (UZi{zn}) = 0.
TRUE. By the definition of P, P({z,}) = 0 for all n > 1. So, from Axiom (ii) for

probability laws,
U {zn}) = ZP {z,}) = Zo = 0.

n=1

(c) Let A be a subset of a sample space Q. Then
ANAc=0.

TRUE. Let x € A°. Then x ¢ A, by definition of A°. So, by definition of intersection,
A r(jdj)élLe;c ?4, B, C' be subsets of a sample space (2. Let P be a probability law on 2. Assume
P(C) > 0. Then

P(AUB|C)=PA|C)+P(B|C)-PANB|C).

TRUE. From Proposition 2.38 in the notes, P(-|C) is a probability law on 2. So, this
statement follows from Proposition 2.33, part (ii) in the notes.

2. QUESTION 2

Prove the following assertion by induction on n:

For any positive integer n, we have 1 +2+3+---+n=n(n+1)/2.

Solution. We first check the base case n = 1. In this case, we have n(n+1)/2 = 1(2)/2 = 1.
So, the base case holds. We now check the inductive step. Suppose 1 +2+3+---+n =
n(n + 1)/2 for some positive integer n. We now consider the case n + 1. Then

1424+--+n+n+1)=[14+2+--+n]+(n+1)

1
— —n(n2—|- ) +(n+1) , by the inductive hypothesis
_n+D+20+1)  (r+1)(n+2)  (r+D((n+1)+1)
2 h 2 B 2 '

That is, the desired assertion holds in the case n+ 1. Since the inductive step has concluded,
the assertion holds for all positive integers n.

1September 18, 2020, © 2020 Steven Heilman, All Rights Reserved.



3. QUESTION 3

An urn contains three red cubes and two blue cubes. A cube is removed from the urn
uniformly at random. If the cube is red, it is kept out of the urn and a second cube is
removed from the urn. If the cube is blue, then this cube is put back into the urn and an
additional red cube is put into the urn, and then a second cube is removed from the urn.

e What is the probability that the second cube removed from the urn is red?
e If it is given information that the second cube removed from the urn is red, then
what is the probability that the first cube removed from the urn is blue?

Solution. Let A be the event that the first cube removed is red, and let B be the event
that the first cube removed is blue. Let C be the event that the second cube removed from
the urn is red. Then AN B = () and AU B = Q, so the Total Probability Theorem says

P(C) = P(C|A)P(A) + P(C|B)P(B) = (1/2)(3/5) + (4/6)(2/5) = 3/10 + 8/30 = 17/30.
Now, using that P(C') = 17/30, we have by Bayes’ rule

P(B|C) = P(C|B)[P(B)/P(C)] = (4/6)(2/5)(30/17) = 8/11.

4. QUESTION 4

1 a2 4y?
P(A) = 2—// e dxdy
TJJA

Suppose A ={(z,y) € 2: —1 <z <1}and B={(x,y) € Q: 2? + 9> < 1}.

Are A and B independent? Prove your assertion.

Solution. A and B are not independent. Since B C A and A \. B is nonempty, we have
AN B = B, so that

Let 2 = R?, and define

P(ANB)=P(B)
Meanwhile, P(A) < 1 since

1 22442 1 1 1 0o
P(A):%//Ae( ; )dxdy:\/_Q_ﬂ/lex2/2dx<\/_2_ﬂ/ e*x2/2dl_:1’

Moreover, P(B) > 0 since

1 o2 4y2 1 1
P(B):_// e_< 5 dxdyz—// e V2 dedy = —e V21 > 0.
2 x24y2<1 2T 224+42<1 2

Combining P(B) > 0 with 0 < P(A) < 1, we have
P(A)P(B) < P(B)=P(ANB).
That is, P(AN B) # P(A)P(B). That is, A and B are not independent.
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5. QUESTION 5

Suppose you have $100, and you need to come up with $400. You are a terrible gambler
but you decide you need to gamble your money to get $200. For any amount of money M,
if you bet $M, then you win $M with probability .3, and you lose $M with probability .7.
(If you run out of money, you stop gambling, and if you ever have at least $400, then you
stop gambling.) Consider the following two possible strategies for gambling:

Strategy 1. Bet the amount of money that you have, each time.

Strategy 2. Make a small bet of $10 each time.

Explain which strategy is better. That is, explain which strategy has a higher probability
of getting $400.

Solution. Strategy 1 is much better. The probability of reaching $400 with consecutive
wins is (.3)?, since if you win each time, your sequence of monetary holdings would be: $100,
$200, $400. So, with probability at least (.3)?, you will reach $400 in winnings. On the other
hand, your ability to make it to $400 with Strategy 2 is astronomically low. The Gambler’s
Ruin problem from Example 2.53 in the notes shows that the probability of reaching $400
with $10 bets is the same as: starting with $10, making $1 bets, and stopping when you
reach $0 or $40. The probability of reaching $40 is

(%)10 —1 30 B 310

2—20

e < — = = <
(§)4O 1 T 240 (22)10220 =

And 272 is much less than (.3)*. That is, Strategy 1 is far superior to Strategy 2.
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