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1. REVIEW OF MEASURE THEORY

1.1. Measurable Spaces. Measure theory is the foundation of probability theory. Proba-
bility theory deals with measures such that the measure of the universal set is 1. Measure
theory then allows us to assign probabilities to events that could possibly occur, so that the
probability of a set is the measure of that set. Unfortunately, it is impossible in general
to have a measure on all subsets of a set. For this reason, measure theory is a nontrivial
endeavor.

Let us recall some definitions from measure theory. An algebra of sets F is a set of
subsets of a set € such that (), € F and such that F is closed under finite union and
complement. That is, (i) if A, B € F, then AU B € F and (ii) If A € F then A° € F. One
can check that F is then closed with respect to finite intersection (since AN B = (A°U B°)°,
difference (since AN B = AN B°), and symmetric difference (sinceAAB = (AN B)U(B\A).

Definition 1.1 (o-algebra, Measurable space). A g-algebra F in Q (or o-field) is
an algebra closed under countable union. So, if A;, Ay,... € F, then U A, € F. A
measurable space is a pair (£2, F) where Q is a set and F is a o-algebra in €. Elements
of F are called measurable sets in the measurable space (2, F).

If 7, F' are two o-algebras in F, we say that F is coarser than F’ (or F' is finer than
F)if F C F', so that every set in F is in F'.

Remark 1.2. From De Morgan’s Laws, if F is a o-algebra, and if Ay, As,... € F, then

In probability theory, the o-algebra represents all things that could possibly happen. For
this reason, sets in F are called events. And below we will assign probabilities to events.

Example 1.3. If Q is any set then {0, Q} is a o-algebra. And {0, Q} is the coarsest o-algebra
on (2.

Example 1.4. If Q is any set then 2% = {A: A C Q} is a o-algebra. And 2% is the finest
o-algebra on . We sometimes call 2 the discrete o-algebra.

Example 1.5 (Generated o-algebra). It follows from Definition 1.1 that if {F;};cs is a
collection of g-algebras on €2, then N;c;F; is also a c-algebra on €. If A is a collection
of subsets of €, we then define the o-algebra generated by A, denoted o(A), to be the
intersection of all o-algebras containing A. (This intersection is nonempty, since 22 contains
A.) Equivalently, o(.A) is the coarsest o-algebra such that every set in A is measurable.

2



Example 1.6 (Borel o-algebra). Let n > 1 and let © := R™ or Q := C". The Borel
o-algebra is the o-algebra generated by the open sets of {2. Measurable subsets in the Borel
o-algebra are called Borel sets. Unfortunately, some subsets of R™ are not Borel sets.

More generally, we could define the Borel sets on any any locally compact, Hausdorff,
o-compact topological space . (A o-compact space €2 can be written as a countable union
of compact sets.)

Exercise 1.7. This exercises gives a strategy for proving a property for a generated o-
algebra.

Let A be a collection of subsets of a set €2, and let p(A) be a property of subsets A of €,
so that p(A) is true or false for each A € 2. Assume the following:

e p(0) is true.

e p(A) is true for all A € A.

o If A C ) issuch that p(A) is true, then p(A°) is also true.

o If Ay, Ay, ... C Q are such that p(A4;) is true for all i > 1, then p(U2, A;) is true.

Show that p(A) is true for all A € o(A). (Hint: what can one say about {A C Q :
p(A)is true}?

Example 1.8 (Product c-algebra). Let (£2;, F;)icr be a collection of measurable spaces.
We define the product o-algeba, denoted [, ; F;, on the product space [],., €, to be the
o-algebra generated by the basic cylinder sets. If j € [ is fixed, then a basic cylinder set is
a set of the form

{(x)ier € HQZ x; € A; for some fixed A; € F;}.
iel
So, if I ={1,2}, then F; x F3 is generated by sets of the form A; x Qy and Q; x Ay where
A1€JT"1 andAQGJ:Q.
It turns out that F; x F> is also generated by the sets A; x Ay where A; € F; and Ay € Fs,
but this is no longer true when I is uncountable.

Exercise 1.9. Let n > 1. Show that the Borel o-algebra on R" is generated by sets of the
form Ay x --- x A, where A; C R is a Borel set for every 1 <i < n.

1.2. Measurable Functions.

Definition 1.10 (Random Variable). A function X: Q@ — S between two measurable
spaces (€, F), (S, B) is said to be measurable if X~!(B) € F for every B € B. (Recall that
X7 YB) ={w € Q: X(w) € B}.) A measurable function X is sometimes called a random
variable.

If n > 1 and if (S, B) is R” with the Borel o-algebra, then X is sometimes called a random
vector. Some authors refer to a random variable only as a function X: Q — [—o0, 00],
where [—00, 00| has the Borel o-algebra.

Remark 1.11. The composition of measurable functions is measurable.

Exercise 1.12. Let n,m > 1. Let f: R® — R™ be a continuous function. Show that f is
measurable (if R”, R™ each have the Borel o-algebra.)
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Exercise 1.13. Let X;: Q — S51,...,X,,: Q@ — S,, be measurable functions. Show that the
joint function (Xi,...,X,): @ — 51 x -+ x S, defined by

(X1,..., Xo)(w) = (X1(w), ..., Xn(w)), VweQ
is measurable.

Remark 1.14. So, if F': Sy x---x S, — S is measurable, then F'(Xy, ..., X,) is measurable.
In particular, if X;, Xy are two real-valued random variables, then X; 4+ X5 is a random
variable, X; - X5 is a random variable, etc.

1.3. Measures.

Definition 1.15 (Probability Space). Let (£, F) be a measurable space. A measure f
is a function p: F — [0, 00] such that

o u(®) =0.

o If A, Ay, ... € F are disjoint, then

u(UZ  Ai) = ZM(Ai)-

A probability measure on () is a measure p such that u(2) = 1. A probability space is
a triple (2, F, u) where p is a probability measure on the measurable space (€2, F).

Some property p(w) that holds for all w € Q except for a set of measure zero is said to
hold almost everywhere (abbreviated a.e.) or almost surely (abbreviate a.s.) or for
almost every w.

We will typically use the notation P for a probability measure.

Example 1.16 (Discrete Probability Space). Let Q2 be a finite or countably infinite set.
For any w € Q let a,, > 0. Assume that }° _,a, = 1. For any A C Q, define

P(A) = Z Ay

wEA

Then P is a probability measure on (£2,29).

Example 1.17 (Lebesgue Measure). Let 2 = R. Then there exists a unique measure m
on the Borel o-algebra of R such that m([a,b]) = b — a for every —oo < a < b < oco. This
measure m is called Lebesgue measure (restricted to the Borel o-algebra). (Recall that
Lebesgue measure is typically defined on a o-algebra that is larger than the Borel o-algebra.)

More generally, for any n > 1, there exists a unique measure m,, on the Borel o-algebra
of R" such that

mp (a1, b1] X -+ X [an, by]) = (b1 — a1) -+ - (b, — ay),

for all —oo < a3 < by < 00,...,—00 < a, < b, < o0o. Lebesgue measure and other
commonly encountered measures are proven to exist by the following Theorem.

Recall that a nonnegative completely additive set function v: F — [0, 00| on an algebra F
of sets satisfies v(U2,A;) = > o2, v(A;) whenever Ay, Ay, ... € F are disjoint and U2, A; €
F. Also we say v is o-finite if 2 satisfies Q = U2, A; for some Ay, Ay, ... € F such that
v(A;) < oo for all i > 1.



Theorem 1.18 (Carathéodory Extension Theorem). Let F be an algebra of subsets of
a nonempty set (), and let v be a nonnegative completely additive set function on F that is
o-finite. Then there exists a measure v on o(F) such that p(A) = v(A) for all A € F.

Proof Sketch. Let F be an algebra, v a nonnegative completely additive set function on F

with v(2) < co. Let U be the class of all countable unions of sets in F, and let IC be the

class of countable intersections of sets in F. We want to define an “outer measure” and

“inner measure” from v on subsets of €). This can be done unambiguously for any F C §2:
piE) = inf p(U) and  p(E):= Kg%geku*(K),

where p*(U) = limy, 00 ¥(Ay), where U2 A, = U and A C A C -+, A, € FV¥n>1,

and . (K) = lim,, o v(C,) where N0°,C,, =K and C; 2Cy 2 -+, C, € FVn>1.

We then define B to be the set of subsets where p* and p, agree (in general, we only have
w(E) < p*(E) for a subset £ C Q). It turns out that B is a o-algebra, containing U and
K (and F). Moreover, p* is a measure on . Therefore, B contains the smallest o-algebra
o(F) containing F, and p* is a measure on o(F). This proves existence. Uniqueness follows
since any other extension ' has to agree with p* on U and K (by definition of U, K). Thus,
for any £/ € B and for any K C F C U such that K € K and U € U, we have

p:(K) = p/(K) < p/(E) </ (U) = p(U).
So, taking supgcx. gcp and infyey. pcy (and using the definition of B O o(F)) gives our
desired result (with our special hypothesis () < o).
To handle the o-finite case, one writes 2 = U A; with v(A4;) < co and A; € F for all
1 > 1. The above results applies to each of A, Ay, ..., and a “piecing together” argument
concludes the proof. O

Exercise 1.19. Let p be a measure on a measurable space (§2, F). Using the axioms for a
measure, show:

e (Monotonicity) If A C B are measurable, then p(A) < u(B).
e (Subadditivity) If A;, As, ... are measurable (but not necessarily disjoint), then

u(Uff:lAn) < Z ,“(An)-

e (Continuity from below) If A; € Ay C .- are measurable, then p(US,A,) =

e (Continuity from above) If A} O Ay O --- are measurable and if u(A;) < oo, then
u(N, Ay) = limy, o0 pt(Ay). Then, find a measurable space (§2, F) and measurable
subsets By 2 By O --- such that u(N%, B,,) # lim, o pu(By).

Exercise 1.20. Let (2, F) be a measurable space. Let [—00, 00| have the Borel o-algebra.

o Let X: Q — [—00,00]. Show that X is measurable if and only if the sets {w €
Q: X (w) <t} are measurable for all ¢ € [—o0, 00].

e Let X,Y: Q — [—00,00]. Show that X =Y if and only if {w € Q: X(w) < t} =
{w e N: Y (w) <t} forall t € [—o0, 0.

o Let Xy, Xy,...: Q — [—00,00] be measurable. Show that sup,,~; Xp,inf,>1 X,,
limsup,,_, . Xn, and liminf,_, X,, are all measurable. N
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Definition 1.21 (Almost Sure Convergence). Let (22, F, P) be a probability space. Let
X1, Xo,...: Q — [—00,00] be measurable. We say that X;, Xs,... converges almost
surely if

liminf X,, = limsup X,

n—00 n—o00

almost surely. In this case, we define lim,, ,., X,, by

lim X, := liminf X,, = limsup X,,.

n—oQ n—oo n—oo
Note that lim,,_,. X, is well defined except on a set of measure 0.
Exercise 1.22. Let p be a probability measure on R, where R has the Borel o-algebra.
(Then p is a Stieltjes measure.) Define the distribution function F': R — [0, 1] associated
to pu by
F(t) == p((—o0,t]) = p{z e R: —o0 <z < t}), VteR.

Show the following properties of F"

e F'is nondecreasing.

o lim;, o, F(t) =0 and lim;_,, F'(t) = 1.

e [ is right continuous, i.e. F(t) = lim, ,+ F(s) for all £ € R.
Remark 1.23. The converse of Exercise 1.22 holds. That is if F': R — [0, 1] satisfies the

three properties from Exercise 1.22, then there exists a unique probability measure @ on R
such that F'is the distribution function of pu.

If a distribution function is given, a random variable exists with that given distribution
function.

Corollary 1.24 (Construction of a Random Variable). Let F': R — [0, 1] satisfy the
three properties from Ezercise 1.22. Then there exists a random variable X on a probability
space (2, F,P) such that

Ft)=P(X <t)=P{w € Q: X(w) <t}), VteR.
Proof. Use 2 = R with the Borel o-algebra, and let P be the probability measure on R

associated to F' known to exist by Remark 1.23. Let X: R — R so that X(¢) = ¢ for all
t € R. Then by the definitions of X and F', P(X <t) =P((—o0,t]) = F(t), Vt € R. O

Exercise 1.25. Let F': R — [0, 1] satisfy the three properties from Exercise 1.22. Show
that there exists a random variable X on (0, 1) with the Borel o-algebra such that

Fit)=P(X <t), VteR

Here P is Lebesgue measure on (0,1). (Hint: consider X (¢) := sup{y € R: F(y) < t}. Then
X is an inverse of F.)

Definition 1.26 (Cumulative Distribution Function). Let (2, 7, P) be a probability
space. Let X: €2 — R be a random variable. The cumulative distribution function of
X, denoted F': R — [0, 1], is the function

F(t):=P(X <t), VteR

In the more general setting X : Q — S, the distribution of X (or the law of X) is the
probability measure pux defined for any measurable A C S by

px(A) =P(X € A) =P{w € Q: X(w) € A}).
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From Exercise 1.22 applied to ux when X:  — R, the cumulative distribution function
of X satisfies the three properties of Exercise 1.22.

In many interesting cases, the distribution of X is absolutely continuous with respect to
Lebesgue measure. In this case, by Lebesgue’s Fundamental Theorem of Calculus, there
exists a Lebesgue integrable function f: R — [0,00), called the density function of X,
such that F(t) = ffoo f(x)dx for all t € R. Moreover, f is the derivative of F' almost

everywhere (with respect to Lebesgue measure on R). By Exercise 1.22, ffooo flz)dz = 1.

Example 1.27. Let —00o < a < b < co. We say that X is uniformly distributed in
[a,b] if X has density function f such that f(z) = 1/(b—a) for all z € [a,b] and f(x) =0

otherwise. Then X has the following cumulative distribution function.

0 Jift<a
Fit)y=<(t—a)/(b—a) ,ifa<t<b
1 ,if t > b.

Example 1.28. We say that X is a standard Gaussian (or standard normal) if X has
density f(z) = e */2/\/2n, ¥ z € R.
Definition 1.29. We say two random variables X: Q@ — R Y: S — R are equal in dis-
tribution, denoted X < Y, if XY have the same cumulative distribution function.
Exercise 1.30. Let X be a random variable with cumulative distribution function F: R —
[0, 1]. Show:

o P(X <t)=lim, - F(s).

e P(X =t)=F(t) — limy_;— F(s).
So, P(X =1t) =0 for all ¢t € R if and only if F' is continuous.

Example 1.31. Let X be a random variable such that P(X = 0) = 1. Then F(t) = 0 when
t <0and F(t) =1 when t > 0.

Exercise 1.32. Let i be a probability measure on R", where R™ has the Borel o-algebra.
Define the distribution function F': R" — [0, 1] associated to p by
F(ty,...,tp) == pu((—o00,t1] X -+ X (—00,1,])
=u({(z1,...,2,) €R": —00 < a; <t;, V1 <i<n}), Vity,...,tn € R

Show the following properties of F"

e [ is nondecreasing. (F(ti,...,t,) < F(t},...,t)) whenever t; <t, V1 <i<n.)

o limy, 4 oo F(t1,...,t,) =0 and limy, 4, oo F(t1,...,t,) = 1.

e Fis right continuous, i.e. F(ti,...,t,) = lm, o), 00+ F(515- .., 8,) for all

t1,...,t, € R, where the limit restricts that s; > ¢, V1 <i <n.
o If ti,O S ti,l V1 S 1 S n, then

Z (_1)w1+--~+Wn+nF(t17wl, .. 7tn,wn) > 0.
(Wl,--wwn)E{O,l}"

Remark 1.33. The converse of Exercise 1.32 holds. That is if F': R™ — [0, 1] satisfies the
four properties from Exercise 1.32, then there exists a probability measure p on R™ such
that F' is the distribution function of u.



Corollary 1.34 (Construction of Several Random Variables). Let F': R" — [0,1]
satisfy the four properties from Exercise 1.32. Then there exist random variables X1, ..., X,
on a measurable space (Q, F) such that

F(tl,...,tn) :P(Xl Stly'-anStn)a th,...,tn GR

1.4. Expected Value, Integration. If A C () is a measurable subset of a measurable
space, we define the indicator function of A, denoted 14: Q — {0, 1} by

1 ,ifweAd
1 = ’
a) {0 ifwé A

Definition 1.35 (Expected Value). Let X: Q2 — [0,00] be a random variable on a
probability space (€, F,P). We say X is an unsigned simple function if 3 m > 1, 3
ai,...,am € [0,00] and 3 disjoint measurable Ay, ..., A,, C Q such that X = )" a;14,.
We define the expected value of X (or the mean of X), denoted EX, by

=1

If X:Q — [0,00] is any random variable, we define the expected value of X to be
EX :=sup sup EY.

m>1 0<Y (w)<X(w),VweN
Y=>"1") a;1la, unsignedsimple

If X:Q — [—o00,00] satisfies E | X| < oo, we define the expected value of X to be
EX := Emax(X,0) — Emax(—X,0).
If X:Q — C satisfies E |X| < 0o, we define the expected value of X to be
EX := ERe(X) + vV—1EIm(X).
If E|X| < oo, we say that X is absolutely integrable. When EX exists we sometimes
write EX = fQ XdP to match analytic notation and emphasize dependence of EX on P.

Exercise 1.36. Let (2, F,P) be a finite or countable probability space. If X: Q — [0, oo]
is a random variable with E |X| < oo, show that

EX =) X(w)P(w).
weN

Exercise 1.37. Let X, Y be random variables such that X, Y > 0or E |X|,E|Y| < co. For
any a € [—o0, 0], define 0 - a := 0. Show:

e E(X+Y)=EX+EY and if ¢ € R, then E(cX) = cEX.

o If P(X =Y) =1, then EX = EY.

e E|X| > 0 with equality only when X = 0 almost surely.

o If X <Y almost surely, then EX < EY.

Exercise 1.38 (Inclusion-Exclusion Formula). Let A;,..., A, C Q be events. Then:
PULA) =Y P(A)— > PANA)+ Y PANANA
i=1 1<i<j<n 1<i<j<k<n

o (=DP(AIN - N AY).



n

To prove this formula, show that 1un 4, =1 —][;_;(1 —14,) and then take expected values
of both sides.

1.5. Inequalities.

Exercise 1.39. Let ¢: R — R. We say that ¢ is convex if, for any x,y € R and for any
t € [0,1], we have
otz + (1 = t)y) < to(x) + (1 —1)o(y).
Let ¢: R — R. Show that ¢ is convex if and only if: for any y € R, there exists a constant
a and there exists a function L: R — R defined by L(z) = a(z —y) + ¢(y), © € R, such that
L(y) = ¢(y) and such that L(z) < ¢(x) for all z € R. (In the case that ¢ is differentiable,

the latter condition says that ¢ lies above all of its tangent lines.)
o(y)—o(x)
y—x

(Hint: Suppose ¢ is convex. If z is fixed and y varies, show that
increases. Draw a picture. What slope a should L have at z7)

increases as y

Exercise 1.40 (Jensen’s Inequality). Let X: 2 — [—00, 00| be a random variable. Let
¢: R — R be convex. Assume that E|X| < oo and E |¢p(X)| < co. Then

P(EX) < E¢(X).
(Hint: use Exercise 1.39 with y := EX.) Deduce the triangle inequality:
EX| <E|X].
Exercise 1.41 (Markov’s Inequality). Let X : Q — [—00, o] be a random variable. Then

E|X
P(|X|>1) < |T| Vi > 0.

(Hint: multiply both sides by ¢ and use monotonicity of E.)
Corollary 1.42. If n is a positive integer, then

E|X|"
P(|X|>1t) < |t"| , vt > 0.
Proof. From Markov’s Inequality, Exercise 1.41,
E|X|"
P(X|2 ) =P(x|" 2 < TOL viso

U
We refer to E | X|" as the n® moment of X.

Definition 1.43 (Variance). Let X: Q — [—o0, 0] be a random variable with E | X| < co
and EX? < co. We define the variance of X, denoted var(X), to be

var(X) = E(X —EX)? = EX? — (EX)”.
Exercise 1.44. Combining Jensen’s Inequality with the Monotone Convergence Theorem
below, Theorem 1.54, show that if EX? < oo, then E |X| < oo, so EX € R.

Exercise 1.45. Let a,b € R and let X :  — [—00, 0] be a random variable with EX? < oo.
Show that
var(aX + b) = a*var(X).
Then, let X be a standard Gaussian. Show that EX = 0 and var(X) = 1.
Finally, show that the quantity E(X — ¢)? is minimized for ¢ € R uniquely when ¢t = EX.
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Replacing X by X — EX and taking n = 2 in Corollary 1.42 gives:

Corollary 1.46 (Chebyshev’s Inequality). Let X: Q — [—o0,00] be a random variable
with EX? < oo. Then

X
P(|X —EX|>1t) < Vaftg ),
(By Ezercise 1.44, EX € R.)

Corollary 1.42 shows that, if large moments of X are finite, then P(X > t) decays rapidly.
Sometimes, we can even get exponential decay on P(X > t), if we make the rather strong
assumption that Ee™ is finite for some 7 > 0. Note that, by the power series expansion of
the exponential, Ee’X < oo assumes that an infinite sum of the moments of X is finite.

Exercise 1.47 (The Chernoff Bound). Let X: Q — [—o00,00] be a random variable.
Show that, for any r,t > 0,

vVt > 0.

P(X >t) <e "Ee™.

If 1 <p<oo,andif X: Q — [—o00,00] is a random variable, denote the L,-norm of X as
IX||, == (E|X|")"/? and denote the Lo-norm of X as || X||, := inf{c > 0: P(|X| <¢) =1}.
Theorem 1.48 (Holder’s Inequality). Let X, Y : Q — R be random variables. Let 1 <
p < 00, and let q be dual top (so 1/p+1/q=1). Then

E|XY| < [[X]], [[Y],-
In particular, the case p = q = 2 recovers the Cauchy-Schwarz inequality:
E|XY| < (EX?)V3(EY?)Y2,
Proof. By scaling, we may assume [|X|[[, = [[Y|, = 1 (zeros and infinities being trivial).

