505B Final Solutiond]

1. QUESTION 1

Let {B(t)}+>0 be a standard Brownian motion. Let {Y (¢)}:>0, and let {Z(¢)}+>0 be two
(coupled) Itd processes. So, o1, i1, 09, it2: R? — R are continuous functions such that

dY (t) = o1(t)dB(t) + u(t)dt, vVt > 0.
dZ(t) = o9(t)dB(t) + ps(t)dt, vt > 0.
Show that the following “product rule” holds for all £ > 0:
AdYZ)(t) =Y (t)dZ(t) + Z(t)dY (t) + o1(t, Y (t))o(t, Z(t))dt.

(Hint: apply Ito’s formula to Y2, Z2 and (Y + Z)? each separately and then use the equality
YZ=(1/2)((Y + 2 — Y2 - 72).)
Solution. 1t0’s formula and Lemma 8.33

dY?(t) =2Y (1)dY () + d[Y], = 2Y (1)dY (t) + o2 (t)dt
dZ*(t) = 2Z(t)dZ(t) + d[Z), = 2Z(t)dZ(t) + o2(t)dt
Note that
A(Y + 2)(8) = dY (1) + dZ(t) = (o1(t) + 02(0) )dB®) + (p(8) + palt) )dt, ¥t >0,
So, Y + Z is an Ito process, and again by Itd’s formula and Lemma 8.33
dY + Z)*(t) = 2(Y(t) + Z())d(Y + Z)(t) + d]Y + Z);
=2(Y + 2)(t)(dY (t) + dZ(t)) + (o1(t) + o2(t))?dt.
So
2d(YZ)(t) = d(Y + Z)*(t) — dY?(t) — dZ*(t)
— 2V (1)dZ(t) + 2Z(£)dY () + ((al(t) +oa(t)? — 02(t) — sigma%(t))dt

2. QUESTION 2
Let {Y(t)}i>0, and let {Z(t)}+>0 be two 1t6 processes. Then, we define the covariation
process {[Y, Z]; }1>0 so that, for any b > 0, [Y, Z], is the limit in probability as n — oo of

n—1

D (Y (i +1)/n) = Y (bi/n))(Z(bi + 1)/n) = Z(bi/n)),

i=0
if this limit exists. (In particular, [Y,Y]; = [Y]; for all ¢ > 0, where [Y]; denotes the quadratic
variation of Y at time ¢.)

e Show that, for any ¢ > 0, with probability one we have
Y + 2], = [Y]: + [Z]e + 2[Y, Z];.
e Show that, for any ¢ > 0, with probability one we have

Y, Z)| < VY] Z]:-

(This is a special case of the so-called Kunita-Watanabe inequality.)
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e Using the arithmetic mean-geometric mean inequality, conclude that, for any ¢ > 0,
with probability one we have

Y+ 2, <2(Y), +[2)), Vt>o.
Solution. For any b > 0, n > 1and 0 <i <n — 1, we have
(0 + 2)((i +1)/n) = (¥ + 2)(bi/n) ) ((V + Z)(b( + 1) /n) = (¥ + Z)(bi/n))
= (Y(b(i +1)/n) = Y (bi/n))(Y (b(i + 1)/n) — Y (bi/n))
+(Z(b(i +1)/n) — Z(bi/n))(Z(b(i + 1) /n) — Z(bi/n))
+2(Y(b(i 4 1)/n) — Y (bi/n))(Z(b(i + 1) /n) — Z(bi/n)).

Summing over 0 < i < n — 1, and then letting n — oo implies that [Y + Z], = [Y], + [Z]p +
2[Y, Z], for any b > 0.

From the Cauchy-Schwarz inequality (for discrete sequences of real numbers), for any b > 0
and n > 1,

( (YXb@—+])/n)——Y(M/nD(Z(b@—+l)/n)——Z(M/nﬁ)Q

-1 n—

< (Y(b(i +1)/n) = Y (bi/n))* } _(Z(b(j +1)/n) — Z(bj/n))*.

[y

@
Il
o
.
Il
o

Letting n — oo implies that [Y, Z]2 < [Y]y[Z], for any b > 0. The AMGM inequality them
implies that

Y, 2 < VIYD[Zlo < (1/2) (Yo + [2]s) (%)

Combining the above,
(%)
Y+ Z], =Y+ [Z]y + 2[Y, Z], < 2([Y]o + [Z]s).