Also, the case p = 1,q = oo follows from the triangle inequality, so we assume 1 < p < co.
From concavity of the log function, we have the pointwise inequality

1 1
X (@)Y (@) = (X (@))P(]Y (w)) < p | X (w)]” + p Y(w)", Vwel
which upon integration gives the result. O

Theorem 1.49 (Triangle Inequality). Let X,Y: Q — R be random variables. Let 1 <
p < oo. Then
X + Y], <[[ X[, +[[Y],, 1<p<oo

Proof. The case p = oo follows from the scalar triangle inequality, so assume 1 < p < oo.
By scaling, we may assume || X|[|, =1—¢, ||[Y]|, =¢, for some ¢ € (0, 1) (zeros and infinities
being trivial). Define V := X/(1 —t), W := Y/t. Then by convexity of x — |z|” on R,

(1 =)V (w) +tW (W) <1 —=t)|[V(w)] +t[ W), VYweQ
which upon integration completes the proof. 0
Exercise 1.50. Let X,Y: Q — R be random variables. Let 0 < p < 1 and let || X :=

(E|X|P)Y/P. Show that there exists ¢(p) > 0 such that || X + Y, <)X, + Y, In

particular, it suffices to choose c(p) = 2'/P. (Hint: a pointwise inequality should imply that
X+ Y < IXI5+ 1Y)
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Exercise 1.51. Let X: Q — [—o00,00] be a random variable. Show that the function
p + || X][|, is nondecreasing on the domain p € (0,00]. So, if [ X, is finite for some value
of p, then it is finite for all smaller values of p. (Hint: approximate X by bounded random
variables, and then by apply the Monotone Convergence Theorem.)

Exercise 1.52 (Paley-Zygmund Inequality). Let X be a nonnegative random variable
with EX? < 00. Let 0 <t < 1. Then
2 (BX)?
EX?2
(Hint: Apply the Cauchy-Schwarz inequality to X1x~mx}.)

P(X > tEX) > (1—t)

Exercise 1.53 (Logarithmic Convexity of L,-Norms). Let X be a real-valued random

variable. Let 0 < p; < p < pp < 00, and define 0 <¢ <1 by 119 = %+pi2. Then

(1-t) ¢
X, < XL, XL, -
1.6. Integral Convergence Theorems.

Theorem 1.54 (Monotone Convergence Theorem). Let 0 <
monotone increasing sequence of functions on a probability space (€2,

E lim X, = lim EX,,.

n—oo n—oo

X1§X2§ bea
F,P). The

3

(By monotonicity, lim,, ., X, (w) € [0,00] exists for every w € Q.)

Lemma 1.55 (Borel-Cantelli Lemma). Let Ay, A, ... be events with Y .~ P(A,) < .
Let B :={> 7" 14, = 0o}, so that B is the event that infinitely many of the events occur.
Then P(B) = 0.

Proof. From the Monotone Convergence Theorem, Theorem 1.54,

n=1 n=1 n=1 n=1

So, from Continuity of the Probability Law, Exercise 1.19, and Markov’s Inequality,

_ L T S > P(An)
0<PB)=P (;un —oo) = lim P (leAn y) S}E&f—o-
(Note that B is measurable by Exercise 1.20) 0

Theorem 1.56 (Fatou’s Lemma). Let X1, X, ... be nonnegative random variables on a
probability space (0, F,P). Then

Eliminf X,, <liminf EX,,
n—oo n—oo
In particular, if X :=1lim, o X,, exists almost surely, then
EX <liminf EX,,.

n—o0

Theorem 1.57 (Dominated Convergence Theorem). Let X, Xs,...: Q — C be ran-
dom wariables on a probability space (2, F,P) that converge almost surely. Assume that'Y
is a nonnegative random variable with EY < 0o and | X, | <Y almost surely, ¥ n > 1. Then

E lim X, = lim EX,,.

n—oo n—oo
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Corollary 1.58 (Bounded Convergence Theorem). Let X1, Xs,...: Q — C be random
variables on a probability space (2, F,P) that converge almost surely. Let ¢ > 0. Assume
that | X,,| < ¢ almost surely, for everyn > 1. Then

E lim X,, = lim EX,,.

n—oo n—oo

Theorem 1.59 (Convergence Theorem with Bounded Moment). Let X1, X5,...: Q —
C be random variables on a probability space (2, F,P) that converge almost surely to a ran-
dom variable X. Assume 3 0 < g,¢ < 00 such that E |Xn|1+8 <ec,Vn>1. Then

EX = lim EX,,.

n—oo

Proof. Let t > 0. Define X\ := X,1x,1<; and X® := X1x<,. Then X\”, X{" ... con-
verges almost surely to X, so the Bounded Convergence Theorem, Corollary 1.58 implies

lim EX® = EX®,

n—oo n
Also, using the inequality |z —¢| < |z/t|°|z| valid for any @ > ¢ or using the inequality
|z — (—t)| < |x/t|° |z| valid for any x < —t,

|Xn _ Xét)| < X
So, taking expected values and applying the triangle inequality,
EX, —-EXV| <E[X, - X"| <t~E|X,|"" <t e
Applying similar reasoning to X and using Fatou’s Lemma, Theorem 1.56,
EX -EXY|<E|X - XO| <tE|X|"" <t

Combining the above with the scalar triangle inequality,

[EX —EX,| < |[EX — EX"| + |[EX® - EX{"| + [EX{) — EX,,|.

limsup |[EX — EX,| < 2t °c.

n—oo

Letting ¢ — oo concludes the result. ([l

Theorem 1.60 (Change of Variables). Let X: Q — S be a random variable. Let f: S —
C be measurable (where C has the Borel o-algebra). Assume f >0 or E|f(X)| < co. Then

Ef(X) = /S F(@)dpux (2).
Remark 1.61. In particular, if S = R, and if 0 < p < oo, then
BIX| = [ leldux(e).  BIXP = [ ol duxo)
And if X >0 or E|X| < oo, then

EX = /R wdpx (2).

So, computing expected values can reduce to computing integrals on the real line. That is,
we can change variables to integrate over R, where duy emulates the Jacobian factor from
the usual change of variables formula.
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Proof. Suppose there exists A C S measurable such that f = 14. Then by Definition 1.26

BIX) = P(Y € 4) = ux(4) = [ 1a(o)dnx (o)

So, the Theorem holds for f = 14. The Theorem then holds for simple functions by linearity.
Then, given any f: S — [0,00), and given any n > 1, let f,,: S — R so that f,(s) is f(s)
rounded down to the largest multiple of 1/n less than f(s) and n. Then fi, fo,... increases
monotonically to f, so the Theorem then holds for f by the Monotone Convergence Theorem,
Theorem 1.54. When f: S — R satisfies E |f(X)| < oo, we have Emax(f(X),0) < co and
Emax(—f(X),0) < oco. And the Theorem holds for max(f(X),0) and max(—f(X),0).
Subtracting these identities,

Ef(X)=Emax(f(X),0) — Emax(—f(X),0)
:/(max(f(x),())—max(—f( ) d/LX /f dﬂX
S

The case f: S — C follows from the case f: S — R by taking real and imaginary parts. [J

Remark 1.62. If pux is absolutely continuous with respect to Lebesgue measure, then X
has density g: R — [0,00) and dux(z) = g(z)dx. If additionally S = R, the Change of
Variables formula becomes
— [ F@)gta)ds
R

Example 1.63. Let X be a uniformly distributed random variable in [0,1]. If 0 < p < oo,

1
EX? = / xPdx = L

0 p+ 1
Exercise 1.64 (Stein Identity). Let X be a standard Gaussian random variable, so that
X has density z — e=*/2 / V2m, ¥ z € R. Let g: R — R be a continuously differentiable
function such that g and ¢’ have polynomial volume growth. That is, 3 a,b > 0 such that
lg(2)],|¢'(z)] < a(l + |z|)b, V 2 € R. Prove the Stein identity

EXg(X) = Eg'(X).

Using this identity, recursively compute EX* for any positive integer k.
Alternatively, for any ¢ > 0, show that Ee'X = ¢t*/2_ i.e. compute the moment generat-
ing function of X. Then, using 4; e OEetX EX E and using the power series expansion

of the exponential, compute EX* directly from the identity Ee!* = et’/2,

1.7. Product Measures, Independence.

Exercise 1.65 (Finite Product Measure). Let (£, F;, 11;) be probability spaces for any
1 < i < n. Show that there exists a unique probability measure, denoted [}, p; on
(IT—, 4, T[T, Fi) (where the latter measurable space is defined in Example 1.8) such that

<ﬁm><ﬁAl) :ﬁm(Ai)> VA € Fi,..., A, € F,.
=1 i=1 i=1
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Theorem 1.66 (Fubini’s Theorem). Let (Qq, F1, 1), (2, Fa, p2) be probability spaces.
Let (Qq x Qq, F1 X Fo, 1 X po) be the product measure space, defined in Example 1.8. Let
f be a measurable function on 1 x Qo such that either (i) f: Qq x Qo — [0,00] or (ii)
f: Q1 xQy — C and leX% |f|d(p1 X pa) < 0o. Then

/leﬂ2 fd(pa < po) = /91 ( o, f(wl,WQ)d,LLQ(WQ)>dlul(wl)
:/Q ( ) f(wl,WQ)dﬂl(w1)>dM2(w2).

In particular, the function wy — f(wi,ws) is measurable for all wy € o, the function
wy > fQQ f (w1, wao)dus(ws) is measurable for all we € g, the function wy — f(wy,ws) is
measurable for all wy € €y, and the function wy fQ2 f(wi, we)dus(ws) is measurable for
all we € Qy. And if leXQQ |fld(p1 X po) < oo, the previous four functions are absolutely
integrable almost everywhere.

The Fubini Theorem can be proven via the Monotone Class Lemma.

Definition 1.67 (Monotone Class). A collection F of subsets of 2 is called a monotone
class when

o If Ay C Ay C--- are sets in F, then U | A; € F.

o If Ay D Ay D --- are sets in F, then N, A; € F.

Lemma 1.68 (Monotone Class Lemma). Let F be an algebra of sets on Q2. Then o(F)
15 the smallest monotone class containing F.

Definition 1.69 (Independent Random Variables). We say a collection (XZ-: Q —
Si)z'e ; of random variables is independent if the distribution of (Xi)ier is the product of
the distributions of the X;. That is, for any finite J C I and for any measurable sets A; C .S;,
1 € J, we have

P([({Xi€ A}) = [[P(xi € 4)).
ieJ icJ
Remark 1.70. In order for the definition of independence to make sense, the random vari-
ables must have the same domain.

Remark 1.71. It follows from the above definition that a finite set of random variables
X1:Q = 51,...,X,,: Q — S, is independent if, for any measurable sets A; C S;, where
1 <i <m, we have

i=1 i=1
If (X;:Q — S))ier is a collection of independent random variables, and if for any finite

K C I we denote X := (X;);ck, then for any finite disjoint subsets K1,..., K, C I and for
any measurable sets B; C [] ek, S; where 1 <4 < n, we have

n n

P(({Xk € B}) = [[P(X«k, € By).

i=1 i=1
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That is, the random variables X, ,..., Xk, are independent. So, if F;: HjeKi S; — T
are measurable for all 1 < ¢ < n, then the random variables F)(Xk,),..., F,(Xk,) are
independent.

For example, if X, Xo, X3 are independent, then F; (X, X5) and F»(X3) are independent.

Proposition 1.72. Let X, Y : Q0 — C be independent random variables. If either condition
X, Y >0 o0rE|XY| <00 or E|X|,E|Y| < oo holds, then
E(XY)=EXEY.
More generally, if X,Y: Q — S are independent random variables, if F,G: S — C are
measurable, and if either F(X),G(Y) >0 or E|F(X)G(Y)| < 00 or E|F(X)|,E|G(Y)] <
oo, then
E(F(X)G(Y)) = EF(X)EG(Y).
Proof. By Theorem 1.60 for the random variable (X,Y), Definition 1.69, and Theorem 1.66,

EF(X)G(Y) = / F@G iy (a.1) = / F@Gx )iy (1)

= [ (| F@)Guds(@)diy ) = [ F@yinx@)- [ Gau ) = BFE) -G,

In the last line, we used Theorem 1.60. Fubini’s Theorem was justified when F'(X),G(Y) >0
or E|F(X)G(Y)| < oo. In the case E|F(X)|,E|G(Y)| < oo, the above equality ap-
plied to |F| and |G| shows that E|F(X)G(Y)| = E|F(X)|E|G(Y)| < co. So, when
E|F(X)|,E|G(Y)| < oo the application of Fubini’s Theorem in the above equalities also
holds for F' and G themselves. O

Exercise 1.73. Let X: Q2 — R be a random variable (as usual R has the Borel o-algebra).
Show that X is independent of itself if and only if X is almost surely constant.
Also, show that a constant random variable is independent of any other random variable.

Exercise 1.74. Let X,..., X, be discrete random variables (i.e. they take values in finite
or countable spaces Si,...,S, with their discrete o-algebras). Show that Xi,..., X, are
independent if and only if:

P(ﬂ{Xz:xz}) :HP(XZZ.CEZ), Va:l ESl,...,iL'nESn.
i=1 i=1
Exercise 1.75. Show that Xy,..., X,,: Q — R are independent if and only if:

P(({Xi<z})=][P(Xi<2), Vai,....z, €R
i=1 i=1
Exercise 1.76. Let V' be a finite-dimensional vector space over a finite field F. Let X be
a random variable uniformly distributed in V. Let (-,-) : V x V — F be a non-degenerate
bilinear form on V' (if v € V satisfies (v, w) = 0 for all w € V, then v = 0.). Let vq,...,v, be
non-zero vectors in V. Show that the random variables (X, v;), ..., (X, v,) are independent
if and only if the vectors vy, ..., v, are linearly independent.

Exercise 1.77. Give an example of three random variables XY, Z: Q — [—o00, c0] that
are pairwise independent (any two of the random variables XY, Z are independent of each
other), but such that XY, Z are not independent. (Hint: Exercise 1.76 might be helpful.)
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Exercise 1.78. Let X: Q — R™ be a random variable with the standard Gaussian dis-
tribution:

P(X € A) = / e~ e 2 g (2) T2, vV A C R™ measurable.

A
Let vy, ..., v, be vectors in R™. Let (-,-) : R” Xx R® — R be the standard inner product on
R™, so that (z,y) 1= > z;y; for any z = (z1,...,2,),y = (Y1, ..., Ysn) € R". Show that the
random variables (X, v1),..., (X, v,,) are independent if and only if the vectors vy, ..., v,

are pairwise orthogonal.

We say that a family of events (A;);c; are independent if their indicator random variables
(14,)ies are independent. One can show this is equivalent to: for any finite subset J C I,

P((4) =[P4
ieJ ieJ
Exercise 1.79.
e Show that two events A, B are independent if and only if P(AN B) = P(A)P(B)
e Find events A, B, C such that P(ANBNC) = P(A)P(B)P(C), but such that A, B,C
are not independent.

e Find events A, B, C that are pairwise independent (so that any two of A, B,C are
independent), but such that A, B, C' are not independent.

From Corollary 1.24, if X;: O — R, ..., X,,: 2, — R are random variables, then there
exists a single probability space R"™ with the Borel g-algebra and with probability measure

[T, ptx, where the random variables Xi,...,X,, can be realized as independent random
variables. In particular, for any 1 <1 < n, define
Yi(wi, ..., wn) == w, V(wi,...,w,) € R™

Note that ux, = py,, P(X; < t) =P(Y; <t)forall <i<nandforallteR, and
Yy, ..., Y, are independent by Definition 1.69. Unfortunately, the sample space R™ depends
on n, which is undesirable since we will often consider sums of sequences of random variables
as n — oo. That is, in order to construct an infinite sequence of independent random
variables, we should have a single sample space such that all of the random variables have
that sample space as their domain. Such a sample space, and a measure, are constructed in
the following Theorem.

Theorem 1.80 (Kolmogorov Extension Theorem, Special Case). For any n > 1,
suppose we are given [, a probability measure on R™ with the Borel o-algebra such that

pn+1((a1,b1] X+ X (@, by X R) = pp((a,by] X -+ X (an, by)), Va, <bi,...,a, <b,.

Then there exists a unique probability measure 1o, on RY (with the product o-algebra defined
in Example 1.8) such that

/“LOO<(wi>i€N: w; € ((M,bi], V1 S i S n) = /“Ln((CLl?bl] X X (an;bn])7 va’l S b17 R ) S bn

Corollary 1.81 (Existence of Independent Random Variables). Let X;: Q; — R,
Xo: Qo — R, ... be a sequence of random variables. Then, there exists a probability space
(Q, F, o) and there ezists a sequence of random variables Y1, Y, ... on § such that Y1,Ys, . ..
are independent, and such that px, = py, for alli > 1.
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Proof. From Theorem 1.80, we use 2 := RN and pu, := [[;_; px, for any n > 1. For any
1 > 1, define Y;: Q@ — R by

Yi(wi,wa,...) == w;, Y (wy,ws,...) € RN,

Then for any j > 1 and ¢ € R, the definition of py, says

17, (=00, 1)) = poo(Y; < 1) = proo (wi)ien: wy < 1)

_ (f[uxi)(R”l x (—00,t]) = pux, ((—o0, 1]).

So, py;, and py; agree on half open intervals. It follows that ux, = py, by Exercise 1.7.
Finally, to see the independence, note that if n > 1 and if Ay,..., A, C R are measurable,
then by Theorem 1.80, the definition of Y7, ... Y, and the definition of pu,,

n

=1
= fin(w1 € Aryown € An) = ([ [ A0) = [T i (A0) = T v (A0).
=1 =1

i=1

U

In certain situations, e.g. when we want to construct a sequence of non-independent
random variables, we may not be able to change the sample space of the given random
variables in this way. That is, we may just need to construct a measure on an arbitrary
product of measure spaces. Unfortunately, this is not always possible. In order for the
measure to exist, we need an additional assumption on each of the measure spaces in the
product.

Definition 1.82 (Standard Borel Space). A measurable space (2, F) is a standard
Borel space if it is isomorphic as a measurable space to [0,1] with the Borel o-algebra.
That is, 3 a bijection f: Q — [0, 1] such that f and f~! are measurable.

Theorem 1.83 (Kolmogorov Extension Theorem). Let (2, F;, i;)ier be a collection of
probability spaces such that (82, F;)ier are standard Borel spaces. For any J, K such that
K CJCI, let mj_k: HZEJ Q, — HieK Q; be the usual coordinate projection. For any
finite J C I, let g be a probability measure on (][;c; ;[ Lic; Fi) such that the following
compatibility condition holds for any K C J

pi(mrh g (Ak)) = pxc(Ak),  VAg e[ 7
icK
Then there exists a unique probability measure j; on the measurable space (Hie] Q, Hie] Fi)
such that, for all finite J C I,

(i (A) = pa(Ag), VA e]]F
ieJ
Thankfully, a large class of standard Borel spaces exists, so that we can apply Theorem
1.83 without difficulty.

17



Lemma 1.84. Let (S, d) be a complete separable metric space with metric d: Sx.S — [0, 00).
(So S has a countable dense set.) Let 2 be a Borel subset of S. Then 2 with the Borel o-
algebra is a standard Borel space.

For a proof and related discussion, see e.g. here.

Exercise 1.85. Let 1,e,--- € {0, 1} be random variables that are independent and iden-
tically distributed copies of the Bernoulli random variable with expectation 1/2, so that
P(e,=1)=P(e,=0)=1/2for all n > 1.

e Show that the random variable > > 27 "¢, is uniformly distributed on the unit
interval [0, 1].

e Show that the random variable Y >° | 2-37"¢,, is uniformly distributed on the standard
middle third Cantor set (where the Cantor set’s center is 1/2.)

e Let p be a probability measure on R. The Fourier Transform of p at £ € R is defined
by 7i(€) == [, €™ du(z). where i = \/—1. For example, if 1 is uniform on [—1/2,1/2],
then

1/2 i€/ _ it/ :
ﬁ(f)Z/_ e”gda::€§2 e 52:2511125/2)’ VE£0.

1/2 i§

Using the first item, find an expression for sin(£) /£ in terms of an infinite product of
cosines. (Hint: if a random variable X has distribution py, then jix(§) = Ee**¢ for
any £ € R. So the Fourier transform of the sum of independent random variables is
the product of the Fourier transforms.) Similarly, find an expression for the Fourier
transform of the uniform measure on the middle third Cantor set (when the Cantor
set’s center is 0 € R) in terms of an infinite product of cosines.

Theorem 1.60 reduces computing expected values of functions f of a random variable
X: Q) — R to integrating on the real line with respect to ux. If the function f is absolutely
continuous, then we can change Theorem 1.60 by “integrating by parts” as follows.

Theorem 1.86 (Integration by parts). Let X: Q — [0,00) be a random variable. Let
f: R — [0,00) be an absolutely continuous function (with respect to Lebesgue measure on
R) with f(0) = 0. Then f has an almost everywhere derivative (with respect to Lebesgue
measure). Assume f' >0 almost everywhere. Then

Ef(X)= /OOO f(OP(X > t)dt.
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Proof.

Ef(X)= /Oof(m)dux(m), by Theorem 1.60,

/ f'(t)dtdpx(x), by Lebesgue’s Fundamental Theorem of Calculus
0

/

_ /0 ” /0 o (O (£)dtdpix (2)
I
|

Example 1.87. Let X: {2 — R be a random variable. Let 0 < p < co. Then
E|X[P = / ptr P (X > t)dt.
0
Exercise 1.88. Let X be a random variable taking nonnegative integer values. Show that

EX =) P(X >n).
n=1
Exercise 1.89 (MAX-CUT). The probabilistic method is a very useful way to prove the
existence of something satisfying some properties. This method is based upon the following
elementary statement: If & € R and if a random variable X : 2 — R satisfies EX > «, then
there exists some w € 2 such that X(w) > a. We will demonstrate this principle in this
exercise.

Let G = (V, E) be an undirected graph on the vertices V' = {1,...,n} so that the edge
set E is a subset of unordered pairs {7, 5} such that i,7 € V and i # j. Let S C V and
denote S¢:=V . .S. We refer to (5, 5¢) as a cut of the graph G. The goal of the MAX-CUT
problem is to maximize the number of edges going between S and S¢ over all cuts of the
graph G.

Prove that there exists a cut (S, 5¢) of the graph such that the number of edges going
between S and S¢ is at least |E| /2. (Hint: define a random S C V such that, for every
i€V, PG e€S) =1/2, and the events 1 € 5,2 € S,...,n € S are all independent. If
{i,j} € E, show that P(i € S,j ¢ S) = 1/4. So, what is the expected number of edges
{i,j} € E such that i € S and j ¢ S7?)

1.8. Kolmogorov’s Zero-One Law.

Definition 1.90 (0-algebra generated by a random variable). Let X : (2, F) — (5, B)
be a random variable. Define the o-algebra generated by X, denoted o(X), to be the
o-algebra generated by

{XeB:BeB}={X"YB): BeB}={{weQ: X(w) € B}: BeB}.

Equivalently, o(X) is the smallest (coarsest) o-algebra such that X is measurable. More
generally, given a collection of random variables (X;);cr: (2, F) — (S, B), define o((X;)icr)
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to be the o-algebra generated by the sets
{X;Y(B): BeB,icl}

Equivalently, o((X;);er) is the smallest (coarsest) o-algebra such that all of the random
variables (X;);e; are measurable.

Exercise 1.91. Let X, X5,...: Q — S be random variables. Show that
U(X17X27 .. ) = O'(U?210'<X1, NN ,XZ))

Definition 1.92. Let (2, F,P) be a probability space. A collection of og-algebras {F;}ier C
F are independent if, for any finite J C I, all of the sets {A;: i € J A; € F;} are
independent. That is, for any finite J C I, and for any sets {A;: i € J, A; € F;},

P((4) =]]P).
icJ ieJ
Exercise 1.93. Let (X;);c; be a collection of independent random variables. Show that
(Xi)ier are independent if and only if (0(X;));e; are independent o-algebras. (Hint: Let
i € I and let J C I~ {i} be finite. Are the sets in o(X;) that are independent of (0(X}));es
a monotone class?)

Exercise 1.94. Let X7, X, ... be random variables. Show that X;, X, ... are independent
if and only if: for every i > 1, o(X;,1) is independent of o(X7,...,X;). And the previous
cases occur if and only if: for every ¢ > 1, (X411, Xi12,...) is independent of o( X7, ..., X;)

We define the tail o-algebra of random variables X7, X5, ... to be
7- = ﬂ J(Xi,Xi+1’ .. )
i=1

Theorem 1.95 (Kolmogorov’s Zero-One Law). Let X, Xy, ... be independent random
variables. Let A € T. Then P(A) € {0,1}.

Proof. For any i > 1, 0(Xy,...,X;) is independent of o(X;1, X;19,...) by Exercise 1.94.
So for any 7 > 1, by its definition, 7 is independent of o(Xy,...,X;). Fix C € T. Let
A:={A € 0(Xy,Xs,...): Aisindependent of C'}. As just mentioned, A D o(Xy,...,X;)
for every ¢ > 1, so that A O UX,0(Xy,...,X;). (Note that F = U2 0(Xy,...,X;) is
an algebra.) We claim that 4 is a monotone class. Given this claim, the Monotone Class
Lemma, Theorem 1.68 and Exercise 1.91, we conclude that A D o(F) = o(X1, Xs,...) so
that C' is independent of o(X7, X, ...). By the definition of C € T, C' € o(X1, Xs,...), 80
that C'is independent of itself. The only events A independent of themselves have probability
0 or 1, since P(A) = P(A)% So, given the claim, we are done.

We now prove the above claim. Note that 0,Q € A. Let A,B € A with A C B. Then
(BNA)NC=(BNC)~N(ANC), so

P(BNA)NC)=PBNC)-PANC)=P(B)P(C)—-P(AP(C)
=(P(B)—-P(A)P(C)=P(B~AP(C).
Therefore, B\ A € A. In particular, O~ A = A° € A. Since A is closed under complements,

it remains to show that A is closed under increasing unions. Let A; C Ay C --- be sets in
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A. Using Exercise 1.19 twice,
P((UX_A,)NC)=PUr_(A,NC)) = lim P(A,,NC)

m=1

m—0o0
~ Jim P(A4,,)P(C) = P(UZ_,A,)P(C).
m—0o0
So, (Uy_,A,,) € A. That is, A is a monotone class, as desired. O
Remark 1.96. Let X, Xs,...:  — R be a sequence of independent random variables. Let

t € [—00,00]. It follows by the definition of 7 that the following events are in T
{lim X, exists}, {limsupX, >t}, {liminfX, > t¢}.

n—oo
From Kolmogorov’s Zero-One Law, Theorem 1.95, all of these events therefore have proba-
bility 1 or 0. So, there must exist a,b € [—00, 0] such that liminf,_,,, X,, = a almost surely
and limsup,,_,., X, = b almost surely. In the case a = b, X;, Xs,... converges to a = b
almost surely, and P({lim,,_,., X,, exists}) = 1. And in the case a # b, X1, Xs,... almost
surely does not converge and P({lim,,,,, X, exists}) = 0.

Exercise 1.97. Let X1, X,,...: 2 — R be a sequence of independent random variables.
For any n > 1, let S,, :== Xy 4+ --- + X,,. Show the following:

e {lim, ,. S, exists} € T.
o If t € [—00, 00], then it can occur that {limsup,, ., S, >t} ¢ T.
o If t € [—00,00] and if ¢; < ¢ < --- is a sequence of real numbers such that
lim,,_,o ¢, = 00, then
Sh
{limsup — >t} € T.
c

n—oo n

It follows from Exercise 1.97 that limsup,, Hoo% will be almost surely constant, and

liminf,,_ %” will be almost surely constant, if X, X5,... is a sequence of independent
random variables.

1.9. Additional Comments. The foundations of measure theory were developed in the late
1800s and early 1900s by several mathematicians. In the 1930s, Kolmogorov provided an
axiomatic foundation of probability theory via measure theory. Probability theory was often
not considered a “serious” subject, perhaps due to its historical affiliation with gambling.
Since the 1930s and continuing to the present, more and more subjects embrace probabilistic
thinking. Within mathematics itself, analysis, number theory, algebra, combinatorics, etc.
all use increasing amounts of probability theory. Randomized algorithms are also used more
and more by computer scientists.

2. LAaws OF LARGE NUMBERS

The Laws of Large Numbers and Central Limit Theorem provide limiting statements for
sequences of random variables. The exact notions of convergence will depend on the limit
theorem. The general goal is to obtain the strongest possible convergence with the weakest
possible assumption. Sometimes, the convergence can be upgraded to a stronger notion, but
other times this is impossible.
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2.1. Modes of Convergence. Below are a few of the most commonly encountered notions
of convergence of random variables.

Definition 2.1 (Almost Sure Convergence). We say random variables Y;,Ys,...: Q@ = R
converge almost surely (or with probability one) to a random variable Y: Q — R if

P(lim Y, =Y) = 1.
n—oo
That is, P({w € Q: lim, o Y, (w) =Y (w)}) =1

Definition 2.2 (Convergence in Probability). We say that a sequence of random vari-
ables Y1,Ys,...: 0 — R converges in probability to a random variable Y :  — R if: for
all e > 0,

V}EEOP“Y” -Y|>¢e)=0.

That is, V € > 0, lim,, oo P(w € Q: |V, (w) = Y(w)| >¢) =0.

Definition 2.3 (Convergence in Distribution). We say that real-valued random variables
Y1,Y,, ... converge in distribution to a real-valued random variable Y if, for any t € R
such that s — P(Y < s) is continuous at s = t,

lim P(Y, <t)=P(Y <t).

n—o0

Note that the random variables are allowed to have different domains.

Definition 2.4 (Convergence in L,). Let 0 < p < co. We say that random variables
Y1,Ys,...: Q@ — Rconverge in L, to Y: Q = Rif [[Y] ) < oo and

lim ||, — Y], = 0.
n—oo
(Recall that [|[Y], := (E[Y|")'/?if 0 < p < oo and || X||, := inf{c > 0: P(|X] < ¢) =1}.)

Exercise 2.5. Let Y},Ys,...: 2 — R be random variables that converge almost surely to
a random variable Y: 2 — R. Show that Y;,Y5,... converges in probability to Y in the
following way.

e For any € > 0 and for any positive integer n, let
Ane = | J{w e Q: [Viu(w) - Y (w)| > &}

Show that An,a 2 An—i—l,a 2 An+2,a 2 e
e Show that P(N%,A,,.) =0.
e Using Continuity of the Probability Law, deduce that lim, .., P(4,.) = 0.
Now, show that the converse is false. That is, find random variables Y7, Y5, ... that con-
verge in probability to Y, but where Y7, Y5, ... do not converge to Y almost surely.

Exercise 2.6. Let 0 < p < co. Show that, if Y7,Y5,...: Q2 — R converge to Y: 2 — R in
L,, then Y},Y5, ... converges to Y in probability.
Then, show that the converse is false.

Exercise 2.7. Suppose random variables Y7, Y5,...: 2 — R converge in probability to a
random variable Y : 2 — R. Prove that Y7, Y5, ... converge in distribution to Y.
Then, show that the converse is false.
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Exercise 2.8. Prove the following statement. Almost sure convergence does not imply
convergence in Ly, and convergence in L, does not imply almost sure convergence. That
is, find random variables that converge in L, but not almost surely. Then, find random
variables that converge almost surely but not in Ls.

Remark 2.9. The following table summarizes our different notions of convergence of random
variables, i.e. the following table summarizes the implications of Exercises 2.6, 2.7 and 2.5.

Almost sure
convergence

&\

Convergence | 2.7 | Convergence
in probability in distribution

Convergence
in L,

Exercise 2.10. Let X, X1, X5,...: Q = R.

(i) Suppose that > o2, P(|X; — X| > ) < oo for all € > 0. Show that X;, Xs,...
converges to X almost surely. Show that the converse does not hold in general.

(ii) Suppose Xi, Xo,... converges to X in probability. Show there is a subsequence
Xy, Xiy, - .- of Xy, Xo, ... such that X;,, X,,,... converges to X almost surely. (Here
i <dg < --+)

(iii) (Urysohn subsequence principle) Suppose that every subsequence X; , X, ... of
X1, Xz,... has a further subsequence X;; , X, ,... that converges to X in proba-
bility. Show that X7, X, ... also converges to X in probability.

(iv) Suppose Xi, Xs,... converges in probability. Let F': R — R be continuous. Show
that F'(X;), F(X3),... converges in probability to F'(X). More generally, suppose ¥

1 <5<k, ij ),X2(j ), ... 2 — R is a sequence of random variables that converge
in probability to XU). Let F': R*¥ — R be continuous. Show that F(X(l), . ,X-(k))

converges in probability to F(X®M ... X®) For example, if & = 2, then X{l) +
XF),X{Q) + X2(2), ... converges in probability to X + X® and Xfl) : XF),XI(Q) :
X, ... converges in probability to X1 . X®),

(v) (Fatou’s lemma for convergence in probability) If X;, Xo,...: Q — [0, 00) converges
in probability to X, show that EX < liminf, ,.  EX,.

(vi) (Dominated convergence in probability) If X7, X5, ... converge in probability to X,
and there exists a random variable Y':  — [0, 00) such that, for any n > 1, | X, | <Y

and EY < oo, then lim,_,,, EX,, = EX.

2.2. Limit Theorems with Extra Hypotheses. In this Section, we prove our first limit
theorems under rather strong hypotheses.

We say random variables X1, Xs,...: £ — R are uncorrelated if EX; X; = EX,;EX; for
any 4,7 > 1 with ¢ # j. Recall from Proposition 1.72 that independent random variables are
uncorrelated.
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Exercise 2.11. Let Xi,..., X,,: £ — R be uncorrelated random variables with EX? < oo
for any 1 <7 <n. Show that

VaI‘(Z X;) = Z var(X;)

Exercise 2.12 (L, Weak Law). Let p,c € R. Let Xy, Xs,...: Q — R be uncorrelated
random variables with EX; = p and var(X;) < c for all i > 1. Then X=X converges to

n

@ in Ly as n — o0o. So, converges to p in probability as n — oo.

Definition 2.13 (Identically Distributed). Let X,Y: 2 — R be random variables. We
say X,Y are identically distributed if X and Y have the same distribution, that is
x = py. We sometimes refer to independent and identically distributed random variables
X1, Xs, ... with the abbreviation i.i.d.

Proposition 2.14 (Strong Law of Large Numbers with Finite Fourth Moment). Let
X1, X9,...: Q2 — R be a sequence of independent identically distributed random variables.
Let i € R. Assume that i = EX| and EX{ < oo. Then

X4+ X
P(lim 1t n:,u)zl.

n—o0 n

Proof. Forany j > 1, let Y; := X;—pu. We are required to show P (lim,HOO
Note that Y7, Ys, ... are independent identically distributed random variables with EY; =0
and EY}' < co. We compute

YibedVa ) = 1,

EYi+--+Y)'= > EVYYY.

1<i j ke<n

By independence, terms with ¢ # j = k = { vanish, since they become EY;Y;Y,Y, =
EYiEYj?’ = 0. Terms with 1, j, k, ¢ distinct also vanish, since EY;Y;Y,Y, = EY;EY;EY,EY, =
0. The remaining nonvanishing terms are ¢ = j = k = ¢ and the six permutations of
1 =7 # k =/{. That is,

E(Y, +-- 4+ Y,)" =nEY] +6[n(n — 1)/2)(EY?)?.
By Jensen’s Inequality, Exercise 1.40,
E(Y, + -+ Y,)* <nEY] + 3n(n — DEY;! <4n’EY. (%)
By Markov’s Inequality, Exercise 1.41, for any ¢ > 0,

e 4 (%) 4
>t> <E(Y1+ +Y,) ) 4EY1_
- tin4 — tin?

So Yo P(|¥ttta| > ) < oo and by the Borel-Cantelli Lemma 1.55, V ¢ > 0,

Y+ +Y,
P(‘ 1+ +
n

Y+ +Y,
P(‘ 1+ +
n

> t for infinitely many n > 1) = 0.
Since this holds for any ¢ > 0, we conclude that % converges almost surely to 0. [
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2.3. Weak Law of Large Numbers. From the previous section, we see that the weak and
strong laws of large numbers follow if we know the random variables have finite second and
fourth moments, respectively. In order to weaken these hypotheses, we truncate the random
variables. Then, the truncated random variables will automatically have finite moments.
And if we do the truncation carefully enough, it will have a negligible effect on the limit
theorem in question.

We first state a version of the Weak Law of Large Numbers, where the random variables
are allowed to change.

Theorem 2.15 (Weak Law of Large Numbers for Triangular Arrays). For anyn > 1,
let Xp1,...,Xnn: Q@ = R be independent random variables. Let by, by, ... be a sequence of
positive numbers with lim,_,. b, = co. For any 1 < k < n, define X, := X”v’flank\sbn'
Assume that

(1) lHmy, oo Yy (|Xnk] > b,) =0, and

(if) Timy, 00 0,2 D00 lEXnk = 0.
Then bt > r_ (Xor — EX 1) converges to 0 in pmbabz’lity as m — 0o.
Proof. For any n > 1, let S, :== > Xy, S = > o Xnx and let a, == > 1 EX, 4.
Let € > 0. Using P(A) =P(ANB)+P(AN BC) g P(B) + P(AnN B°) for any events A, B,

P(b," Sy, — an| > ) < P(S, # S,) + P(b," [Sn — an| > €)

The first term is estimated via the union bound (i.e. subadditivity in Exercise 1.19),
P(S, # 8.) < PUI_ {Xup # Xus}) < D P(Xuk # Xng) = Y P([Xok| > b).
k=1 k=1

So, from assumption (i), lim,,_,.c P(S, # S,) = 0. We bound the second term by Chebyshev’s
inequality, Corollary 1.46, as in the Ly Weak Law, Exercise 2.12.

P! ‘gn—an‘ >¢e) < QLbzvar Sy) 52b2 Zvar nk) 2b2 ZEX
n =1 n =1

We also used Exercise 1.45 twice and Exercise 2.11 (since X, 1, ..., X, , are independent,
Xn,la . Xnn are independent by Remark 1.71). Then lim,,_,,, P(b;* |§n — an| >¢) =0by
assumption (ii), concluding the proof. O

Theorem 2.16 (Weak Law of Large Numbers). Let X7, Xs,...: Q — R be i.i.d.

o Suppose lim, o 2P (| X1| > ) = 0. For any n > 1, let p, = E(X11x,|<n). Then
L(Xy1+ -+ X,,) — pn converges to 0 in probability as n — oo.

o Suppose E|X | < co. Then (X; + --- + X,,)/n converges to EX; in probability as
n — oo.

Proof. We apply Theorem 2.15 for X, j := X for any 1 <k <n and b, := n. Assumption
(i) holds since

n

STP(Xail > b) = YO P(X] > n) = nP(1X] > n).

k=1
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The last quantity converges to 0 as n — oo by the present Theorem’s assumption. Assump-
tion (ii) holds since Theorem 1.86 gives

o) n 1
EY?LJG:/ 2P (|, >t)dt:/ 2tP(|Xk|>t)dt:n2/ 2sP(|X1| > sn)ds
0 0 0

n 1
b2 ZEYZk = / 2snP (| Xy| > sn)ds
k=1 0

As n — oo, the last quantity goes to zero, by e.g. the Bounded Convergence Theorem,
Theorem 1.58. The first assertion follows. The second assertion now follows from the first.
By the Dominated Convergence Theorem, Theorem 1.57,

lim 2P (| X;| > z) < lim E(|X|1)x,>2) = 0.
T—>00 T—>00
lim Mn = lim E<X11\X1|<n) = EX1
n— o0 n—oo -
So, by the first assertion, %(Xl +---+ X,,) — n, converges to 0 in probability. And u, — EX;

converges to 0 in probability, so %(Xl + .-+ X,,) — EXj converges to 0 in probability by
Exercise 2.10(iv). O

Remark 2.17. There exists a random variable X : 2 — [0, c0) such that lim, ., zP(|X| >
x) =0 but E|X| = 0c0. So, the second assertion does not imply the first assertion.

Exercise 2.18. A random variable X :  — R is said to be in weak L; if
supt P(|X]| > t) < o0.

>0
For example, a Cauchy distributed random variable X has density f(z) = e + P g for any
x € R, and X is in weak L; while E |X| =
Show that, if X7, Xs,...: Q — (0,00) are i.i d. such that Xl is in weak L;, then there
exist real numbers aq, as, . . . such that lim,_,. @, = 0o such that - (X 1+ -+ X,,) converges

in probability to 1.

(Hint: If you want to build up your intuition, assume P(X; > t) = 1/t for all ¢ > 2, and
use b, := nlogn in the Weak Law for Triangular Arrays.)

(Hint: Let f(s) := EXilx,<, for any s > 0. Note that f(s)/s = [;(1/s)P(X > t)dt =
fo (X > sz)dr — 0 as s — oo by the Bounded Convergence Theorem. Choose by <

9 < -+ going to infinity such that nf(b,) < b, for all large n > 1 as follows. When
n is fixed and large, nf(s)/s is larger than 1, and it converges to 0 as s — oo. Also,
nf(s)/s is right continuous in s, so let b, = inf{s > 0: nf(s)/s < 1}. Assume EX; =
oo. Note that lim,_ % = 00, S0 00 = lim,,_, % m,
lim, .. nP(X; > b,) = 0. Now, use the Weak Law for Triangular arrays. Note that

lim,, o0 %" = lim,, 00 f(bn) = limg_,o f($) = 00, using EX; = 00.)

= lim,, ie.

Exercise 2.19 (Triangular Arrays). Forany n > 1, let X1, ..., X, ,,: @ — R be a collection
of independent random variables, and let S,, = X,,; +--- + X,,,,. Let p € R.
(i) (Weak law) If EX,,; = p for all 1 <4 <n and sup,,, E | X,..:]> < 0o, show that S, /n
converges in probability to p as n — oo.
(ii) (Strong law) If EX,,; = p for all 1 <7 < n and sup, ,, E | X" < oo, show that S,/n
converges almost surely to p as n — oc.
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Exercise 2.20. For any natural number n and a parameter 0 < p < 1, define an Erdos-
Renyi graph on n vertices with parameter p to be a random graph (V) E) on a (deterministic)
vertex set V of n vertices (thus (V, F) is a random variable taking values in the discrete space

of all 2(3) possible undirected graphs one can place on V') such that the events {i,j} € E
for unordered pairs with ¢, 7 € V' are independent and each occur with probability p.

For each n > 1, let (V;,, E,,) be an Erdés-Renyi graph on n vertices with parameter p = 1/2
(we do not require the graphs to be independent of each other).

(i) Let |E,| be the number of edges in (V,, E,). Show that |E,|/(}) converges almost
surely to 1/2 (Hint: use Exercise 2.19.)

(ii) Let |T,| be the number of triangles in (V,,, E,,) (i.e. the set of unordered triples {3, j, k}
with i, j, k € V,, such that {¢, j}, {i,k},{j, k} € E,), show that |}, /(3) converges in
probability to 1/8. (Note: there is not quite enough joint here to directly apply the
law of large numbers, so try using the second moment method directly.)

(iii) Show in fact that |T,,| /(%) converges almost surely to 1/8. (Note: you don’t need to
compute the fourth moment here.)

Exercise 2.21. For each n > 1, let A,, = (aijn)1<ij<n be a random n x n matrix (i.e. a
random variable taking values in the space R"*" or C"*" of n x n matrices) such that the
entries a;;, of A, are independent in i,j and take values in {—1,1} with a probability of
1/2 each. We do not assume any independence for the sequence A;, As, .. ..

(i) Show that the random variables TrA, A% /n? are equal to the constant 1, where A%
denotes the matrix adjoint (which, in this case, is also the transpose) of A, and Tr
denotes the trace (or sum of the diagonal entries) of a matrix.

(ii) Show that for any natural number k > 1, the quantities ETr(A,A*)*/n*1 are
bounded uniformly in n > 1 (i.e. they are bounded by a quantity Cj that can
depend on k but not on n). (It may be helpful to first try £ = 2 and k = 3.)

(iii) Let ||A,|| denote the operator norm of A,, and let € > 0. Show that ||A,||/n'/?*¢ con-
verges almost surely to zero, and that || A, ||/n'/?>~¢ diverges almost surely to infinity.
(Hint: use the spectral theorem to relate || A, | with the quantities Tr(A, A*)*.