3. QUESTION 3

Let {B(t)}+>0 be a Brownian motion in R™ (so that B(t) = (Bi(t),..., B,(t)) where
{B(t)}t>0,- .-, {Bn(t) i>0 are n independent one-dimensional Brownian motions). For any
r=(r1,...,2,) € R" denote ||z|| := (2?4 -+ 22)"/2. Denote the open unit ball in R" as

D :={x=(xy1,...,2,) € R": ||z]| < 1}.

For any x € D, we use the notation E, to denote that the Brownian motion is started at x
(so that B(0) = z). Define a stopping time

T :=inf{t > 0: B(t) € 0D}.

e This problem describes the distribution of the exit time of Brownian motion from the
unit ball D. Let f: R®™ — R be an infinitely differentiable function. Let p denote
the probability measure that is uniformly distributed in 0D. Show that,

E.f(B(T)) = 1 Jlal d VYreD
«f(B(T)) = 7/ (y)du(y), z € D.

op [z =y
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(Hint: let ky(z) := e any x,y € D with x # y. You can freely use the fact

T =yl

that Ak,(x) = 0, where A is the Laplacian on R". Define

2
(@) = {faD e/ Wduly) itz eD
f(zx) ,ifx € OD.
Is it true that Av(z) = 0?7 You do not need to justify moving the Laplacian inside
the integral. Moreover, you may freely use that a solution of the Dirichlet problem
is unique.)
e Let 0 <a<b<oo. Let U denote the annulus

U:={xeR": a<|z| <b}
Define u: R" \ {0} — R by

]  ifn =1
u(z) == ¢ log ||zl ,ifn =2
)" ,ifn > 3.

Verify that Au(z) = 0 for all = # 0. Define
T, :=inf{t > 0: ||B(t)|| = a}, T, ;= inf{t > 0: ||B(t)|| = b}.
Show that, for any = € U,
u(b,0,...,0) —u(x)
(b,0,...,0) — u(a,0,...,0)

(Hint: Since u is harmonic, how is u(z) related to E,u(B(T, A Ty)) ?)
e Let z € R" with ||z]| > a > 0. Conclude that

Pm(Ta < Tb) = "

P(T, < o0) = 1 ,ifn <2
e @/ Iz )2 L ifn > 3.

(This is analogous to our recurrience/transience results for the simple random walk
on Z".)

Solution.
For any x € D, we know from Theorem 8.40 in the notes that

9(x) == E, f(B(T))

solves the Dirichlet problem, i.e. Ag(z) =0 for all x € D and g(z) = f(z) for all z € 9D.
So, by uniqueness of solution of the Dirichlet problem, since g(z) = v(x) for all x € 9D, it
suffices to verify that Av(xz) = 0 for all z € D. We can justify this identity by moving the
derivatives inside the integral:

Av(z) :/BDA 1_—”x||nf(y)du(y) =/ Odu(y) = 0.

x
[l = yll oD

Now, since u is harmonic, we have from Theorem 8.40 that

u(@) = Equ(B(Ty ATy)) = u(a,0,...,0)P(Ty < Ty) +u(b,0,...,0)P(T, > Tp)
= u(a,0,...,0)P(T, < Tp) +u(b,0,...,0)[1 — P(T, < Tp)].



Solving for P(T,, < T}) gives

u(z) — u(b,0,...,0)
u(a,0,...,0) —u(b,0,...,0)
Letting b — oo, we have T, — oo as well, so that

L u(l‘)—u(b,o,...,())
P(Ta<Tb)—blggou(a,o,.,,,o)_u(b,o,...,o)'

P(T, < Tp) =

When n =1, we have
lim

() ..zl =0
() : !

= |Im =
(b)  v=co |af —[b]

—u
—u
When n = 2, we have
(e —u(b,0) . doglr o o]
b—oo u(a,0) — u(b,0)  b—oo log|lal| — log |||
When n > 3, we have When n = 1, we have

. u(@) —u(b,0,...,0) P =P [l
lim = lim 5 5 = -
b—oo u(a,0,...,0) —u(b,0,...,0)  boo llal| — ||o]] al|

4. QUESTION 4

Suppose we have n finite, irreducible transition matrices P, ..., P, with n corresponding
state spaces €1y, ...,€2, and stationary distributions 7, ..., m,. Define Q := Qy x --- x .
Let w = (wy,...,w,) be a probability distribution on {1,...,n}. Consider the (discrete-
time) Markov chain on 2 that, at each step, selects coordinate 1 < j < n with probability w;,
and then changes the state of the chain only in coordinate j according to P;. The transition
matrix P for this chain is then

P(z,y) = ijPj(xj,yj) H Ligp=gys Vo= (T1,...,20),y = (W1,.-.,¥n) € Q.
j=1

(You do not have to prove this.) For each 1 < j <n, let f;: Q; — R, and define the tensor
product function fi ® fo®---® f,: 2 = R by

(fl®f2®"‘®fn)<x17---7xn> ::Hfj(xj)’ Vo= (xl,...,a:n) e 0.

Let m:=m ®--- ®m, (so that 7 is a probability distribution on €2, where we consider each
7; to be a function on 2; in order to use the tensor product definition). Then r is stationary
for P (you do not have to prove this). Assume that, for any 1 < j < n, the transition matrix
Pj has an eigenfunction f; € R% with eigenvalue ;.

e Show that the function f := f; ® --- ® f, is an eigenfunction of P with eigenvalue
Do Wi

e Assume that, for each 1 < j < n, B; is an orthonormal basis for R% with respect to
the inner product (-,-),,. Show that

B={fi®fh@ - fu: fjeB;, V1<j<n}

is an orthonormal basis with respect to the inner product (-, ).
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o If P; has spectral gap 7; for all 1 < j <n, show that P has spectral gap

‘= min w
i 1<j<n i3

e For any 1 < j <mn,let Q; :={—1,1} and let P;(a,b) =1 for all a,b € {—1,1} with
a # b and Pj(a,b) = 0 otherwise. Let w := (1/n,...,1/n). Then P on ) corresponds
to the simple random walk on the discrete hypercube {—1,1}". (You do not have to
prove this.) Conclude that the spectral gap for the Markov chain P on € is

v =2/n.

e Using the result from Exam 2, then give a bound on the mixing time of the Markov
chain P on Q = {—1,1}".

Solution. By assumption P;f;(z;) = X, fij(x;), i.e.

> Pilwi ) fily) = Nifila). (%)

Y5 €5

Now, fix x = (x1,...,2,) € . Then

yeN
o Z ij xj’ yJ H 1{$k:yk} H fz(yz)
yeQ j=1 ke{l,..,n}: i=1
k#j
o ij Z P $],y] Z H l{xk:yk}Hfi(yi)
Y €8y Ye€Q VEe{1,....n}~{j} ke{1,...n}: i=1
k#j
=> w; > Pilayyy) [ filw) = Zw] > Pyl ) i) H fkm)
J=1  y;eQy i=1 Y€ ke{l,...,
k#]
= ngx f(x;) H fkm ij ka (k) ngA (@ ® fo)(@).
ke{1,..., j=1
k#J

By definition of 7, if g = g1 ® - - - ® g, € B, then

<f7 g>ﬂ' = H(fla gl>ﬂ'z

i=1

This equality implies: if f, g € B with f # g, then (f, g), = 0 (since at least one term in the
product on the right is zero) and (f, f), = 1 (since the term on the right is then a product
of ones). So, B forms an orthonormal set. To see that B is a basis, note that the set of all
functions on 2 has dimension [[}_, |€%;], and B has the same number of elements. Therefore,
B is a basis.



The set of all eigenvalues of P is

A= {Z wjA;: Aj is an eigenvalue of P; forall 1 < j < n}.
j=1
Since \; < 1 for all 1 < j < n, the largest element of A is Z?Zl w; = 1. The next largest
element of A then correspond to all choices of \; being equal to one, except one (the choice of j
with the smallest (weighted) spectral gap). Let 1 < j' < n such that wjy; = min;<;<, w;7;.
That is, the second largest eigenvalue of P is

je{1,...n}: j#5’

So, P has spectral gap equal to 1 minus this number, i.e.

V=W = 1r<n]12n W57
. . 0 1 .
By assumption, the eigenvalues of P; = 1 o) e land —1,s0y; =2forall1 <j<n.

With w = (1/n,...,1/n), the previous problem shows that v = (1/n)(2) = 2/n.
Finally, the result from exam 2 shows that v = O(n?).