Exercise 2.22. The Cramér random model for the primes is a random subset P of the
natural numbers such that 1 ¢ P, 2 € P, and the events n € P for n = 3,4,... are

independent with P(n € P) := loén' Here we used the restriction n > 3 so that @ < 1.
This random set of integers P gives a reasonable way to model the primes 2,3,5,7, ..., since

by the Prime Number Theorem, the number of primes less than n is approximately n/logn,
so the probability of n being a prime should be about 1/logn. The Cramér random model

can provide heuristic confirmations for many conjectures in analytic number theory:
e (Probabilistic prime number theorem) Show that mHn <z :n € P}| converges
almost surely to one as x — oc.

e (Probabilistic Riemann hypothesis) Let £ > 0. Show that

1 Todt
- < - — B
xl/2te <|{n swin P /2 logt)

converges almost surely to zero as  — 0.
e (Probabilistic twin prime conjecture) Show that almost surely, there are an infinite
number of elements p of P such that p + 2 also lies in P.
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e (Probabilistic Goldbach conjecture) Show that almost surely, all but finitely many
natural numbers n are expressible as the sum of two elements of P.

Exercise 2.23. This exercise proves the Hardy-Ramanujan Theorem. This theorem, with
probabilistic proof due to Turdn, says that a typical large n € N has about loglogn distinct
prime factors. Unlike the previous exercise, the probabilistic proof here proves a rigorous
result about primes.

Let P C N denote the set of prime numbers (in this exercise P is deterministic, not
random). When p € P and n € N, we use the notation p|n to denote “p divides n,” i.e. n/p
is a positive integer. Let = > 100 with 2 € N (so that loglogx > 1), and let N be a natural

number that is uniformly distributed in {1,2,...,2}. Assume Mertens’ theorem
1
Z — =loglogz + O(1).
peEP: p<z

e Show that the random variable »_ _p». .10 1pn has mean loglogz + O(1) and
variance O(loglog ). (Hint: up to reasonable errors, compute the means, variances
and covariances of the random variables 1py.)

e For any n € N, let f(n) denote the number of distinct prime factors of n. Show
that 1o£ E(JJ\QN converges to 1 in probability as  — oco. (Hint: first show that f(IN) =

1yn + O(1).) More precisely, show that

f(N) —loglog N
g(N)/loglog N

converges in probability to zero as * — oo, whenever g: N — R is any function
satisfying lim,, ,o, g(n) = oc.

pEP: p<gl/10

2.4. Strong Law of Large Numbers. From Chebyshev’s Inequality, Corollary 1.46, and
Exercise 2.11, if X1,..., X,,: Q — R are independent random variables with mean zero, then
for any ¢t > 0,

P X1+ + X, >t) <t Pvar(Xy + -+ X,) =t *(var(Xy) + -+ + var(X,,))

We used this inequality in our proof of the L, Weak Law, Exercise 2.12, and Theorem 2.15.
To prove the Strong Law of Large Numbers, we use the following stronger version of this
inequality, where a maximum appears on the left side.

Theorem 2.24 (Kolmogorov Maximal Inequality). Let X, Xo,...: Q — R be inde-
pendent random variables with EX; = 0 and EX? < oo for alli > 1. Then for any t > 0,
and for any k > 0,

t2
Proof. Let t > 0. For any n > 1, define S, == X; 4+ --- + X,,. For any n > 1, let
A, be the event that |S,| > t and |S;| < ¢t for all 1 < j < n. Then A,,..., A; are
disjoint, and UF_, A, = {max,<,<x |S,| > t}. So, using P(UF_,A,) < S2F_ P(4,) and
S var(X,) = ES?, it suffices to show that

P(lglafklxl"’"“i‘Xn!Zt)Svar( 1) + -+ var(Xy)

> P4, < ES{ (%)

t2
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When A,, occurs, we have 1 < %25721 Therefore,

P(A,) =El,, <El, 1g V1i<n<k.

n 2 n?
Below, we will show that
Ely, S? <Ely,S;, Vi<n<k  (xx)

Then (xx) implies (x), since the disjointness of the sets Ay, ..., Ay implies Zﬁ:l 1a, <1, s0

> P4, <ZE1A th,% g)—EZ1A Sk< ESk.

k
n=1
We now prove (xx). Let 1 < n < k. Then, squaring both sides of Sy = S,, + (Sk — Sy),
S2 =82 4+ (Xps1 + -+ Xi)? + 25, (X1 + -+ + Xp)
> 52428, (Xng1 + -+ Xp).
Multiplying by 14, and taking expected values,
ES? 14, > ES? 1, +2E[14, S0 (Xpq1 + - + X))

So, (xx) follows by showing the last term is zero. Note that X, ,1,..., X} are independent
of S,, and X, ;1,..., X} are independent of 1, _, since 14, only depends on Xi,...,X,,.
Therefore, by Proposition 1.72,

E[14,5(Xn1 4 -+ + X)) = E(14,5,) - E(Xpp1 4 -+ + X)) = 0.
The proof of (xx) is therefore complete. The Theorem follows. O

Theorem 2.25 (Convergence of Random Series). Let X1, Xy, ...: Q — R be indepen-
dent random variables with EX; = 0 and EX? < oo for all i > 1. Assume that

i var(X
i=1

Then Y | X; converges almost surely as n — 00.

Proof. From the Kolmogorov Maximal Inequality, Theorem 2.24, and continuity of P, Exer-
cise 1.19,

*  var(X,
P( sup ]Xm+1+...+Xn]2t>§Z"_m+;2 ( ), Vit > 0.
m<n<oo
For any n > 1, let S, := > | X;. We have shown
> var(X,
P ( sup |S, — S| > t) < Zn_er;Q ( ), Vit > 0.
m<n<oo

Let A be the event: sup,,,, [Sn — Sm| >tV m > 1. Then, A can be written as the decreasing
intersection A = NY°_,{sup,,~,, |Sn — Sm| > t}. So, by continuity of P, Exercise 1.19,

) < lim Z?ozozm-i—l Val"(Xn) —0.

m—o0 n>m m—oo t2

P(A) = lim P (sup |Sp — S| >t
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Since P(A) = 0, P(A¢) = 1. That is, with probability 1, for any ¢t > 0, there exists m > 1
such that sup,,.,, |S, —Sm| < t. That is, with probability 1, the sequence Sy, Ss, ... is a
Cauchy sequence, so that lim,, . S5, exists. O

Theorem 2.26 (Strong Law of Large Numbers). Let X;, Xo,...: Q@ — R be i.i.d.

random variables with E|X,| < oo. Then % converges almost surely to EX; as
n — oo.
Proof. For any j > 1, let Y; := X; — EX;. Note that Y7,Y5,... are i.i.d. and EY; = 0.

We are required to show that % converges to 0 almost surely. Since Yi,Y5,... are

identically distributed, Theorem 1.86 gives
Y PV >n)=) P(Vi|>n) < / P(|Y1] > t)dt = E|Y;| < oc.
n=1 n=1 0

So, the Borel-Cantelli Lemma, Lemma 1.55, says that |Y,| > n for infinitely many n > 1
occurs with probability 0. For any n > 1, let S, := >0 | Y, and S, == > 0" _ Voo Ly j<m-
Then S,/n — S,/n = * = Y1y, >m goes to zero almost surely as n — oo, since on
a set of probability 1, the sum Y Y1y, |>m has only a finite number of nonzero terms
(regardless of what n is).

So, it suffices to show that S, /n converges to 0 almost surely. Instead of showing this
directly, we first show that a decaying (harmonic) average of the terms Y;,1}y,,j<m is finite.
And in order to apply Theorem 2.25, we need to subtract the mean from these random vari-
ables. For any m > 1, let Z,, := Y, 1v,,j<m — EY;, 1)y, |<m. Then Z1, Z, ... are independent,

mean zero random variables (since Y7, Y, ... are independent), and using Exercise 1.45,
Z var(Z,/m) = Z m~var(Z, Z m2EY? Ly <m = E(Y2 Z m- 1|y1|<m)
m=1 m=1 m=1
:E(WZ ><E(Y210>:10E|Y|<oo
' Y1 1 '
m>|Y1\
In the pentultimate inequality we used integral comparison in the form Zm>y niQ < O Vy >
0. So, by Theorem 2.25, >~*_, Z,, / m converges almost surely. By Kronecker’s Lemma, Exer-
cise 2.27 below, lim,, o + Z = 0 almost surely. That is, S, /n— * = BYny, <m

converges to 0 almost surely, as n —> 0o. Recalling that EY,,, = 0 for any m > 1, we have

0 2 Bz = =3 3 B o = —E(Y%mzz1 1yifom ).

m=1

The last quantity goes to 0 as n — oo by the Dominated Convergence Theorem, Theorem

1.57. In conclusion, S, /n converges to 0 almost surely. 0
Exercise 2.27 (Kronecker’s Lemma). Let 41,9, ... be a sequence of real numbers. Let
0 < by < by < --- be a sequence of real numbers that goes to infinity. Assume that

limy, o0 Yoy Ym exists. Then lim,, . - " > by = 0. (Hint: if s, := " | Y, then

n

the summation by parts formula implies that bi > bmYm = 5p— bi an_:11<bm+1 —by)Sm-)

Remark 2.28. The Strong Law of Large Numbers implies the Weak Law of Large Numbers
by Exercise 2.5.
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Remark 2.29. A Monte Carlo simulation takes n independent samples from some random
distribution and then sums the sample results and divides by n. The Strong Law of Large
Numbers guarantees that this averaging procedure converges to the average value as n be-
comes large. Similarly, if we independently sample a population with a poll, this corresponds
to randomly sampling some distribution. The Strong Law of Large Numbers guarantees that
the average poll results converges to the average value as n becomes large, regardless of the
population size.

Exercise 2.30 (Renewal Theory). Let t1,ts,... be positive, independent identically dis-
tributed random variables. Let u € R. Assume Et; = u. For any positive integer j, we
interpret ¢; as the lifetime of the j lightbulb (before burning out, at which point it is re-
placed by the (5 + 1)* lightbulb). For any n > 1, let T,, :=t; + - - - 4+ t,, be the total lifetime
of the first n lightbulbs. For any positive integer ¢, let N; := min{n > 1: T,, > t} be the
number of lightbulbs that have been used up until time ¢. Show that N;/t converges almost
surely to 1/ as t — oo. (Hint: if ¢, ¢ are positive integers, then {N; < ct} = {T, > t}.
Apply the Strong Law to T,;.)

Exercise 2.31 (Playing Monopoly Forever). Let t1,ts, ... be independent random vari-
ables, all of which are uniform on {1,2,3,4,5,6}. For any positive integer j, we think of ¢;
as the result of rolling a single fair six-sided die. For any n > 1, let T}, =t +---+1t, be the
total number of spaces that have been moved after the n'* roll. (We think of each roll as
the amount of moves forward of a game piece on a very large Monopoly game board.) For
any positive integer ¢, let N, :== min{n > 1: T,, > t} be the number of rolls needed to get ¢
spaces away from the start. Using Exercise 2.30, show that N;/t converges almost surely to
2/7 as t — 0.

Exercise 2.32 (Random Numbers are Normal). Let X be a uniformly distributed
random variable on (0,1). Let X; be the first digit in the decimal expansion of X. Let X,
be the second digit in the decimal expansion of X. And so on.

e Show that the random variables X, X5, ... are uniform on {0, 1,2,...,9} and inde-
pendent.

e Fix m € {0,1,2,...,9}. Using the Strong Law of Large Numbers, show that with
probability one, the fraction of appearances of the number m in the first n digits of
X converges to 1/10 as n — 0.

(Optional): Show that for any ordered finite set of digits of length k, the fraction of appear-
ances of this set of digits in the first n digits of X converges to 107% as n — oco. (You already
proved the case k = 1 above.) That is, a randomly chosen number in (0, 1) is normal. On
the other hand, if we just pick some number such that v/2 — 1, then it may not be easy to
say whether or not that number is normal.

(As an optional exercise, try to explicitly write down a normal number. This may not be
so easy to do, even though a random number in (0, 1) satisfies this property!)

Exercise 2.33 (Cheap Law of the Iterated Logarithm). Let X;, X5,...: 2 — R be
independent random variables with mean zero and variance one. The Strong Law of Large
Numbers says that %(X 1+ -+ X,,) converges almost surely to zero (if the random variables
are also identically distributed). The Central Limit Theorem says that \%(Xl + -+ X,)
converges in distribution to a standard Gaussian random variable (if the random variables
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are also identically distributed). But what happens if we divide by some function of n in
between n'/? and n ? This Exercise gives a partial answer to this question.

Let € > 0. Show that
X1+ 4+ X,

n1/2(log n)(1/2)+<
converges to zero almost surely as n — oo. (Hint: Re-do the proof of the Strong Law of

Large Numbers, but divide by n'/?(logn)/?*¢ instead of n. You don’t need to do any
truncation.)

Exercise 2.34. Let X, Xs,...: Q — R be i.i.d. random variables with E|X;| < co. Then
Xttn converges in Ly to EX.

(Hmt From the Strong Law, we already know that M converges almost surely to
EX,. So, conclude using the Vitali Convergence Theorem, Theorem 6.44.)

2.5. Concentration for Product Measures. In certain cases, we can make rather strong
conclusions about the distribution of sums of i.i.d. random variables, improving upon the
laws of large numbers.

Theorem 2.35 (Hoeffding Inequality/ Large Deviation Estimate). Let X, X,, ... be
independent identically distributed random variables with P(X; = 1) = P(X; = —1) = 1/2.
Let aqy,as,... € R. Then, for anyn > 1,

n t2

P(Zaixizt) <e 2T, V> 0.

i=1
Consequently,
t2

X;| > t) < 2e 2Tl Vit > 0.

P(‘iai

Proof. By dividing ay, ..., a, by a constant, we may assume y ., a; = 1. Let o > 0. Using
the (exponential) moment method as in Markov s inequality, Corollary 1.42, and at > 0,
P() a;X; > 1) = P(e" =45 > o) < e et iz X = ¢ [ Ee*
i=1 i=1
The last equality used independence of X7, Xs,... and Proposition 1.72. Using an explicit
computation and Exercise 2.36,

Ec®Xi = (1/2)(e*% 4 %) = cosh(aa;) < e* /2, Vi>1.

In summary, for any ¢ > 0
P(Z a; X; > t) < e—ozte()zQ nia?/2 _ —at+a2/2‘
i=1
Since o > 0 is arbitrary, we choose a to minimize the right side. This minimum occurs when
a =t, so that —at + a?/2 = —t?/2, giving the first desired bound. The final bound follows
by writing P(|>"1, a;.X;| > t) =P (>, a;X; > )+ P(— >, a;X; > t) and then applying
the first inequality twice. 0

Exercise 2.36. Show that cosh(z) < e®*/2 V1 e R.
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In particular, Hoeffding’s inequality implies that
1 n
P <—) X,

This inequality is much stronger than either Markov’s or Cheyshev’s inequality, since they
only respectively imply that

I 1 1<
PRI x| =) <5 P(Ex

Note also that Hoeffding’s inequality gives a quantitative bound for any fixed n > 1, unlike
the (non-quantitative) limit theorems which only hold as n — oc.

> t) <22 >0,

1
zt) <. vt>o.
nt2

Exercise 2.37 (Chernoff Inequality). Let 0 < p < 1. Let Xj, X,,... be independent
identically distributed random variables with P(X; = 1) = p and P(X; = 0) = 1 —p for any
1> 1. Then for any n > 1

1 & _ o [€ep\tn
P(— Xi>t>< "P(—) : t> .

Prove the same estimate for P(% Yo X <t)forany t < p. (Hint: 1+ 2 < e” for any
T ER, 501+ (e*—1)p < el"~1p)

Exercise 2.38. We return to the Erdés-Renyi random graph G = (V, E) on n vertices with
parameter 0 < p < 1 from Exercise 2.20. Define d := p(n — 1).

e Show that d is the expected degree of each vertex in G. (The degree of a vertex
v € V is the number of vertices connected to v by an edge in E.)

e Show that there exists a constant ¢ > 0 such that the following holds. Assume
p > Ck’%. Then with probability larger than .9, all vertices of G have degrees in the
range (.9d, 1.1d). (Hint: first consider a single vertex, then use the union bound over
all vertices.)

Exercise 2.39 (Khintchine Inequality). Let 0 < p < oco. Then there exist constants
A,. B, € (0,00) such that the following holds.

Let X1, Xo, ... be independent identically distributed random variables with P(X; = 1) =
P(X; =—1)=1/2. Let aj,as,... € R. Then

i CLZ'XZ' i CliXZ' = (i (1,22)1/2 S Bp
i=1 i=1 2 =1

So, all L, (quasi)-norms of " | a;X; are comparable.

(In Banach space terminology, there is an isomorphic copy of the Banach space ¢, inside
any space L,[0,1]; e.g. we can use X;(t) := signsin(2'nt) for any ¢t € [0,1], i > 1.)

(Hint: For the A, inequality, use Hoeffding’s inequality and “Integration by Parts,”
Theorem 1.86, obtaining A, < ,/pA for some fixed A > 0. For the B, inequality with

0 < p < 2, apply Logarithmic Convexity of L, norms, Exercise 1.53, in the form [|X ||; <
X2 (1X][3°, then apply the A, inequality to get [| X507 < A, || X207

A, <

n
E a; X
i=1

p p

33



2.6. Additional Comments. A version of the Law of Large Numbers was stated as early
as the 1500s. In the 1700s and 1800s, various laws of large numbers were proved with weaker
and weaker hypotheses. For example, the L, Weak Law was known to Chebyshev in 1867.
The Strong Law of Large Numbers might have first been proven in 1930 by Kolmogorov.

If the random variables have infinite mean, then the Strong Law cannot hold.

Exercise 2.40. Let X, Xs,...: Q2 — R be iid. with E|X;| = oo. Then P(|X,| >
n for infinitely many n > 1) = 1. And P(lim,_, 25+ € (—00,00)) = 0. (Hint: show

S>>  P(|X,| > n) = oo, then apply the second Borel-Cantelli Lemma. Write 5= — CLERR

n n+1
n(fil) — ‘)f:rll, and consider what happens to both sides on the set where lim,, ., % eR))

Also, unfortunately the strong law cannot hold for triangular arrays.

Exercise 2.41. Let X be a random variable taking values in the natural numbers with
P(X =n) = =425, where ((3) :== > -2

¢(3) n3> m=1 m3"

e Show that X is absolutely integrable.
e Foranyn > 1, let X, 1,..., X, ,: € = R be independent copies of X. Show that the

n,l+"‘+Xn,n

random variables = are almost surely unbounded. (Hint: for any constant

¢, show that M > ¢ occurs with probability at least £/n for some € > 0
depending on c¢. Then use the second Borel-Cantelli lemma.)

Exercise 2.42 (Second Borel-Cantelli Lemma). Let A, Ay, ... be independent events
with > 7 P(A,) = oo. Then P(A, occurs for infinitely many n > 1) = 1. (Hint: using
1 —x <e® for any x € R, show P(Nf_,A¢) < exp(— Y.L _ P(A,)), let t — oo to conclude

n=s n

P(uye  A,) =1 for all s > 1, then let s — 00.)

The above proof of the Strong Law of Large Numbers follows a general philosophy in
analysis and probability. If one desires an almost sure convergence result, then one needs
to prove a maximal inequality. In fact, in certain cases this is an equivalence, formalized as
Nikishin’s Theorem. For example, Nikishin’s Theorem implies the following.

Let T := R/2nZ. Let P denote the uniform probability law on T. For any 1 < p < oo, we
denote L,(T) :={f: T — R: E|f|” < co}. We also recall that any f € L,(T) has an asso-

ciated Fourier series >, f(n)e™™ where § € T, i = v/—1 and ]/“\(n) S f(z)emedz.

27 Jo

Theorem 2.43 (A Corollary of Nikishin’s Theorem). Let 1 < p < 2. Then the
following are equivalent

(i) For every f € Ly(T), imy, o0 f(n)e‘me = [ almost surely.

(ii) For every f € L,(T), sup,,~o| >, Fn)e=™| < 0o almost surely.

(iii) The map f — T(f) = sup,=ol|dom f(n)e’mﬂ is of weak type (p,p). (There
exists a constant ¢ > 0 such that P(Tf > t) < ct PE|f|", V f € L,(T) andV t > 0.)

The famous Carleson-Hunt Theorem showed that (i),(ii),(iii) are true for any 1 < p < 2,
and it was known already to Kolmogorov in 1926 that (i),(ii),(iii) are false when p = 1. Note
that Kolmogorov’s Maximal Inequality, Theorem 2.24, is in some sense, of weak type (2,2).

Exercise 2.33 was a weak version of the following.
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Theorem 2.44 (Law of the Iterated Logarithm). Let X, X5,...: Q@ — R be i.i.d.
random variables with mean zero and variance one. Then, almost surely,
lim su Kot F A
n—>oop V2nloglogn

Concentration of measure, Section 2.5, will be revisited in Section 7 for non-product
measures.

3. CENTRAL LIMIT THEOREMS

In Section 2.5 we made some conclusions about the distribution of sums of specific i.i.d.
random variables. In this section, we will try to investigate the distribution of general sums
of i.i.d. random variables as the number of terms in the sum becomes large. Our effort will
culminate in three different proofs of the so-called Central Limit Theorem. This Theorem
was apparently called “Central” since it is so fundamental to probability and statistics, and
mathematics more generally. We first try to guess how to get a limiting distribution from a
sum of i.i.d. random variables.

Let X1, X5,...: Q — R be i.i.d. random variables with mean zero and variance 1. From
the Strong Laws of Large Numbers, £(X; + --- + X,,) converges to 0 almost surely (and in
probability). Also, as shown in Exercise 2.33, for any ¢ > 0, =t (X] + -+ + X))

7 Vn(logn)(/2)+e
converges to 0 almost surely (and in probability). From these results, it is still unclear what

value X +---+ X, “typically” takes. For example, if P(X; = 1) = P(X; = —1) = 1/2, then
lim, 00 P(X1+---+X,, = 0) = 0. (What is the exact probability that P(X;+---+X,, = 0)7)
In order to see what values X; + - -+ X, “typically” takes, we need to divide by a constant
smaller than y/nlogn

Consider \/Lﬁ(Xl + .-+ X,). Dividing by /n is quite natural since \%(Xl +--- 4+ X,)
has mean zero and variance 1 by Exercise 2.11. So, we expect that the most typical values
of Xy + -+ X, occur in some range (—a+/n,a/n) for some a > 0.

Dividing by anything other than /n will not work correctly. For example, if g: N — (0, 00)
satisfies lim,,_,o, g(n) = oo, then it follows from Chebyshev’s inequality, Corollary 1.46, that
—L_(X; 4 ---4 X,,) converges to 0 in probability. And if E|X;|* < co, we showed in the

g(n)vn .
proof of Proposition 2.14 that

E(%(Xl TR Xn))4 — 34+ O(EX!/n).

The Paley-Zygmund Inequality, Exercise 1.52 then implies that, for any 0 < e < 1,
X1+ + X, X1+ + X, 1
P( ) =P( >e?) > (1) .
NG © NG =) 2 S S T )

In particular, L\/%)(Xl + -+ X,,) does not converge in any sensible way as n — oo. In

summary, in order to see what values X; + - - - + X, typically takes, we must divide by y/n.
Unfortunately, we cannot hope for \/Lﬁ(Xl + .-+ 4+ X,,) to converge almost surely or in

probability. So, we have to look for a different notion of convergence.

Proposition 3.1. Let X1, X5,...: Q — R be i.i.d. random variables with mean zero, vari-
ance 1 and EX{ < oo. Then as n — oo, \/iﬁ(Xl + -+ X,,) does not converge almost surely
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or in probability to any random wvariable; moreover no subsequence of \%(Xl +--+ X))
converges almost surely or in probability as n — oco.

Proof. We argue by contradiction. For any n > 1, let S,, := X; + --- 4+ X,,. For the sake
of contradiction, suppose there exists a subsequence S,/ /T that converges almost surely
or in probability to a random variable Y : 2 — R. By taking a further subsequence, we
may assume that S, /,/n; converges almost surely to Y, by Exercise 2.10(ii). Note that
S, /\/T, has mean zero and variance 1. Also, as shown in Proposition 2.14, the fourth
moment of Snjk/ /T, is uniformly bounded as k& — oo. So, Theorem 1.59 implies that
Y also has mean zero and variance 1. But as shown in Exercise 1.97, Y is measurable
in the tail o-field 7T, so that Y is almost surely constant. Therefore, Y has variance 0, a
contradiction. O

Despite the failure of convergence almost surely or in probability, it turns out that \/iﬁ(X 1+
-+- 4+ X,,) does converge in distribution to a Gaussian random variable. Before stating the
Central Limit Theorem, we discuss convergence in distribution. First, note that convergence
in distribution only involves the cumulative distribution functions of the random variables.
So, we can discuss convergence in distribution for random variables on different sample
spaces. We begin by presenting convergence in distribution in a general context.

3.1. Convergence in Distribution.

Definition 3.2 (Vague Convergence of Measures). Let p, ui1, fi2, . .. be a sequence of
finite measures on R (i.e. u(R), 1, (R) < oo for all n > 1). We say that p, ye, . .. converges
vaguely (or converges weakly, or converges in the weak* topology) to p if, for any
continuous compactly supported function g: R — R,

im [ gla)din (@) = [ gle)dutz).
In functional analysis, there is a subtle but important distinction between weak and weak*
convergence, though this difference of terminology seems to be ignored in the probability
literature.
As we will show below, convergence in distribution of random variables X;, X,... to a
random variable X is equivalent to px,, ftx,, . .. converging vaguely to px.

Proposition 3.3. Let X, X1, Xo,... be random variables with values in R. Then the follow-
g are equivalent

o Xy Xy, ... converges in distribution to X.
® [ix,, X, - .. CcOnvETges vaguely to px.

Proof. Assume that X;, Xs, ... converges in distribution to X. Let g: R — R be a continuous
compactly supported function. Then g is uniformly continuous. So, if € > 0, there exist t; <
o <ty oand ¢, ..., 6 € R such that go(£) :== 30" ¢ilg,0,.(t) satisfies |g.(t) — g(t)| < e
for all t € R. Since Fy: R — [0,1] is monotone increasing and bounded, any point of
discontinuity of Fx is a jump discontinuity. So, F'x has at most a countable set of points of
discontinuity. Therefore, t; < --- < t,, can be chosen to all be points of continuity of Fx.
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By Theorem 1.86,
—1

Eg(X) — Ci (FX(tH—l) - FX(E))‘ = |[Eg(X) = Eg.(X)| < E[g(X) — g-(X)| < e.

i=1

3

The same holds replacing X with any of X3, X5, .... So, applying the triangle inequality,
lim sup [Eg(X,,) — Eg(X)]

n—oo
< lim Sup ’Eg(Xn) - Egs(Xn)| + |Egs(Xn> - Egs(*X)‘ + ‘Egs(X) - EQ(X)‘
n—oo
m—1
< 2¢ + limsup Z lcil [Fx,, (tiv1) — Fix(tiva) — [Fx,(t:) — Fx(t:)]] = 2e.

n—oo
=1

Since £ > 0 is arbitrary lim, ., Eg(X,) = Eg(X) as desired.

Now, suppose for any continuous, compactly supported g: R — R, lim, . Eg(X,) =
Eg(X). Let t € R be a point of continuity of Fx. Then, for any ¢ > 0, there exists § > 0
such that if |s — ¢| < 26, then |Fx(s) — Fx(t)| < €. By continuity of the probability law,
let m > 0 such that P(|X| > m) < . By choice of d,e we have P(|X —t| < 0) < e. Let
g: R —[0,1] so that g = 0 on (—o0,—2m], g = 1 on (—m,t — 6], g = 0 on (¢,00) and g is
linear otherwise. Then

Eg(X) = Eg(X)(1_amex<—m + 1—m<X<t s+ Lisex<t)
=0(e) + Fx(t —6) + O(e) = Fx(t) + O(e).

Since 111rnn_>OO n)

Eg(Xn) = Fx(t )ELO( ). By

P(X, <1)

Repeating the above with g where g =1 on (¢t + 9, m] and g = 0 on (—o0,t] U [2m, 00) gives
P(X,>t)>1—-Fx(t) — O(e), Vn > ng(e).

Eg(X), there exists ng = no(¢) > 0 such that, for all n > ny,
the definition of g,

> Eg(X,) > Fx(t) — O(e), Vn > ng(e).

Combining these inequalities gives
Fx, (t) = Fx(t) + O(¢), Vn > ng(e).
Letting ¢ — 0" concludes the proof. 0

Proposition 3.3 avoids a subtle technical issue. A sequence of probability measures on
R can converge to a measure 1 on R that is not a probability measure. For example, if
pn(A):=11ifn € A and p,(A) :=01if n ¢ A, then uy, pa, ... are probability measures that
converge vaguely to the measure p such that u(R) = 0. That is, some mass can be “lost”
in the limit as n — oo. Still, any sequence of probability measures does have a subsequence
that converges vaguely to some measure p with p(R) < 1. This is guaranteed by some
general theorems from analysis. Below we denote C,(R) as the set of continuous compactly
supported functions f: R — R.

Theorem 3.4 (Riesz Representation Theorem). Let ¢ be a positive linear functional on
Ce(R) (so that ((f) > 0 for any f € C(R) with f >0, and supec, gy f(2)<1,vzer [((f)] <
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o0 ). Then there exists a unique reqular Borel measure 1 on R such that

wn= [ fdn vfecm).
R
That is, the dual C.(R)* of C.(R) is the space of finite signed measures on R.

Theorem 3.5 (Alaoglu Theorem/ Banach-Alaoglu). Let X be a normed linear space.
Then the unit ball Bx- = {z* € X*: ||2*|| < 1} of X* is weak* compact. (That is, any
sequence in Bx+ has a subsequence that converges in the weak* topology. Here X* is the set
of linear functions x*: X — R with ||z*]| < oo and ||z*]| == sup,ex. |z)<1 [7"(2)])

The combination of Alaoglu’s Theorem (proven in Theorem 8.3) and the Riesz Represen-
tation Theorem gives Helly’s selection theorem.

Theorem 3.6 (Helly’s Selection Theorem). Let i, 1o, ... be a sequence of probability
measures on R. Then there exists a subsequence [in,, fin,,--. that vaguely converges to a
measure fr on R with p(R) < 1.

As mentioned above, some mass can “escape” to infinity, in which case p(R) can be strictly
less than 1. The next Lemma shows that mass “escaping” to infinity is the only obstruction
to a sequence of probability measures converging vaguely to another probability measure.

Lemma 3.7. Let pq, ps, ... be a sequence of probability measures on R. Then any subse-
quential limit of the sequence (with respect to vague convergence) is a probability measure if
and only if py, pa, ... is tight: ¥ ¢ >0, 3 m = m(e) > 0 such that

limsup(1 — p,([—m, m])) <e.

n—oo
Exercise 3.8. Let X, X7, X5,... and let Y, Y7, Y5, ... be random variables with values in R.
(i) Assume that X is constant almost surely. Show that X, Xs,... converges to X in

distribution if and only if X7, Xy, ... converges to X in probability.
(ii) Prove Lemma 3.7.

(iii) Suppose that X, Xy, ... converges in distribution to X. Show there exist random
variables Z, 7y, Zs,...: 0 — R such that uy = px, pz, = px, for any n > 1,
and such that Z;, Z,, ... converges almost surely to Z. (Hint: use the sample space

Q2 = [0,1] and argue as in Exercise 1.25.)

(iv) (Slutsky’s Theorem) Suppose X7, X, ... converges in distribution to X and Y7, Y, ...
converges in probability to Y. Assume Y is constant almost surely. Show that
X14+Y1, Xo+Ys, ... converges in distribution to X +Y. Show also that X Y7, XoY5, ...
converges in distribution to XY. (Hint: either use (iii) or use (ii) to control error
terms.) What happens if Y is not constant almost surely?

(v) (Fatou’s lemma) If g: R — [0, 00) is continuous, and if X, Xs, ... converges in dis-
tribution to X, show that liminf, .., Eg(X,) > Eg(X).

(vi) (Bounded convergence) If g: R — C is continuous and bounded, and if X3, X, ...
converges in distribution to X, show that lim, .., Eg(X,) = Eg(X).

(vii) (Dominated convergence) If X, Xs,...: £ — R converges in distribution to X, and
if there exists a random variable Y:  — [0,00) with |X,| < Y for all n > 1 and
EY < oo, show that lim,, .., EX,, = EX.
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Exercise 3.9 (Portmanteau Theorem). Show that the two properties in Proposition 3.3
are also equivalent to the following three statements:
e For any closed K C R, limsup,,_,.  P(X, € K) <P(X € K).
e For any open U C R, liminf, ,..P(X,, € U) <P(X € U).
e For any Borel set £ C R whose topological boundary OF satisfies P(X € 0F) = 0,
lim, . P(X, € F) =P(X € E).
(Hint: Urysohn’s Lemma might be helpful.)
3.2. Independent Sums and Convolution. Proposition 3.12 shows that the sum of i.i.d.

random variables with density reduces to the repeated convolution of the density function
with itself. This interpretation is explored further in Exercise 3.14.

Definition 3.10 (Convolution). Let g,h: R — R be measurable functions. The convo-
lution of ¢ and h, denoted g * h, is the function g *x h: R — R defined by

(g*h)(t) = /00 g(x)h(t — x)dx, VteR.

oo

In order for this quantity to be well-defined almost surely (with respect to Lebesgue measure
on R), we assume that [, [g(x)|dz < oo and [, |h(z)|dz < oco.

Exercise 3.11. Let f,g,h: R — R be measurable functions. Assume that [, |f(z)|dx,
Jelg(@)]dz < oo and [, |h(x)|dz < oo. Show that [*° |(g* h)(t)|dt < co. Consequently,
(g% h)(t) € R almost surely for ¢t € R (with respect to Lebesgue measure on R).

Then, show that convolution is associative and commutative. That is, g x h = h * g and
fx(gxh)=(f*g)*h almost surely.

Proposition 3.12. Let X,Y: Q2 — R be two independent random variables with densities
Ix, fy: R = [0,00), respectively. (Recall that fR fx(z)de =1 < o0 and [, fy(y)dy =1 <
o00). Then X +Y has density f: R — [0,00) given by

ft)=(fx=*fr)t), VteR
Proof. Let t € R. Using independence and Fubini’s Theorem, Theorem 1.66

Ay (2,y) / dyox () dpy (y)

{(z,y)€R?: z+y<t}

y=t—zx
:/ fx (@) fr (y dxdy—/ / fy (y)dydz.
{(z,y)€R2: z+y<t} ——c0

Changing variables and using Fubini’s Theorem again,

PX+Y <t)= /xoo </Zt fr(z— x)dz) fx(z)dx

PX+Y <t)= /
{(z,y)ER2: z+y<t}

z=t =00 z=t
_ / ( / (= o) fx(a)dr ) dz = / (Fx * fi)(2)dz.
From Definition 1.26, X + Y has density fx * fy, as desired. O

Exercise 3.13. Using convolution, show that if X,Y are standard Gaussian random vari-
ables, then aX + bY is a Gaussian random variable with mean 0 and variance a? + b
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Exercise 3.14. Let XY, Z be independent and uniformly distributed on [0, 1]. Note that
fx is not a continuous function.

Using convolution, compute fx.y. Draw fx,y. Note that fx.y is a continuous function,
but it is not differentiable at some points.

Using convolution, compute fxiyiz. Draw fxi.y,z. Note that fx .y, is a differentiable
function, but it does not have a second derivative at some points.

Make a conjecture about how many derivatives fx,4..1x, has, where Xi,..., X, are in-
dependent and uniformly distributed on [0, 1]. You do not have to prove this conjecture.
The idea of this exercise is that convolution is a kind of average of functions. And the more
averaging you do, the more derivatives fx, ..., has. Lastly, fx, +..1x, should resemble a
Gaussian density when n becomes large. So, we should be able to guess at a formulation of
the Central Limit Theorem, at least for i.i.d. random variables with density.

Exercise 3.15. Construct two random variables X, Y such that X and Y are each uniformly
distributed on [0, 1], and such that P(X +Y =1) = 1.

Then construct two random variables W, Z such that W and Z are each uniformly dis-
tributed on [0, 1], and such that W + Z is uniformly distributed on [0, 2].

(Hint: there is a way to do each of the above problems with about one line of work. That
is, there is a way to solve each problem without working very hard.)

3.3. Fourier Transform/ Characteristic Function. The quickest way to prove the Cen-
tral Limit Theorem is to take the Fourier transform of the distribution function of the sum
of i.i.d. random variables. We now develop the tools needed for such a proof.

Definition 3.16 (Fourier Transform/ Characteristic Function). Let 1 be a probability
measure on R. Let ¢ := y/—1. The Fourier Transform of y at ¢ € R is defined by

i) = [ e duta).

If X:Q — R is a random variable, we define the characteristic function of X, or the
Fourier transform of uy, denoted ¢x: R — R, by

ox(t) =B = [ () = k@), VieR
R

In particular, if X has density f: R — [0,00), then ¢x(t) = [, €™ f(x)dx is the Fourier
transform of the function f.

Note that ¢y (t) exists for every t € R since |e"*| < 1 for all z,t € R.
From the power series expansion of the exponential, we have the following formal power
series expansion for ¢x:

Px(t) ~ Z (it)nEXn-

n!

n=0

¢x is actually equal to this power series expansion in the following settings.

Exercise 3.17. Let k£ > 1 be an integer. Let X: 2 — R be a random variable with finite

k™ moment: E|X|* < co. Show that ¢x(t) is k-times continuously differentiable in ¢, and
d* ,

ﬁh;gﬁbx(t) = ZkEXk
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In particular, we get the Taylor expansion
Zk (it)"
N k

n=0
Let f,g: R — R. We use the notation f(t) = o(g(t)), V t € R to denote lim; g |%‘ = 0.

Exercise 3.18. Assume that X: Q — R is a subgaussian random variable, i.e. 3 a,b >0
such that
2
P(|X|>t) <ae™™, VteR.

Show that ¢y is equal to its Taylor series:

dx(t) = Z< ? EX",  VteR
n=0 ’
Also, show that the Taylor series converges uniformly on any closed interval.

The Fourier transform converts convolution to multiplication (see Proposition 8.6(d)).
Likewise, the characteristic function transforms sums of independent random variables into
products of characteristic functions.

Exercise 3.19. Let X,Y: 2 — R be independent random variables. Show that
dx+y(t) = ox(t)oy(t), Vit eR.

The following Theorem allows us to restate the Central Limit Theorem in terms of con-
vergence of characteristic functions.

Theorem 3.20 (Lévy Continuity Theorem, Special Case). Let X, X1, Xo, ... be real-
valued random variables (possibly on different sample spaces). The following are equivalent.

o For everyt € R, lim, , ¢x, (t) = ¢x(t).
o Xy, Xy, ... converges in distribution to X.

Proof. The second condition implies the first by Exercise 3.8(vi).

Now, assume the first condition holds. Let g: R — R be a Schwartz function (for any
integers j, k > 1, g is k times continuously differentiable and there exists ¢;; € R such that
19" (z)] < T ‘ lJ, Vz € R.) The Fourier Inversion Formula, Theorem 8.9, implies that

1 ,
X,) = 5= [ e g(y)dy.
9(Xn) 27T/Re 9(y)dy

where §(y) = [ €™ g(z)dz for all y € R. From the Fubini Theorem 1.66,

By(X,) = 5- [ Be ™05ty = 5 [ ox, (05w

Similarly, Eg(X) = 5= [ &x(—y)g(y)dy. So, lim,_ . Eg(X,) = Eg(X) by the Dominated
Convergence Theorem, Theorem 1.57 (and Proposition 8.7(c)). Since any continuous, com-
pactly supported function g can be uniformly approximated by Schwartz functions in the
Lo norm (by e.g. replacing ¢ with g * ¢., where ¢.(z) = ¢ 'e *"/2) /\/27 letting ¢ — 0
and applying Proposition 8.5(d)), the identity lim, . Eg(X,) = Eg(X) holds for any con-
tinuous, compactly supported g: R — R. We then conclude by Proposition 3.3. 0]
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Remark 3.21. In particular, if Y = X; = X, = ---, the above Theorem implies that if
dx(t) = ¢y (t) for all t € R, then puy = piy-.

Exercise 3.22 (Lévy Continuity Theorem). Let X, X, Xy, ... be real-valued random
variables (possibly on different sample spaces). Assume that, V¢ € R, ¢(t) := lim,, . ¢x, (t)
exists. Then the following are equivalent.

(i) ¢ is continuous at 0.
(ii) px,, pixy, .- is tight. (Ve > 0, 3 m = m(e) > 0 such that limsup,_, (1 —
px, ([—m.m])) < 2.
(iii) There exists a random variable X such that ¢x = ¢.
(iv) X1, Xs, ... converges in distribution to X.

(Hint: Use Lemma 3.7 to get from (ii) to other conditions.)

3.4. Three Proofs of the Central Limit Theorem. From Exercise 3.14, we could guess
that the Central Limit Theorem could be true, since the repeated convolution of the same
function looks more and more like a Gaussian density. Also, as we have seen from Charac-
teristic Functions in Exercise 3.19, they transform convolution into multiplication (see also
Proposition 8.6(d)). Since multiplication is easier to understand than convolution itself,
it is then natural to examine the characteristic functions of sums of independent random
variables.

Theorem 3.23 (Central Limit Theorem). Let X1, X5, ... be real-valued, independent,
identically distributed random wvariables. Let Z be a standard Gaussian random wvariable.

Let p,0 € R with o > 0. Assume that EX; = p and var(X,) = 0. Then, as n — oo,

MUJ’—\/)%"_W converges in distribution to Z. That is, for any t € R,

. t
lim P (Xl oot X t) :/ a2 0T
n—0o0 O'\/ﬁ —c0 \/ﬁ

Remark 3.24. The random variable M;—\/w has mean zero and variance 1, just like the

standard Gaussian Z. So, the normalizations of X; 4+ --- + X,, we have chosen are sensible.

Exercise 3.25. Let f,g,h: R — C. We use the notation f(s) = o(g(s)) ¥V s € R to
denote lim,_, ‘gg;‘ = 0. For example, if f(s) = s* V s € R, then f(s) = o(s?), since
lims_>o|%| = lims0|s| = 0. Show: (i) if f(s) = o(g(s)) and if h(s) = o(g(s)), then
(f + h)(s) = o(g(s)). (ii) If ¢ is any nonzero constant, then o(cg(s)) = o(g(s (iii)
lim, 0 g(s)o(1/g(s)) = 0. (iv) lims0 0(g(s))/g(s) = 0. (v) o(g(s) + o(g(s))) = o(g(s)).

Proof using Fourier Transform. For any j > 1, let Y; := (X; — p)/o. Then Y1,Y5,... are
independent and identically distributed by Remark 1.71, EY; = 0 and EYj2 =1,V >1
We will show that lim,, . P(Yﬁ—\/gy” <t)=P(Z <t),VteR. From Theorem 3.20 and

Proposition 8.7, it suffices to show:

),
).

Y1t +Yn

lim B¢ vi = EeZ = 6_t2/2, VteR.
n—oo
From Exercise 3.19,
EeitL\/;Yn _ H EeitYi/va — (Eez’tYl/\/ﬁ>n'
j=1
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By Exercise 3.17 with k = 2, and using EY1 =0and EY? =1,
itY: /v _ 2 2 t? t?
Ee''t =1 —EY——EY t =1-—
—i—\/_ ™ +o(t*/n) 2n+0(n>

Therefore,

Taking logarithms, using log(1 + x) = x 4+ o(x) for —1 < x < 1, and using Exercise 3.25,

it 1+ +Yn +2 +2 2 2
logEe™ v»  =nlog|l——+4o0o(— =——+n-0o|—|.
2n n 2 n

Letting n — oo and using Exercise 3.25(iii) completes the proof. O

Proof using Lindeberg replacement, assuming finite third moment. As in the proof above, we
may assume EX; = 0 and EX? = 1. Let g: R — R be a Schwartz function. Fix n > 1.
Consider Eg((X;+- -+ X,,)/v/n). We will show this quantity is close to Eg(Z) by replacing
one term of Xi,..., X, at a time with an independent standard Gaussian. Let Zi, 7, ...
be independent standard Gaussian random variables, independent of Xy, Xs,.... Note that
(Z1+ -+ Z,)/+/n is a standard Gaussian by Exercise 3.13. We write a telescoping sum:

X4+ X X, +..-+ X Tt 7
Eg( 1+t n)_Eg(Z) _ Eg( s n>_Eg< 1+t n>
NG Vn vn
_ i(E <X1+---+Xj+zj+1+---+zn>_E <X1+---+Xj_1+zj+---+zn>>
2 9 NG g N
- Xi+ A X+ 24+ 2 Xo+-+ X0+ 2+ + 2,
SZEQ( 1 ]\/ﬁj+1 )—Eg( 1 J\l/ﬁ j )(*)

7=1
We control each term in the sum separately Write ¢ in its third order Taylor expansion as
gy +1) = g(y) +tg'(y) + 29" (y) )2+ O(Jt]*). Fix 1 < j < n. Using ¥ := (Xy+- -+ X1 +
Zia+ -+ Z,)/v/n, and Th = X;/+/n and also T, = Z;/+/n, then taking expected values,
<X1+---+Xj+Zj+1+--~+Zn>

Vn

= |Eg(Y +T1) — Eg(Y + T3)|
_|EXyg(Y) EZg(Y) 1
| Vn NG 2n
Since X is independent of Y, Proposition 1.72 implies that EX,;¢'(Y) = EX;E¢(Y) = 0.
Similarly, EZ;¢'(Y') = 0. The next terms also cancel since EX? = EZ7 = 1. In summary,

Eg — Eg

<X1+---+Xj1+Zj+---+Zn>
NLD

| 3

(EXFg"(Y) —BZjg"(Y)) + 0<E|Xj|3) + O( |sz )

n3/2

- <X1+---+Xj+zj+1+---+zn>_E (X1+---+Xj_1+Zj+---+Zn>
g Tn g Tn
1+E|X,]?
SO( n3/2 )
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Vn>1.