5. QUESTION 5

This problem is a continuation of the mixing time problem from Exam 2. Suppose we have
a finite, irreducible Markov chain with state space €2, transition matrix P, and stationary
distribution 7. For any 0 < p < oo, and for any f € R?, define

17l = (@ 7@) " Bef =Y fa)m(a)

e e

Another way to bound the mixing time is to give a bound on the logarithmic-Sobolev
constant of the chain (or log-Sobolev constant). Define a > 0 so that 1/« is the smallest
constant ¢ > 0 such that, for all f € R® with || f]l, . # 0,

Z’f(:c)|2 [log<||{;ﬁ2)|2>] Z |f(x Y| Pz, y)m(x). (%)

zye

(If no such c exists, o := 0.) (Note that (x) is dilation invariant, i.e. if f € R? satisfies (%),
then tf also satisfies (x) for all ¢ > 0.) You can freely use the following bound:

mingeq T

1 1 ot

e Give an upper bound on the mixing time of a Markov chain in terms of the log-Sobolev
constant a.

e Additionally assume the Markov chain is reversible. Show that the spectral gap
can be equivalently defined so that 1/ is the smallest constant b > 0 such that, for

all f € RY,
53 1)~ f) P ) Sb—Zif o)l Pl y)().



(If no such b exists, v := 0.) (Hint: the left side is the variance of f.)

e Additionally assume the Markov chain is reversible. Show that 2« < ~. (Hint:
consider f =1+ &g in the definition of the log-Sobolev constant, and let ¢ — 0%.)

e Let us re-use the notation of the previous problem to define Py, ..., P,, Q1,...,Q,,
T, ...,Tn, ), w and P. Show: if P; has logarithmic Sobolev constant «; for all
1 < j <n, then P has logarithmic Sobolev constant

o = min w;o;.
1<j<n

(Hint: just consider the case n = 2. Let f: ; x Q3 — R. Define F': Q3 — R by
F(zy) = \/2331691 |f(x1,25))° w1 (1), V 25 € Qy. Observe that

S 1@ [og (LD ]nw) - 3 17 (%)mw

e 17115, s

DY |f<as1,x2>|2[1og(M)]w<xl,x2).

(z1,22) €D x Q2 |F($2)|

Apply the definition of as to the first term, and apply the definition of a; to the second
term. Then, observe that [F'(a) — F'(b)| < [|[f(-;a) — f(-,b)|ly,, for all a,b € Q5 to
get a bound on the first term in terms of f(xq,-). )

e For any 1 < j <n,let Q; := {—1,1} and let Pj(a,b) =1 for all a,b € {—1,1} with
a # b and Pj(a,b) = 0 otherwise. Let w := (1/n,...,1/n). Then P on  corresponds
to the simple random walk on the discrete hypercube {—1,1}". (You do not have to
prove this.) You can freely use that a; = 1 for all 1 < j < n. Conclude that the
log-Sobolev constant for this Markov chain P on € is

a=1/n.

How does the resulting bound on the mixing time of this Markov chain compare with
the bound from the previous problem?

Solution. Expanding out the right side, using reversibility (w(z)P(z,y) = 7(y)P(y,x)),
and that the sum of any row of P is 1,

—Z\f W)I* P(z,y)n(z) = Y |f (@) Pla,y)n(a) = Y f@)f y)m ()

z,y€eN Y€ Hyee
= lf @ (@) =Y f@)(Pf)(z)m(x).
zEQ zef

So, we need to show that, for all f € R?,

Varof <~ (L 1f@)e(e) = 3 F@)(PF)@r(a)
e e
with equality when f is the eigenfunction of P with the second largest eigenvalue. Let f € R
and let fi,..., fo be eigenfunctions of P with eigenvalues 1 = Ay > Xy > -+ > )\, > —1.
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Then f = Zlml ci fi where ¢; = (f, fi)r for all 1 <4 <. Then

12
Var, f = Zcf,
2] 12| 12| [¢]]
D_f@Fr@) = f@PhH@)r) =D Z Aic} = Z — )l =D (1= X)el.

The penultimate equality used A\; = 1. Since Ay > )\i for all 2 < i < |Q, we have 1 — \; >
1 — Ay = also, ie. %(1 — ;) > 1 for all 2 <i<mn, so that

2] 2]
— Z 1—\)c? > Z 2,
=2

And equality holds when ¢; = 0 for all 3 <1< n. That is,

Var, f <+ (Z F@)P (@) = Y F@)(Pf@)r()),

€ e
with equality when f = fs.
Now, consider f =1+ eg. The right side of (%) is

—Zlf y)I” Pz, y)m —8—Z|9 y)I” Pz, y)(z)
z,ye) z,yeN
We now examine the left side of (x). We have
@) = (1+eg(2))* = 1+ 2¢g(2) + (g(x)™
12 = 11 +eglly, = 1+ 26Brg + €% llgll5.,
[f(@)]* _ 1+ 2eg(x) +(g())?
Ifl2. 1+ 2eExg + 2 g5,
Then, using log(1 + ae + be?) = ae + be? — (ae + be?)?/2 4+ O(e?) = ae +£%(b— a?/2) + O(&3)
2
o (L2
1112,