Substituting this back into (x), we get
' <X1+---+Xn 1+E\X1\3)
Eg — ),

N ) —Ey(2) NG

Letting n — oo shows that lim,, Eg(XlJr—\/{X") = Eg(Z). Since this holds for any Schwartz

function g: R — R, it then holds for any continuous compactly supported function g. We
then conclude by Proposition 3.3. 0

<o(

Remark 3.26. The Lindeberg argument has the advantage of providing a quantitative
bound for the convergence that occurs in the Central Limit Theorem. In particular, we
showed that, there exists an absolute constant ¢ > 0 such that, if X, X,,... are i.i.d. with
mean zero, variance 1 and E|X;|* < oo, then for any three times continuously differentiable
compactly supported function g: R — R,

- (X1+--~+Xn 1+E!X1!3>
g vn vn
Exercise 3.27 (Weak Berry-Esséen theorem). Let X, X7, X5, ... bei.i.d. real-valued random

variables with mean zero, variance 1 and with E|X \3 < 00. Let Z be a standard Gaussian
random variable.

) - Eg(Z)’ < c-sup|g”(z)] (

zeR

(i) Show that for any compactly supported g: R — R with three continuous derivatives,
and for any n > 1,

Xl 4+ Xn _ ,
Eg( ) = Eg(2) + O(n" 2 sup g (2)| BIX ),
\/ﬁ z€R
where the implied constant does not depend on g, n or on any of the random variables

X, Xy, X, ...
(ii) Show that, for any n > 1, and for any ¢ € R
X 4+ X,
P( 1+ + < t) _ P(Z < t) +O(7’L_1/2E|X|3)1/4,
vn

where the implied constant does not depend on n,t or on any of the random variables
X, X1, Xo,. ...

(Hint: for the second item, consider g = 1j_ 4 * ¢-, Where ¢(x) = e ™2 /\2m and ¢.(x) =
e t¢(xz/¢e) for any x € R and for appropriately chosen € > 0.)

Recall from Exercise 1.64 that a Schwartz function g: R — R and a standard Gaussian Z
satisfy EZg(Z) = E¢'(Z). The next theorem shows that this equality can characterize how
far a random variable is from being a standard Gaussian.

Theorem 3.28 (Stein Continuity Theorem). Let X, Xs, ... be a sequence of real-valued
random variables with sup,,», E | X,|° < 00. Let Z be a standard Gaussian random variable.
Then the following are equivalent.

1) For any differentiable function g: R — R such that g and ¢’ are bounded and contin-
(i) y g g and g

uous,
lim E(X,g9(X,) — ¢ (X,)) =0.
n—oo

(il) X1, Xo, ... converges in distribution to Z.
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Proof. First, assume (ii) occurs. Since ¢’ is bounded, lim,,_,~, E¢'(X,,) = E¢'(Z) by Exercise
3.8(vi). To prove (i), it then suffices by Exercise 1.64 to show that lim, . EX,g(X,) =
EZg(Z). For the purpose of proving this equality, we may assume by Theorem 1.60 and
Exercise 3.8(iii) that X3, X5, ... converges almost surely to Z. By assumption,

sup E [ X,9(X,)|” < supEX? - sup|g(z)]* < co.
n>1 n>1 z€R

Theorem 1.59 then implies that lim, . EX,¢(X,) = EZg(Z), proving (i).

Now, assume (i). By Proposition 3.3, it suffices to show that lim, . E¢(X,) —E¢(Z) =0
for any continuous compactly supported ¢: R — R. It further suffices to assume that ¢ is a
Schwartz function bounded by 1 in absolute value. We now claim it suffices to find a function
g: R — R with both g, ¢’ bounded such that g satisfies the ODE

¢(z) —Ep(Z) = g'(z) —zg(x), VrzeR (¥

To see that this implies (ii), let z = X,,, take expected values, then let n — oo to get

lim E¢(X,) — Eo(Z) = lim E(g'(X,) — Xng(X,)) 2 0.

n—oo n—oo

In order to solve the ODE (%), we use the method of integrating factors to get

gla) = e"/? / eV (0(y) ~ER(2))dy = —¢" /2 / e (o(y)~Eo(2))dy, ¥a € R. (x4)
The last equality follows since [* e ¥"/%(¢(y) — E¢(Z))dy/v/2m = 0. It remains to show
that g, ¢’ are bounded. If z,y € R we write

e V2 = o lata)?/2 _ oma?/2,—(y=2)? /2 —a(y—2) < omw?/2pa(y—2) (1)

Using (1) when y > x and = > 1, the second equality of (xx) implies that |g(z)| < 2/ |z| since
[Zevmndy = [ e ¥dy = 1/x. Using (f) with y < z and = < —1, the first equality of
(x+) implies that |g(z)| < 2/ |z|. Either equality of () implies |g(x)] <5 when —1 <z < 1.
In summary,

10
)| < , VzeR.
9(e)] <
So, by (%), ¢’ and g are bounded by 20 in absolute value, as desired. O

Remark 3.29. Changing variables in (xx) shows that, for any = € R,
x? m) - x)? > —qy? —yx
glw) = —e”/2 / "W (o(y + 2) — Bo(Z))dy = ~ / e 2T (o(y + ) — E@(Z))dy.
0 0
Differentiating in x and repeating the above argument (using sup,cg lye ¥*/2| < 1) gives

L+ supye [0
1+ |z

lg'(z)] <10 . VzeR

Proof of Central Limit Theorem using Stein’s Method. As in the proofs above, we may as-
sume EX; = 0 and EX? = 1. Let ¢: R — [—1,1] be a Schwartz function. Let Z be
a standard Gaussian. We additionally assume that E]X1]3 < o0. For any n > 1, let
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Y, = (X1 + -+ X,)/v/n. We will show the following Berry-Esseén type quantitative
estimate for any n > 1:

E¢(Y,) = E¢(2) + O(E X |* /v/n) - (14 sup ¢/ (y)]).

yeR

Beginning with (x) from the proof of Theorem 3.28, we get
E¢(Y,) — Ed(2) = E(g(Ya) — Yag(¥a) ).

We write Y,,g(Y,,) = \/Lﬁ Y, Xig(Y,), and we consider each individual term in the sum. For
any n > 1, let Y, , ==Y, — X;/y/n. By the fundamental theorem of calculus applied to g,

1, T
BXig(¥,) = B(Xig(0) + =X (Vo +2X)) ()

where T' is uniformly distributed in [0, 1] and independent of X3, ..., X,,. By independence
E[X,9(Y,.)] = EX;Eg(Y,;) = 0. Combining the above,

Eo(Y,) — Bo(2) = B(g/(V,) = Yag(V) ) = ZE( — ViXig(V,))
w2 2; B(g/(¥,) = X2/ (Vo + %Xi))

= LS B () - V) - X[V =X =g (1)]). (ene)

In the last line, we used independence to get E¢'(Y,,;) = EX?E¢'(Y,;) = EX?¢'(Y,,). Using
now Remark 3.29, and defining ¢ := 10(1 + sup,cg [¢'(y)]), we have |(zg(z))'| < 2¢ for all
x € R. Differentiating (x), we get |¢”(z)| < 3c for all x € R. So, (% % *) can be rewritten as

Eo(Y,) - Z —Eo (X + e | X)) = %om X4,

using the Fundamental Theorem of Calculus. U

Exercise 3.30. Let ¢: R — R be a Schwartz function. Let Z be a standard Gaussian
random variable. In applications of Stein’s method, it is sometimes more convenient to take
another derivative of Stein’s identity, resulting in the following Ornstein-Uhlenbeck identities.

e E[¢/(2) - 2¢/(2)] = 0.

e If h: R — R is a Schwartz function, then the function

1
1
o(z) = / BV + ZVT— 1) ~Bh(Z)d:,  VoeR,
0
is a solution of the differential equation
h(z) — Eh(Z) = ¢"(x) — x4 (x), VzeR.

Exercise 3.31. Using the Central Limit Theorem, prove the Weak Law of Large Numbers
(assume the random variables have mean zero and variance one).
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The Lindeberg replacement argument and Stein’s Method make quantitative estimates for
the distributions of nonlinear functions of independent random variables. For this reason,
these methods have gained renewed interest in the last two decades. For example, if we
consider a matrix of i.i.d. random variables, then one is naturally led to consider nonlinear
functions of the matrix entries when considering e.g. the eigenvalues (or singular values) of
the matrix.

The Fourier analytic proof of the Central limit Theorem, though rather elegant, seems
only able to analyze the distribution of linear functions of independent random variables.

3.5. Additional Comments. The Central Limit Theorem was described by de Moivre in
1733 and again by Laplace in 1785 and 1812, where the Fourier Transform was used. In 1901,
Lyapunov proved the Central Limit Theorem under an assumption similar to E | X; \2+€ < 00
for some € > 0. The Central Limit Theorem under the assumption of a finite (truncated)
second moment was proven by Lindeberg in 1920. This result was extended by Feller in

1935, also with contributions by Lévy in the same year.

Theorem 3.32 (Lindeberg Central Limit Theorem for Triangular Arrays). Let
1,72, ... be a sequence of natural numbers with lim, . j, = oo. For any n > 1, let
Xots-o s Xnn: 2, — R be independent with mean zero and finite variance. (Note e.g.
that X3, and Xo9 might not be independent, and the sample space is allowed to change as
n changes.) Define

In
o2 = ZVar(Xn,k), Vn > 1.
k=1

Assume that o, > 0 for all n > 1. If, for any ¢ > 0, we have
& ,
nlgrolo 0_721 ;E(|Xn,k| ]‘|Xn,k|>50'n) =0, (*)

. X X
then the random variables %
n

dom variable.

converge in distribution to a standard Gaussian ran-

The Lindeberg condition (*) implies the Feller condition

lim % max E[X, ;> = 0.

n—oo g, 1<k<n
It was shown by Feller that if the above assumptions hold (without (%)) and if the Feller
condition holds, then the Lindeberg condition (%) is necessary and sufficient for X"ﬁ—jX””
to converge in distribution to a standard Gaussian random variable. The combined result is
sometimes known as the Lindeberg-Feller theorem.

Berry and Esseén separately gave an error bound for the Central Limit Theorem in the

early 1940s. Above, we only proved weaker versions of this theorem, though the methods
discussed above can be used to prove the stronger statement below.

Theorem 3.33 (Berry-Esseén). There exists ¢ > 0 such that the following holds. Let
X1, Xo, ... be 1.1.d. real-valued random wvariables with mean zero, variance 1 and E \Xl\g <
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00. Let Z be a standard Gaussian random variable. Then for anyn > 1,

3
sup |[P(X1 + -+ X, /vn <t)—P(Z <t)| <c- B X .
teR \/ﬁ
With the assumption of more bounded moments, an asymptotic expansion can be written,
with explicit dependence on t, for the difference |P(X; +---+ X,,//n <t)—P(Z < t)|.
This expansion is called the Edgeworth Expansion; see Feller, Vol. 2, XVI1.4.(4.1).
One may ask for general conditions under which the average of any i.i.d. random variables
have a limiting distribution, with moment assumptions different than the Central Limit
Theorem. Necessary and sufficient conditions are described in the following Theorem.

Theorem 3.34. Let X, Xs,... be i.i.d. real-valued random wvariables. Assume there exists
a function h: [0,00) — (0,00) such that, for any x > 0, lim, o L(tx)/L(x) = 1. Assume
also there exists 6 € [0, 1] and o € (0,2)such that

e P(|Xq|>2z)=a"L(x), V2 >0.

For any n > 1, define
a, = inf{z > 0: P(|X;| > z) < 1/n}, bn = E(X11x,|<a,)-
Then Mi—f’“a” converges in distribution to a random variable Y as n — 0o

Exercise 3.35. Show that there exists a nonzero random variable X such that, if X;, X, ...
are i.i.d. copies of X, then X1+ jg equal in distribution to X, for any n > 1. (Optional:
can you write out an explicit formula for the density of X7) (Hint: take the Fourier trans-
form.)

Show that there exists a nonzero random variable X such that, if X, Xy, ... are i.i.d.
copies of X, then 15X g equal in distribution to X, for any n > 1.

By projection the random variables onto one-dimensional lines, the following Central Limit
Theorem in R? can be proven from the corresponding result in R.

Theorem 3.36 (Central Limit Theorem in R?). Let X X be id.d. Ré-valued
random variables. Let u € R (We write a random variable in its components as X" =
(Xl(n), e ,Xc(ln)) € R?.) Assume EX™ =y for alln > 1, and for any 1 < i,§ < d, all of
the covariances

a; = B(x{" - Ex")(x{V — EX)).

J
. XD g X (1) .
are finite. Then as n — oo, NG converges weakly to a Gaussian random vector

Z =(Zy,...,Zq) € R with covariance matriz (a;j)1<ij<d-

Remark 3.37. By definition, a random vector Z = (Z4,. .., Z;) € R?is Gaussian if, for any
v1,...,0q € R, the random variable 2?21 v;Z; is a Gaussian random variable. Equivalently,
for any v € R?, the random variable (v, Z) is a Gaussian random variable. The covariance
matrix (a;;j)1<; j<q of Z is defined by

aij ' =E(Z; — EZ;)(Z; — EZj)).

Exercise 3.38. Let Z = (Zy,...,7Z;) € R? be a Gaussian random vector.

48



e Show that the covariance matrix (a;;)1<i j<q of Z is symmetric, positive semidefinite.

That is, for any v € R?, we have
d
vlav = Z vva;; > 0.
ij=1

e Given any symmetric positive semidefinite matrix (b;5)1<; j<4, show that there exists a
Gaussian random vector Z such that the covariance matrix of Z is (b;;)1<i j<q. (Hint:
write the matrix b in its Cholesky decomposition b = rr*, where r is a d x d real
matrix. Let e, ... e® be the rows of r. Let Xi,..., Xy be independent standard
Gaussian random variables. Let X := (X1,..., X4). Define Z; := (X, e®) for any
1<i<d)

Both Stein’s Method and the Lindeberg Replacement argument have gained renewed inter-
est in the last two decades. For a survey on Stein’s Method, see Chatterjee06 or Chatterjeel4.
For some general results using the Lindeberg replacement method, see MOOO05, Chatterjee07
or TaoVul2.

4. RANDOM WALKS

In the Strong Law of Large Numbers and Central Limit Theorem, we investigated the
distribution of a sum of i.i.d. random variables X, X5,.... In this section, we change our
perspective and investigate what values the sum takes. For example, a basic question is,
Is Xy + -+ X,, =0 for finitely many n > 17 ”

Our first result in this direction is a generalization of Kolmogorov’s Zero-One Law, The-
orem 1.95. For technical reasons, we use an explicit construction of the sample space €2 in
this section.

Definition 4.1 (Random Walk). Let N := {1,2,3,...} and let d > 1. Let Q := (RN, Let
X : R? — R? be a random variable. We construct i.i.d. copies of X using Theorem 1.80 and
Corollary 1.81. The probability measure Hj; px exists on €. So, for any (wy,ws,...) € Q,
let X,(wy,ws,...) =wj;. Then X;, X, ... are i.i.d. copies of X.

Let z € RY. Let Xy := 2. Forany n > 0, let S,, := Xy + --- + X,,. We call the sequence
of random variables Sy, S, ... a random walk on R? started at .

4.1. Limiting Behavior.

Definition 4.2 (Exchangeable o-algebra). A finite permutation of N is a bijective map
m: N — N such that w(j) # j for only finitely many j7 € N. For any w = (wy,ws,...) € Q,
we define 7w € €2 so that (nw); = wg;y for any j € N. For any A C Q, we define
71A = {w e Q: mwe A}. An event A C Q) is permutable if, for any finite permutation
7, we have 7 'A = A. The collection of all permutable events, denoted &, is a o-algebra
referred to as the exchangeable o-algebra of X, X, .. ..

As usual, we equip €2 with the product o-algebra defined in Example 1.8. So, an event
A C Q is defined to be an element of this o-algebra. Note that the product o-algebra is
equal to o(X7, Xo,...), by the definition of X, X, .. ..

Since X;(w) = w; for any j € N, and for any w € Q, note that

Xj(’/T(JJ) = wﬂ—(j) = Xﬂ(j)((U).
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In this way, applying 7 to €2 permutes the random variables X, Xs,.... So, an event A C ()
is permutable if it is not affected by a finite permutation of the random variables X, X, .. ..

Example 4.3. Let B be a measurable subset of R%. Let ¢; < ¢y < ---. Consider the events
{w € Q: S, (w) € B forinfinitely many n > 1}.
{w € Q: limsup S, (w)/c, > 1}.

n—o0

If 7 is a finite permutation, then there exists n € N such that 7(j) = j for all j > n, so that
Sj(mw) = 5;(w) for all j > n, and for all w € Q. So, both of the above events are in £.

Proposition 4.4. The exchangeable o-algebra strictly contains the tail o-algebra: € 2 T .

Proof. Let A € T and let ™ be a finite permutation. Let n > 1 so that 7(j) = j for all
j > n. By definition of T, A € 0(X,, X,11,...). By the definition of n, 77'B = B for any
B € o(X,, Xni1,--.). Therefore, 77 'A = A, so that A € £. Strict containment follows since
the second event of Example 4.3 is not in 7 by Exercise 1.97 using ¢, = 1 for all n > 1.
(The first event of Example 4.3 is also not in £.) O

Since £ O T, Theorem 4.5 generalizes Kolmogorov’s Zero-One Law, Theorem 1.95.

Theorem 4.5 (Hewitt-Savage Zero-One Law). Let X;, Xy,...: Q — R? be i.i.d. Let
Ae&. Then P(A) € {0,1}.

Proof. Let A € £. As in Kolmogorov’s Zero-One Law, Theorem 1.95, we will show A is
independent of itself.

Note that A € o(X1, Xs,...). From Exercise 1.91 and recalling the sketched proof of the
Extension Theorem, Theorem 1.18, for any n > 1 there exists A, € o(Xi,..., X,) such that

lim P(A,AA) =0.  (x)

n—oo

By the definition of ©Q, V n > 1, 3 a measurable set B, C (R%)" such that A, = {w €
Q: (wy,...wy,) € By} Fixn>1and let 7 =m,: N — N be the finite permutation

j+n ,if1<j<n
w(j)=¢7j—n ,ifn+1<5<2n
J yif 7> 2n+ 1.
Since X1, Xy, ... are i.i.d., P is permutation invariant, so that
PweQ: we A,AA) =Pwe: rwe A,AA). (%)

We rewrite the last event. Since A is permutable, {w € Q: 7w € A} = {w € Q: w € A}.
Also, by the definition of B,, and 7, {w € Q: 7w € A,,} = {w € Q: (Wpy1,.-.,wam) € By} =
A!. Combining these observations, (x*) becomes

P(A,AA) =P(A AA). (5 * *)

For any event C, we have |P(C)—P(A)|] < P(CAA), so (x) and (* * %) imply that
lim, 00 P(A,,) = lim,, o P(A]) = P(A). So, since A,,, A}, are independent,

lim P(4,N4,) = lim P(4,)P(4,) = P4 (})

n—oo
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We now investigate the left side. For any events B, C, we have BNC C (BN A)U(ANC),
with a similar containment for C'\ B, together implying that BAC' C (BAA)U(AAC). So,
by subadditivity of P,

P(A,AA)+P(AAA]) > P(A,AA) =P(A,UA)—P(A,NA)) > P(A4,)—P(A,NA)) > 0.
Letting n — oo, (%) and (* % *) imply that the left side tends to zero. So,

lim P(4,NA") = lim P(4,) 2 P(A).

n—oo n—oo

So, (1) says that P(A) = P(A)?, as desired. O

Theorem 4.6. Let Sy, S1,... be a random walk on R with Sy = 0. Fxactly one of the
following four conditions holds with probability one.

(i) S, =0 foralln > 1.

(ii) lim,, o0 S, = 0.
(i) lim,, o0 S, = —00.
(iv) —oo = liminf, ,~ S, and limsup,,_,., S, = oc.
Proof. From Example 4.3 and Theorem 4.5, 3 ¢ € [—00, 00| such that, with probability one,
limsup,,_,., Sp = ¢. For any n > 1, define S/, := S,, — X;. Then S}, S}, ... each have the same
distribution as Sy, Ss, . . . so with probability one, lim sup,,_, . S;, = ¢. That is, ¢ = c— X with
probability 1. If P(X; = 0) = 1, then (i) occurs. From now on, we assume P(X; =0) < 1,
so that ¢ = 0o or ¢ = —o0. Arguing similarly for ¢ := liminf, . S, € {—00, 00}, there are
four possible values of the ordered pair (¢, ), though ¢ < ¢ eliminates the case ¢ = co and
¢ = —oo. The remaining three cases are (ii),(iii) and (iv). O

Exercise 4.7. Let X, Xs,...: Q — R be i.i.d. In each of the cases below, show that with
probability one, —oo = liminf, ., S, and limsup,,_,. S, = o©.

e The distribution py, is symmetric about 0 (i.e. pu_x, = px,) and P(X; =0) < 1.

e EX; =0 and EX? € (0,00). (Hint: use the Central Limit Theorem.)
For example, when P(X; =1) = P(X; = —1) = 1/2 and Sy = 0, show that with probability
one, Sy, 51, ... takes every integer value infinitely many times.

4.2. Stopping Times.

Definition 4.8 (Stopping Time). Let Sy, S;,... be a random walk on RY. Let Fy :=
{0,Q}. For any n > 1, denote F,, := o(Xq,...,X,). We say that N: Q — {0,1,...} U{co}
is a stopping time if, for any n € {0,1,...}, {N =n} € F,.

For example, if the stopping time takes the value 3, then the event {N = 3} only uses
“information” about X1, X5, X3. From our definition, {N = 0} € {0, Q}.

The stopping time N depends on the random walk, but this dependence should be clear
in a given example, so we de-emphasize this dependence in the notation for V.

For a real-world example of a stopping time, suppose Sy, St, ... is a random walk that
describes the price of a stock. Suppose the starting price Sy of the stock is $100 and you
instruct your stock broker to sell the stock when its price reaches either $110 or $90. That is,
define the stopping time N = min{n > 1: S,, > 110 or S,, < 90}. Then N is a stopping time.
(We define min(f)) := 00.) So, we can intuitively think of a stopping time as a stock-trading
strategy, since selling the stock at time n can only use information up to time n.
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More generally, if A is a measurable subset of R?, the hitting time of A is defined as
N :=min{n > 1: 5, € A}.
And N is a stopping time since, for any n > 1,
{N=n}={S€A4°...,5,1€ A°S, € A} € F,.

Exercise 4.9. Let M, N be stopping times for a random walk Sy, Si,.... Show that
max (M, N) and min(M, N) are stopping times. In particular, if n > 0 is fixed, then
max (M, n) and min(M,n) are stopping times

For any k > 1, define the shift map 6%: (RN — (RN by
(05w)n = Wnir, Vw = (wi,ws,...) € (RHN.

Suppose T' is a stopping time. Define T} := T and for any n > 2, inductively define
T,: 2 — NU {co} so that, Vw € Q = (R)N,

To(w) = Th1(w) +T(OTw) , %an_l(w) < 00

00 LT, (w) = oc.
Example 4.10. Let T =T} :=min{n > 1: S, = 0} = min{n > 1: w; + -+ + w, = 0} be
the time of the first visit of the random walk to 0. Then
T(0"w) = min{n > 1: (01w); 4+ -+ (07'w), = 0} = min{n > 1: w41+ +wWrgn = 0}
Ty(w) = Ty(w) + T(0"w) = min{n > Ty: wy + --- +w, = 0}, Vwe Q= (RHN

That is, T3 is the second time that the random walk returns to 0. More generally, for any
k > 1, T}, is the k' time that the random walk returns to 0.

Lemma 4.11. Let T be a stopping time. For anyn > 1, P(T,, < c0) = [P(T < o0)]".

Proof. The case {T = 0} = Q is easy, so assume {T" = 0} = (). We induct on n. The case
n = 1 follows since T' = T}. Suppose the case n — 1 holds. By the definition of T},

P(T, < o) = P(T,,_1 < 00, T (6" 1) < o).
For any m > 1, we have
P(T,.1 =m,T(0"™ ") < 00) =P(T),_.y =m, T(H™) < ).

Since T, is a stopping time, {T,,_1 = m} € F,, = o(Xy,...,X,,). Note that T(0™) is
measurable in o(X,, 11, X;ni2,...) since T > 1. So, these two events are independent, i.e.

P(T,_1 =m, T ") < 00) = P(T,.1 = m)P(T(0™) < 00) = P(T,,_1 = m)P(T < ).

The last equality used that P is invariant under the shift 8 for any m > 1, since X, Xo, ...
are i.i.d. Summing over all m > 1 gives

P(T, < ) =P(T,_1 < 00, T (0" ") < 0) = P(T},_; < 00)P(T < ).
Iterating this equality now concludes the proof. 0

The reasoning of Lemma 4.11 implies the following.

Exercise 4.12. Let Sy, 51, ... be a random walk with Sy = 0. Let X be the number of times
the random walk takes the value 0. Let 7" := min{n > 1: S,, = 0}.

e X is a geometric random variable with success probability P(T = o).
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e EX = m. (Here we interpret 1/0 as c0.)

(Hint: {X =k} = {T)-1 <00, T = o0} = {Tj—1 < 00, T} — Ty = o0}.)

Recall that a geometric random variable X with success probability 0 < p < 1 satisfies
P(X = k) = p(1 — p)*~* for any integer k£ > 1, so by e.g. Theorem 1.60,

> d > dy 1-—t
EX =) kp(l—p)r't=—p— -tk =—p—| —
> kp(1—p) P t:pZ( )= L
k=1 k=1
. —t—(1=-ty _p 1
-r t2 t=p D> D

4.3. Recurrence and Transcience.

Definition 4.13. Let Sy, Si, ... be a random walk on R? started at € R%. Suppose X is
a discrete random variable. Let T®) := min{n > 1: S,, = 2}. We say that z is recurrent if
P(T™ < o) = 1 and transient if P(T® < c0) < 1.
Theorem 4.14. Let Sy, Sy, ... be a random walk in R started at x = 0. Let T := min{n >
1: S, = 0}. Then the following are equivalent
(i) P(T < 00) = 1.
(ii) P(S, = 0 forinfinitely many n > 1) = 1.

(iii) Y07 P(S, = 0) = 0.
If additionally Sy, Ss, ... only takes values in Z, then (i),(%i), (iii) are equivalent to:

(iv)

= 1 - d
0= O e 1 — 50(y) Y-

Here i = /—1, ¢(y) := Ee'WX1) ¥V y € R, and for any v = (z1,...,24),y = (Y1,...,Ya) €
R?, we define (x,y) := ijl Y.

Proof. Let X be the number of times the random walk takes the value 0. Then

0o 0o
X = Z 1Sn:0 = Z 1Tn<007 TO = 07
n=0 n=0

EX = ip(sn =0) = f:P(Tn <o0). (%)

If (i) occurs, then P(7,, < co) =1 for every n > 1 by Lemma 4.11, so that (ii) occurs. If (ii)
occurs, then P(T,, < o) = 1 for every n > 1, so the second equality of (x) shows that (iii)
occurs. If (iii) occurs, then (i) occurs by Exercise 4.12. So, (i),(ii),(iii) are equivalent.

By (%), it remains to show that the right side of (iv) is equal to (27)YEX. Recall that
J7_e™?df = 0 for any nonzero m € Z, while [7_e™®df = 2r. Therefore, for any n > 0,

—Tr

le .o = i{y,Sn) .
o= /[ﬂ,ﬂ]d ‘ (27T)d

Taking expected values of both sides,

P(S,=0 :/ Eeiv:Sn) 2 Kk
( ) [—m,m]¢ (27T)d ( )



Recalhng Sh 1+ -+ X, and using that X;,..., X, are iid., we have Ee!®5) =
[T, E¢’ v Xy > ( ( )) So, multiplying both sides of (x*) by s” and summing over n > 0,

S /I L dy
nz:%s P(S’ﬂ - 0) - /[ﬂ-,ﬂd nz:%( gb(y)) (27T)d - /[ﬂ-,ﬂd 1— SQS(:I/) (27T)d'

(Since |¢(y)] < 1V y € RY if |s| < 1, then |sé(y)] < 1V y € RL) Letting s — 17, the left
side increases monotonically to EX by (x), so the limit of the right side exists as well. [

Definition 4.15 (Simple Random Walk). For any 1 < j < d, let e¢; € R? be the vector
with a 1 in the j' entry and zeros in all other entries, so that eq,...,eq is the standard
basis of R?. Let X be a random variable so that P(X =¢;) = P(X = —¢;) = 1/(2d) for all
1 <j<d Let Xi,X,,... beiid. copies of X. The random walk S, := X; +---+ X, V
n > 1 with Sy := 0 is called the simple random walk on Z.

The Simple Random Walk is the most basic random walk. It may be surprising that
the transcience/recurrence of this random walk depends on d. Note that each point in the
integer grid Z? has 2d locations to move to at each step of the walk. And when d is large,
there are more ways for the random walk to wander away from the origin.

Theorem 4.16. Simple Random Walk is recurrent when d < 2 and transient when d > 3.

Proof. 1t suffices to check whether or not condition (iv) holds of Theorem 4.14. For any
y € R we have

d 1
Z 32 —1 + cos(y;)].

For any z € [—, 7], we have 22/4 < 1—cos(z) < 22 by e.g. taking derivatives and using the
Fundamental Theorem of Calculus. Therefore, for any y € R,

d
d; é; —1 + cos(y;)] g—idg

So, for any y € R?, and for any 0 < s < 1,

&.IH

d
1
0(y) = B :_dz e 4 e71) =

| —

d
1
1—5—1—8—2% <1-—s¢(y )<1—s+sc—lZyJ2».
j=1

Letting s — 17, and noting that the integrand increases monotonically in a neighborhood
of y = 0 while remaining bounded outside this neighborhood,

1 1 1
(d/4) / ——dy < lim 1 y<d / 1y
el Dy Y2 s=1- J_pma 1 = s9(y) et D Y2

And f —=—dy = oo if and only if d < 2, by e.g. changing to polar coordinates.  [J

E =1Y J

Exercise 4.17. Give a combinatorial proof that the simple random walk Sy, S, ... on Z? is
recurrent for d < 2. That is, estimate P(S, = 0) ~ n~%2 when n is large and d < 2, and
conclude Y > (P (S, = 0) = oo for d < 2. (Hint: use Stirling’s Formula, Proposition 8.10)
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Exercise 4.18. Show that if the Simple Random Walk on Z? is recurrent, then this random
walk takes every value in Z? infinitely many times. And if the Simple Random Walk on Z?
is transient, then this random walk takes any fixed value in Z¢ only finitely many times.

Exercise 4.19. Let 0 < p < 1. Consider the random walk on Z such that P(X; =1) =p
and P(X; = —1) = 1 — p. Show that the corresponding random walk Sy, Sy, ... is transient
when p # 1/2.

Exercise 4.20. Let Sy, Si,... and S}, S}, ... be independent simple random walks on Z¢.
Let N := Zn,mzo 1s,—s: be the number of pairs of intersections of these two random walks.

For any y € R?, let o(y) == Eeiw:X1)

e Show EN = lim,_,- f[—rwr}d WJTZJW (Hint: consider Eei<y7(5n—S$,L)>')

e For what d > 1is EN < 0o?

o Let C:={S,: n>0}N{S]:n >0} be the intersection set of the two independent
random walks. Let |C| denote the cardinality of C. Show that if the simple random
walk on Z¢ is transient, then P(N = o0) = 1 if and only if P(|C| = oo) = 1. (Hint:
N =3 cc NoN, where N, := Y 1g,—, is the number of visits of the first random
walk to 2.) In the recurrent case d = 1,2, Exercise 4.18 implies that P(|C| = o0) = 1.
For any d > 1, note that N < oo implies |C| < oco. It can also be shown that
P(N < o0) € {0,1}, P(|C] = o) € {0,1}, and that P(N < oo) = 1 if and only if
EN < oo (you don’t have to show these things). In summary, P(|C| = oc0) = 1 if
and only if EN = oc.

e Hypothesize what happens to EN when we instead consider the tuples of intersections
of k > 2 independent simple random walks in R%. (You don’t have to prove your
hypothesis.)

The following proposition will be derived from a more general result, Theorem 6.51 below.

Proposition 4.21 (Wald’s Equations). Let X, X5,...: Q — R be i.i.d. Let N be a
stopping time. Let Sy, S1, ... be the corresponding random walk with Sy := 0.

o IfEN < 00, and E |X;| < oo, then ESy = EX{EN.

e IfEX; =0,EX? < 00 and EN < oo, then ES%, = EX?EN.

Example 4.22. Suppose P(X; = 1) = P(X; = —1) = 1/2. Let a,b € Z with a < 0 < b.
Let N := min{n > 1: S, ¢ (a,b)}. We first check that EN < oco. If z € Z N (a,b) and if
S, = x for some n > 1, then with probability at least 2=(*=% the random walk exits the
interval (a,b) in time b — a. That is, P(N > (b—a)) < (1 —27¢=%)). We claim that for any
n>1,
P(N > n(b—a)) < (1 -2, (%)
{X: =21, ., Xt-1)p-a) = Tn-1)b—a)} & {N > (n—1)(b—a)} for some 1, ..., Tm_1)p-a) €
Z, then by the above reasoning
P(N>nb—-a),Xi=21,.... X(-1)b-0) = T(n-1)(b—a))
<1 =2""NP(Xy =21, .o, X 1) (boa) = Tn-1)(b-a))-
Summing over all T1y- -5 T(n—1)(b—a) such that {Xl = X1,... 7X(n—1)(b—a) = x(n—l)(b—a)} g
{N>(n-1)(b—a)}, we get

P(N > n(b—a), N > (n—1)(b—a)) = P(N > n(b—a)) < (1-2"C"P(N > (n—1)(b—a)).
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Iterating this inequality proves (x). Then () implies EN < oo by Theorem 1.86.
The first part of Proposition 4.21 says ESy = 0. Note that Sy only takes two values, a
and b, so ESy is straightforward to compute directly. Let ¢ := P(Sy = a). Then

0=ESy =ca+ (1—c)b.
Solving for ¢ we get
b _ —a
b—a’ T b—a’

The second part of Proposition 4.21 says ES% = EN. Once again, S% only takes two
values, so

c=P(Sy=a)=

2 — ab?
EN = ES = ca® + (1 — o)b* = = — ab
Sy=ca*+(1—¢) — aby—
Exercise 4.23. Let 1/2 < p < 1. Consider the random walk on Z such that P(X; =1) =p
and P(X; = —1) = 1—p. Let Sy, Si, ... be the corresponding random walk with Sy := 0. Let
N :=min{n > 1: S, > 0}. Using Wald’s equation for min(/V,n) and then letting n — oo,
show that EN = 1/EX; =1/(2p — 1).

a_b:—ab.

4.4. Additional Comments. The term “random walk” was first proposed by Karl Pearson
in 1905 in a letter to Nature. In this letter, Pearson proposed model of mosquito infestation
of a forest. At each time step, a single mosquito moves a fixed length at a randomly chosen
angle. Pearson asked for the distribution of the mosquitoes in the forest after a long time
has passed. Rayleigh answered the letter, since he had solved a similar problem in 1880 for
the modeling of sound waves in a heterogeneous material. A sound wave traveling through a
material can be modeled as summing a sequence of vectors of constant amplitude but random
phase, i.e. a sum of the form Z;;l ei where Y7, Y5, ... are real-valued and independent.

In 1900, Bachelier proposed random walks as a model for stock prices, and he also related
random walks to the continuous diffusion of heat. Apparently unaware of other related works,
around 1905 Einstein published his work on Brownian motion, i.e. the path of a dust particle
in the air pushed in random directions by collision with gas molecules. Einstein modeled this
behavior with a random walk. Smoluchowski published results similar to Einstein in 1906.

Random Walks are some of the most basic stochastic processes. They are used to model
random phenomena in many scientific fields. The Simple Random Walk is essentially a
discrete version of Brownian Motion.

Our presentation above focused on random walks where X7 is discrete. In the case that X;

is not discrete, if Sy, Si, ... is a random walk with Sy := 0, then € R? is called a recurrent
value for the random walk if, for any € > 0, P(||S,, — z|| < € forinfinitely many n > 1) = 1.
Here ||(z1,...,2q)| := (Zj:1 22)'/2. And z € R? is called a possible value for the random

walk if, for any € > 0, 3 n > 0 such that P(||S,, — z|| < &) > 0. The random walk is said to
be transient if it has no recurrent values. Otherwise, the random walk is called recurrent.
If the random walk is recurrent, it can be shown that the set of recurrent values is equal to
the set of possible values, as in Exercise 4.18.

Theorem 4.14 can then be generalized as follows.

Theorem 4.24. Let Sy, Sy, ... be a random walk on Z* with Sy := 0. For any y € RY, let
d(y) := Ee'X1) where i = /—1.
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(a) The convergence (or divergence) of 3, oo P(||Su]l <€) for a single e > 0 is sufficient
to prove transience (or recurrence) of the random walk.
(b) Let 6 > 0. Then the random walk is recurrent if and only if

1
sup / Re———dy = .
0<s<1J—soe 1= so(y)

5. CONDITIONAL PROBABILITY AND CONDITIONAL EXPECTATION

In elementary probability theory, conditional probability and conditional expectation allow
a rigorous notion for incorporating previously unknown information into a probability law.
If A, B are events and if P(B) > 0, we define the conditional probability of A given B,
denoted P(A|B), to be

P(A|B) :=P(ANB)/P(B).
For example, if P is uniform on the sample space Q = {1,2,3,4,5,6}, and if B = {2,4,6},
then P({1}|B) = 0 and P({2}|B) = 1/3.

Let X: Q — [—00,00] be a random variable with E|X| < co. Note that, if B is fixed,
then the function A — P(A|B) is itself a probability law on €, so we can e.g. define the
conditional expectation of a random variable X given B, denoted E(X|B), to be the
usual expectation of X with respect to the probability law P(-|B).

E(X|B) := E(X15)/P(B).

In case X > 0, we have the equivalent definition E(X|B) = [ P(X > t|B)dt.

If Z is a discrete random variable, i.e. if Z takes at most countably many values, and
if P(Z = z) > 0 for some z € R, we let B := {Z = z} in the above definition to define
E(X|Z = z). By splitting the sample space 2 into countably many disjoint sets By, Bs, ...
such that U, B, = Q and P(B,,) > 0 for all n > 1, we can write

P(A) = i P(ANB,) = i P(A|B,)P(B,).

EX =) E(X1p,) =) E(X|B,)P(B.). (%
n=1 n=1

By breaking up expected values or probabilities into pieces in this way, sometimes the quan-

tities on the right side are easier to compute, allowing computation of the left side.

Exercise 5.1. Prove Wald’s first equation. Let X;, X5,...: Q2 — R be ii.d. Let N be a
stopping time with EN < co. Let Sy := 0 and for any n > 1, let S,, := X7 +---+ X,,. Then
ESy = EX;EN. (Hint: condition on N taking fixed values.)

We now restate the identity on the right of (x).

Definition 5.2. Let X: Q@ — R be a random variable on a probability space (€2, F,P). Let
G C F where G is the o-algebra of () generated by the disjoint sets Bj, Bs, ... such that
UX B, = Q and P(B,,) > 0 for all n > 1. Define the conditional expectation of X
given G, denoted E(X|G), to be the random variable on 2 that takes the value E(X|B,)
on the set B,, for all n > 1.
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Then E(X|G) takes the value E(X|B,) with probability P(B,,) for all n > 1, so we can
rewrite (x) as
EX = E(E(X|G)).
Note that G consists of all disjoint unions of sets By, Bs, . .., and E(X|G) is constant on each
of these sets. Moreover, for any n > 1,

EE(X|G)1p,) = E(X|B,)P(B,) = E(X1g,).
By linearity of E, we conclude that, for any B € G, we have
E(E(X|G)1p) = E(X1p).

We can in fact turn this identity into a definition of E(X|G), for any o-algebra G. Compared
to the definition above, the definition below does not require the nonempty sets in G to have
positive measure.

Definition 5.3 (Conditional Expectation). Let (22, F,P) be a probability space, let
X:Q — R be an F-measurable random variable with E|X| < co. Let G be a o-algebra
with G C F (so that G is coarser than F). We define a conditional expectation of X
with respect to G to be any random variable Y : {2 — R such that

e Y is measurable with respect to G. (For any measurable A C R, Y"!(A) € G.)

e For any B € G, E(Y1p) = E(X15p).
In Proposition 5.5 below, we will show that a Y satisfying the above properties exists and
is unique up to measure zero changes to Y, and E|Y| < oo. We therefore denote the
conditional expectation of X with respect to G as E(X|G).

Definition 5.4. Let p,v be measures on a measurable space (2, F). We say that v is
absolutely continuous with respect to i, denoted v < p, if whenever p(A) = 0 for some
A € F, we have v(A) = 0.

Proposition 5.5. Let (2, F,P) be a probability space, let X : Q — R be a random variable
with E|X| < co. Let G be a o-algebra with G C F. There exists a random variable Y that is

the conditional expectation of X given G. Moreover, if Y’ is another conditional expectation
of X given G, then P(Y =Y’) = 1.

Proof. We first show uniqueness. Let € > 0. Let B. :={Y — Y’ > ¢} € G. Then
0=EY1p)—-E(X1p)=E(Y —Y")15.) > cP(B.).

So, P(B.) = 0. Letting ¢ — 0T, we get P(Y — Y’ > 0) = 0 by continuity of the probability
law. Interchanging the roles of Y, Y’ show that P(Y' —Y > 0) = 0 as well.

We now show existence. Assume for now that X > 0. Let u denote the restriction of P to
the measurable space (€2,G) and also define a measure v on this space by v(A) := [, XdP
for any A € G. Since [, |X|dP < oo, ¥(Q) < co. Also, if u(A) = 0 then P(A) = 0 so
v(A) = 0, so v is absolutely continuous with respect to u. By the Radon-Nikodym Theorem,
Theorem 8.2, 3 a nonnegative G-measurable random variable Y such that v = Yu. So, for

any A € G,
EXlA:/XdP:y(A):/dy:/Ydu:/YdP:EYlA.
A A A A

So, Y is a conditional expectation of X with respect to G (and EY = E|Y| = v(Q) < c0.)
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We now consider the case of general X: Q — R. Write X = max(X,0) — max(—X,0) =:
X, —X_. The preceding argument gives Y, ,Y_ that are conditional expectations of X, X_
respectively, so Y :=Y, — Y_ satisfies E |Y| < 0o, and for any A € G,

EX1,=EX,1,—-EX_1,=EY,1,—EY_.14, = EY1,.
O

Exercise 5.6. Let Q = [0, 1]. Let P be the uniform probability law on §2. Let X: [0,1] - R
be a random variable such that X (t) = ¢* for all ¢ € [0,1]. Let

G =a{[0,1/4),[1/4,1/2),[1/2,3/4),[3/4,1]}.

Compute explicitly the function E(X|G). (It should be constant on each of the partition
elements.) Draw the function E(X|G) and compare it to a drawing of X itself.