) =tog (14 229(x) + e(g(@))?) ~ log (14 2Erg + 22 lgl3,, )

= 2¢(g(x) — Brg) + £2((9(x))” = 2(9(2))” + 2(Bxg)* — |lgll5..) + O(?)
= 2(g(z) — Erg) + £°(—(9(2))* + 2(Exg)” — |lgll5..) + O(£”).

Therefore,

o e <|r{;uz>’ )

= (1+ 209(@) + £2(9(2))*) (22(9(x) — Exg) + £2(~(9())* + 2(Exg)? — lgl13,.) + O("))
2+ 2(Exg)? — I3, + 4(9(2))? — 49(2)Eng)

= 2¢(g() — Brg) + ¢ (3(g(2))? + 2(Bng)? — lgl13, — 49(2)Brg ) + O(*)

= 2¢(g(z) — Eqg) + &



And

S 1@ [tog (LY @) = (31912, + 280 — Il — 4(Bxg)?) + O

z€Q ||fH2,7r

= 2*2(|lgll5,, — Exg)® + O(c") = £°2Var(g) + O(c?)

So, letting ¢ — 07 in the log-Sobolev inequality, we arrive at

2Var(g <——Z!g y)I” Pa.y)m(z).

z,y€e)
From the previous part of the problem, we conclude that i > %y’ ie. v > 2a.
For the next part of the problem, note that it suffices to prove the case n = 2 and then

iterate. As in the hint, let F(zy) := \/leem |f (21, 22))° m1(21), ¥ 2o € Qy, and observe
that

> 1@ [1og (||{JE||2W )70 = 3 1P Uﬁ)' )l

el 2260
2
XT1,T
s Y el [log (LD | 1)
(z1,22)€Q1 X2 | F(22)]

We then apply the definition of as to the first term, and apply the definition of a; to the
second term (noting that |F(z,)|* = Hf(',xg)Hgm) to get

S 1@ [og (LY @) < L1 5 1) - FulE Pato oimaes

HfHQ,ﬂ- ap 2 x2,Y2€002
11

0412

(X @) = flyna)l Prlay,yo)m(a) ) ma(eo)

2602  x1,Yy1€801

Also as suggested in the hint, observe that for all a,b € s, by the (reverse) triangle
inequality,

[F(@) = FO) = 17 0)llan, = 170 | < 176 0) = F0)
So, we can apply this inequality to the first term above to get

S 1£@)P [ros (L) ) < 2 S0 1w — )3 Prloas)ma(a)

€N “fHQJF az 2 T2,Yy2€820
11
=3 (X nwe) — funw) Pl g)m(a) ) m(es)
1

x2€Q2  x1,y1€M

= 5 Z ( Z f(x1,22) f(xl,y2)|2w2P2(x2,yg)ﬁg(x2)>7r1(x1)
UJQOZQ 271€Q1 T2,y2€82

wlOél_ Z < Z flan,w2) = f(yl’$2)|2wlPl(xlv?/2)771($1)>7T2($2>-

22€02 x1,Y1€N




By definition of P, we then have

S s (| ;ﬁQ‘Q)]m) <max (L) 3 156a) = F0) Plasirta).

The result follows.

Finally, the mixing time bound we get from this problem is O(nlogn), which is much
smaller than the O(n?) bound we got from the previous problem.

More specifically, using the inequality

1
max [ Hy(z,-) = 7()|lry < \/5 log (

to get a mixing time bound, it suffices to solve for ¢ such that

1 1
—lo (,—)eiut <1/4.
\/2 & mingeq 7(y) /

Solving for ¢, we get e=2** < 1/8log (é), ie. —2at <log (1/810g (+>), ie.

mingeo 7(y) mingeq m(y)

t> %log <8log <m)>

1
(y)>e_°‘t, Vit >0,

mingeo 7

We conclude that

1 1
e = o (1o (1))
20 mingeq 7(y)

Substituting in w(y) = 27" for all y € Q and a = 1/n, we get
tmix < glog (8 log 2”) = glog(8n log 2).
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