Now, for every integer k > 1, let s = 27% and let G, := {[0, s), [s,25),[2s,35),...,[1 —
25,1 —35),[1 —s,1)}. Try to draw E(X|Gy). Prove that, for every ¢ € [0, 1],

lim B(X[Gy) (1) = X (1)

Exercise 5.7. Let X: 2 — R be a random variable with finite variance, and let ¢t € R.
Consider the function f: R — R defined by f(t) = E(X —¢)?. Show that the function f is
uniquely minimized when t = EX. That is, f(EX) < f(¢) for all ¢ € R such that ¢ # EX.
Put another way, setting ¢ to be the mean of X minimizes the quantity E(X — ¢)? uniquely.

The conditional expectation, being a piecewise version of taking an average, has a similar
property. Let By,..., By C Q such that B; N B; = () for all 7,5 € {1,...,k} with i # j,
and UX_| B; = Q. Write G = o{By,..., Br}. Let Y be any other random variable such that,
for each 1 < i < k, Y is constant on B;. Show that the quantity E(X — Y)? is uniquely
minimized by such a Y only when Y = E(X|G).

Exercise 5.8. Let 2 = [0, 1]. Let P be the uniform probability law on 2. Let X: [0,1] — R
be a random variable such that X (t) = * for all ¢ € [0, 1]. For every integer k > 1, let s =
27 let Gy == o{[0, 5), [s,25),[25,35),...,[1 —=25,1 —5),[1 —s,1)}, and let M} := E(X|Gy).
Show that the increments My — My, M3 — My, . .. are orthogonal in the following sense. For
any 1,7 > 1 with i # 7,

E(Miy1 — M;)(Mj41 — M;) = 0.
This property is sometimes called orthogonality of martingale increments.

Remark 5.9. In Definition 5.2, if Z: 2 — R is a discrete random variable, i.e. if Z only
takes countably many values zj, z5,... € R, and if G = ¢(Z) is the o-algebra generated by
{weQ: Z(w) =2}, {weQ: Z(w) = 2}, ..., then the random variable E(X|G) is denoted
as E(X|Z). If we use B; := {Z = z;} for all i > 1 in equation (x), we get

EX =) E(X|Z=z)P(Z = z).
i=1
We can intuitively think of G as some amount of information that can change our knowledge
of a random variable X. As in the example below, if G is the coarsest possible o-algebra,
then we know essentially nothing about X, and E(X|G) is constant almost surely. At the
other extreme, if X is G-measurable, then E(X|G) = X, i.e. we know everything about X.
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Example 5.10. In Definition 5.3, suppose X is measurable with respect to G. We can then
use Y := X in Definition 5.3. By the uniqueness part of Proposition 5.5, we conclude that
E(X|G) = X.

In Definition 5.3, suppose G = {0, Q} is the coarsest possible o-algebra on Q2. Then E(X|G)
must be constant almost everywhere, since constant functions are the only G-measurable
functions. Choosing B =  in Definition 5.3, we conclude that E(X|G) = EX.

Exercise 5.11. Let (2, F,P) be a probability space, and let X:  — R be a random
variable with E|X| < oco. Let G, C F be o-algebras. Let H be a o-algebra that is
independent of o(o(X),G). Show that

E(X]o(G, H)) = E(X|G).

In particular, if we choose G = {0, 2}, we get: if H is independent of o(X), then E(X|H) =
EX.

(Hint: Let G € G,H € H, let Y := E(X|G). Compare E(X1gng) and E(Y1gam). Is the
set of A € 0(G,H) such that E(X14) = E(Y14) a monotone class?)

Proposition 5.12. Let (Q, F,P) be a probability space, and let X: Q — R be a random
variable with E|X| < co. Let G C F be a o-algebra. Then
e EX = E(E(X|G))
o [f X > 0 then E(X|G) > 0 almost surely. And if X > 0 then E(X|G) > 0 almost
surely. And if

Proof. The first item follows by choosing B := Q) in Definition 5.3. Let Y := E(X|G). For
the second item, choose B := {w € : Y < 0} € G in Definition 5.3 to get 0 < E(X1p) =
E(Y1p) < 0. Therefore E(Y1y<p) = 0 so that Y > 0 almost surely. Also, for any ¢ > 0,
eP(X > 2,Y < 0) < E(Xlxselysy) < E(Xly<) = 0, 50 P(X > 0,Y = 0) = 0, by
continuity of the probability law (as e — 07). O

Proposition 5.13 (Linearity of Conditional Expectation). Let (2, F,P) be a proba-
bility space, and let X, Y : Q — R be random variables with E|X|, E|Y| < co. Let G C F
be a o-algebra. Then for any a € R,

E(aX +Y|G) = aE(X|G) + E(Y|G).
Proof. Let V := E(X|G), W := E(Y|G). Note that E|aV + W| < oo, and for any B € G,
E(aX +Y)lg=aE(X1p)+EY1lg =aEVig+EWIlg = E(aV + W)lp.
O
Proposition 5.13 and the second part of Proposition 5.12 imply the following.

Corollary 5.14 (Monotonicity of Conditional Expectation). Let (€2, F,P) be a prob-
ability space, and let X,Y : Q — R be random variables with E |X|,E|Y| < oco. Let G C F
be a o-algebra. If X <Y, then

E(X|G) <E(Y|[G).

Exercise 5.15. Prove Jensen’s inequality for the conditional expectation. Let X: 2 — R
be a random variable and let ¢: R — R be convex. Assume E | X |, E|¢(X)| < co. Then

$(E(X|G)) < E(¢(X)|9)
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Conclude that for any 1 < p < oo we have the following contractive inequality for conditional
expectation

IEXIG), < 11X, -
Proposition 5.16. Let (2, F,P) be a probability space, and let X,Y: Q — R be random

variables with E|X|,E|XY| < co. Let G C F be a o-algebra. Suppose Y is G-measurable.
Then

E(XY|G) = YE(X|G).
Proof. Let Z := E(X|G). Note that Y'Z is G-measurable, so we must check
E(XY1p) = E(ZY1g), (%)
forany Be G. If Y =14 for some A € G, then AN B € G, so by definition of Z,
E(XY1p) = E(X1ang) = E(Z1ans) = E(ZY 15).

By linearity, (*) holds when Y is a simple function. If X > 0 then Z > 0 by Propo-
sition 5.12, so (x) holds for any nonnegative Y by the Monotone Convergence Theorem
1.54. More generally, write X = max(X,0) — max(—X,0)), Y = max(Y,0) — max(—Y,0)),
write | XY| = (max(X,0) + max(—X,0))(max(Y,0) + max(—Y,0)), and note that all four
products have finite expected value since E|XY| < oco. Also by Corollary 5.14, Z =
E(max(X,0)|G) — E(max(—X,0)|G). So, the previous result applied to each of the four
products max(£X,0) max(£Y,0) concludes the proof. O

Exercise 5.17 (Tower Property). Let (2, F,P) be a probability space, and let X: Q — R
be a random variable with E|X| < co. Let H C G C F be o-algebras. Then E(X|H) =
E(E(X[G)|H).

Exercise 5.18 (Conditional Markov Inequality). Let p > 0. Let (2, 7, P) be a probability
space, and let X : Q — R be a random variable with E | X |” < co. Let G C F be a o-algebra.
For any A € F, we denote P(A|G) := E(14]G).

e Show that, almost surely,
E(|X['|G) = / PP IP(|X| > 1|G)dt.
0

e Deduce a conditional version of Markov’s inequality: for any ¢ > 0, almost surely,

P
P(|X| > #g) < w

Exercise 5.19 (Conditional Hélder Inequality). Let p,q > 1 with ]l:) + % = 1. Let (Q, F,P)

be a probability space, and let X, Y : Q@ — R be random variables with E | X |" | E |Y]? < co.
Let G C F be a g-algebra. Show that, almost surely,

E(IXY]|G) < [B(X["|9)] P E(Y|"|g)]"/".
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5.1. Conditional Expectation as Hilbert Space Projection. Unlike other sections, in
this section capital letters will often not denote random variables.

Definition 5.20. A real Hilbert space H is a vector space over R equipped with a bilinear,
symmetric function (-,-): H x H — R such that (h,h) > 0 for all h € H with equality only
when h = 0, and such that H is complete with respect to the metric d: H x H — [0,00)
defined by d(g,h) := (g — h,g — h)/? =: ||g—hl||, ¥V g,h € H. By complete, we mean:
for any sequence hi, hy,... € H that is Cauchy (V ¢ > 0, 3 n > 0 such that ¥V m > n,
|hm — hy|| < €), there exists h € H such that lim,_, ||k, — k|| = 0. The function (-, -) is
called an inner product on H, and the function ||-|| is called the norm on H associated to
the inner product (-, ).

Exercise 5.21. Let H be a Hilbert space. Let g,h € H. Prove the Cauchy-Schwarz
inequality

(9. )] < Nlgll 1]l -
Show also the triangle inequality ||g + k|| < ||g|| +||2]|, and the parallelogram law ||g + h||* +
lg = RII* = 2 lgll* + 2 ||A]l".

If X:Q — R isarandom variable on the probability space (2, F,P), and if G C F is a
o-algebra, then we can interpret E(X|G) as a Hilbert space projection. In the special case
that G is a o-algebra generated by a countable set of disjoint sets, it follows immediately
from Definition 5.2 that the map X — E(X|G) is a projection, i.e. E(E(X|G)|G) = E(X|G).
In the case of more general G, we will make a similar statement below.

Theorem 5.22 (Hilbert space projections). Let H be a Hilbert space, W C H a closed
convex set, M C H a closed subspace. Define M+ :={h € H: (h,m) =0,Ym € M}.
(a) 3 v e W such that ||h —v|| = inf,ew [|h — w]|.
(b) Every h € H can be uniquely written as h = v + p, for somev € M, p € M+. (We
therefore write H = M & M*.)
(c) (M)t =M.
The map h — v is called the linear projection of H onto M (choosing W := M above.)

Proof of (a). Let a := inf,ew ||h — w||. Let wy,wy, ... € W such that lim,,_, || — w,|| = a.
The parallelogram law says

12h — (w, + w7n)||2 + Hwn - wm||2 = 2(||h - wm||2 + Hh - wn”2) — 4a’ (*)

as m,n — oo. But 1(w, + w,) € W, so 4||h— 1(w, +wm)H2 > 4a?, by definition of a.
Then from the left side of (%), ||w, — wy|* — 0 as m,n — 00, 50 wy,ws, ... is a Cauchy
sequence, i.e. v := lim,_, w, exists in H. Note that ||h — v|| > a by definition of a. Also,
by the triangle inequality, ||h —v| < ||h — w,|| + ||w, — v|| for all n > 1. Letting n — oo
shows ||h — v|| < a. Therefore, ||h — v|| = a.

Proof of (b). First observe that M= is closed and M N M+ = {0} by definition of M=,
Uniqueness follows since M N M+ = {0}, soif h = v +p = v/ + p’ with v,v' € M and
p,p) € M+t then v —v' = p —p € M N M+ = {0}. To get existence, use part (a) to
find v € W := M with ||h —v|| = inf,epr ||h —m]|. Let m € M with |[jm|| = 1. Then
v+ (h—v,mym € M, and by definition of v,

lh = ol* < [|h— v — (b —v,m)m|* = b —v|* = [(h —v,m)|"
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Thus (h —v,m) =0 forallm € M,ie. p:=h—veE M+ soh=v+(h—v)=v+p.
Proof of (¢). By definition, M C M=*L. For any h € M+, apply part (b) to get
h=m+mt, so0=m*+(m—~h), mt € Mt m—he M+t Apply part (b) again to M+,
so H = M+ @ M+, By uniqueness of this decomposition for 0 € H, we conclude m* = 0,
m—h=0,soh=mé&cM,ie M =M. O

Exercise 5.23. Let H be a Hilbert space, let M C H a closed subspace, and for any h € H,
denote f(h) as the linear projection of H onto M. Show that h — f(h) is actually a linear
projection. That is, verify that f(ag+h) = af(g)+ f(h) and f(f(h)) = f(h) for any o € R,
g,h € H.

Definition 5.24. Let (2, F, P) be a probability space. We denote
Ly(Q, F,P):={X: Q=R : Xis F-measurable and EX* < oo}.

It is well known that Lo($2, F,P) equipped with the inner product (X,Y) := EXY, V,
XY € Ly(Q,F,P), is a Hilbert space. Note that || X|| = (X, X)/2 = (EX?)Y/2. (Strictly
speaking, any two random variables X, Y : 0 — R such that P(X =Y) = 1 are identified as
the same element of Ly(Q2, F,P) if EX? < oco. That is, Ly(€, F,P) consists of equivalence
classes of random variables that are equal almost surely.)

Theorem 5.25 (Completeness of L,). Let (2, F,P) be a probability space. Any Cauchy
sequence X1, Xo, ... in Ly(Q2, F,P) has a subsequence such that || Xy, — Xp,.|| < Cminfmn}
with Y 07 ¢, < oo. A subsequence with this property is then Cauchy pointwise almost
surely. If X denotes the a.e. limit of the subsequence, then the original sequence converges

to X in Ly(Q, F,P).

Proof. Given any Cauchy sequence we may take a rapidly convergence subsequence (so that,
e.g. || Xy, — Xy, || < 27mxG3)) For any n > 1, let V), := [ X[+ >} _, | Xy — Xj—1], and define
Y i=lim, Y From our rapid convergence, we have [|Y,|| < ¢ < oo for all n > 1, so the
Monotone Convergence Theorem, Theorem 1.54) gives |Y|| < ¢. Thus, Y is finite almost
surely, and > 7, | Xk(w) — Xj—1(w)| converges in R for all w € Q (after redefining Xj’s
on a P measure zero set). So the telescoping sum >~ ,(Xj(w) — Xy_1(w)) is absolutely
convergent, therefore convergent, therefore X := lim,,_,,, X, exists for every w € €2, and the
Dominated Convergence Theorem, Theorem 1.57 (using |X — X,,| <Y for all n > 1) shows
lim, o || X — X,|| = 0. O

Proposition 5.26 (Conditional Expectation as Projection). Let (2, F,P) be a prob-
ability space, let X: Q — R be an F-measurable random variable with EX? < co. Let G be
a o-algebra with G C F. Define Z € Ly(Q2,G,P) by
E|X-Z= inf EX-Y)2 (%
Y €Ly (Q,G,P)

Then Z satisfies (%) if and only if E(X — Z)W) =0 for all W € Ly(Q2,G, P).

So, the map X — E(X|G) is a linear projection from Ly(Q), F,P) to Ly(Q,G,P). In
particular, (X |G) ezists and is unique.

Proof. Ly(92,G,P) is itself a Hilbert space by Theorem 5.25. Since G C F, X € Ly(Q2,G,P)
implies X € Ly(Q, F,P). So, Ls(£2,G,P) is a closed vector subspace of Ly(Q2, F,P). Exis-
tence and uniqueness of Z follows from Theorem 5.22(a),(b). Let W € Ly(Q,G,P) and let
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t € R. By definition of Z,
0< || X = (Z+tW)|* = ||X — Z|* = PEW? — 2E((X — 2)W).

Since this holds V ¢t € R, we must have E((X — Z)IW) = 0. Conversely, if E((X — Z)W) =0
for all W € Ly(£2,G, P), then letting YV € Ly(Q2,G,P) and using W := 7 - Y,

IX =Y[F=I(X-2)+(Z-Y)|’
=X~ Z|" +2E(X - Z2)(Z-Y) + [ Z =Y | 2 | X - Z|".

So, Z must satisfy (). Finally, if we choose Y := 1,4 with A € G, we have E((X —Z)14) = 0,
so that Z = E(X|G). O

We observed the minimization property of conditional expectation discussed above in
Exercise 5.7. Similarly, we can generalize the orthogonality property from Exercise 5.8.

Exercise 5.27. Let (2, F,P) be a probability space, let X: Q@ — R be an F-measurable
random variable with EX? < oo. Let /; C F, C --- C F. For any n > 1, define
M, := E(X|F,). Show that, for any 4, j > 1 with i # j,

E(Mi1 — M;)(Mj1 — M;) = 0.

This property is sometimes called orthogonality of martingale increments. (Hint: what
do Hilbert space projections say about the random variables Mi, M, ... and about the
differences M, — M,,?)

5.2. Conditional Expectation as Regular Conditional Distribution. There is yet
another way to interpret conditional expectation. We first demonstrate a special case of this
construction, and we then generalize the construction.

Suppose the random vector (X,Y) € R? has density function fxy: R? — [0,00), so that
Jgo fxy (@ y)dedy =1 and P((X,Y) € A) = [, fxy(x,y)dzdy for any measurable A C R?.
We demonstrate a way to construct the conditional expectation E(X|Y) = E(X|o(Y))
directly from fxy.

For any = € R, let fX fR fxv(x,y)dy be the marginal distribution of X, and for
any y € R, let fy(y fR ny x,y)dy be the marginal distribution of Y. From Fubini’s
Theorem, Theorem 1 66 these functlons are measurable. For any =,y € R, define

fx,v (z,y) .
’ , if >0
Ixy(zly) == { fy () fr ()

Ix(x) , otherwise.

Then fxy(z|y) is a measurable function of z, V y € R, and [, fxy(z|y)dz =1,¥ y € R.

Proposition 5.28. Suppose the random vector (X,Y") € R? has density function fxy: R* —
[0,00). Let g: R — R be measurable with E|g(X)| < oo, and V y € R, define h: R — R by

h(y) : {ng ) fxiy (2ly)de foR lg(x)| fxv(z|y)dr < oo

, otherwise.
Then h(Y') = E(g(X)|Y).
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Proof. As in Fubini’s Theorem 1.66, h is measurable. Also, by Fubini’s Theorem 1.66, since
E|g(X)] < oo, the set A = {y € R: [ [g9(2)| fxy(z,y)dx < oo} satisfies m(A¢) = 0,
where m denotes Lebesgue measure on R. (Recall that Eg(X fW g9(x) fxy(z,y)dedy
by Theorem 1.60.) Since P(Y € A) = [, fy(y)dy and m(AC) 0, we conclude that
P(Y € A) = 1. By the definition of fx‘y, Fubini’s Theorem and Jensen’s inequality,

0> Blo(X)| = [ 1o fxtalds = [ 1) ( [ fuvlalnppo)dn)ds
= [ ([ o) fsvtaluyiz) s = [ 10| )y = BINY)L

For any Borel measurable B C R, if we use the definition of A, Fubini’s Theorem, and the
definition of fx|y,

E(h(Y)15(Y)) = /B by = /

R

</Rg<$>fXY(x\y)dx>1BmA(y)fy(y)dy

= [ o) 1sra) o, y)dady = Blo(X)15(Y)).
0

From the conditional density fx|y, we have for any w € €2 a conditional probability measure
pxyy (-, w) defined for any Borel measurable B C R by puxyy(B,w) = [ fxpy(2]Y(w))dx
We observed above that E(g(X)|Y) = h(Y) = [, g(z fX|y x|Y)dz. The measure pix)y (-, w)
represents the distribution of X, if Y'(w) is ﬁxed So, using our intuition from Theorem 1.60,
we anticipate that E(g(X)[Y) = [g pxy(z, Y)g(x)dx. That is, conditional expectation can
be constructed by averaging the family of conditional probability measures pix)y(-,w). We
generalize this construction, replacing o(Y) by a more general o-algebra G.

Definition 5.29 (Regular Conditional Distribution). Let X: Q — S be a measurable
function from (€, F) to (5, B). Let G C F be a o-algebra. A function puxig(-,-): B x Q —
[0,1] is called a regular conditional probability distribution of X given G if:

o 1ixig(A, ) = E(1xcal|G) for every A € B.

e For any w € Q, the set function jx|g(-,w) is a probability measure.
In the case S = Q, B = F and X(w) = w for all w € Q, we call j1x|g a regular conditional
probability on F given G.

If a regular conditional probability exists, we can construct conditional expectation from
it, using a variant of the Change of Variables formula, Theorem 1.60.

Exercise 5.30. Let X be F-measurable and let Y be G-measurable, real-valued random
variables, where G C F. Let ux|g be a regular conditional probability of X given G. Let
h: R? — R be a Borel measurable function with E |h(X,Y)| < co. Then, almost surely with
respect to w € €,

BU(X.Y)I9)@) = [ ha.Y@)wga.w)de

In particular, if Y is constant and if E|X| < oo,

B(X|0)(w) = [ suxo(e.w)d
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6. MARTINGALES

The simple random walk, and certain functions of other random walks, can be generalized
to a class of stochastic processes called martingales. As in the case of random walks, we
define the “information known up to time n” using a sequence of o-algebras known as a
filtration. For simplicity, we specialize to real-valued random variables below, though a
theory of vector-valued martingales could be given.

Definition 6.1 (Filtration). Let (2, F) be a measurable space. A filtration is a non-
decreasing sequence of g-algebras Fo C F; C --- F.

Definition 6.2 (Adapted Random Variables). Let Xy, X,... be real-valued random
variables on a measurable space (2, F). Let Fy C F; C --- be a filtration. We say that
Xo, X1, ... is adapted to this filtration if, for every n > 0, X, is F,,-measurable (equivalently,

o(Xa) € Fu).

Note that Xg, X7, ... is adapted to Fo C F; C -+ if and only if o(Xo, X3,...,X,) C Fy
for every n > 1. Therefore,

Definition 6.3 (Canonical Filtration). Let Xy, X;,... be real-valued random variables
on a measurable space (2, F). Let F, := 0(Xo, X1,...,Xp). Then Fy C F; C --- is the
smallest filtration such that Xy, Xi,... is adapted to this filtration. We therefore refer to
this filtration as the canonical filtration.

Definition 6.4 (Martingale). Let Xy, X3,... be real-valued random variables on a mea-
surable space (2, F). Let Fo € F; C --- be a filtration. A martingale is a pair
((X%)n>0, (Fn)n>0) such that Xo, Xy, .. is adapted to Fy C F; C -- -, such that E|X,| < oo
for all n > 0, and almost surely,

E(X,1|F) =X,, Vn>0.

Remark 6.5. Suppose ((X,)n>0, (Fn)n>0) is a martingale. Let G, C F, for all n > 0 be
o-algebras. Assume that X, X1, ... is adapted to Gy C G; C ---. From the Tower Property,
Exercise 5.17, E(X,1+1|G,) = E(E(X,11|Fn)|G,) = E(X,|G,) = X, by the containment
o(Xo, X1,...,X,) € G, and by Example 5.10. So, ((X,)n>0,(Gn)n>0) is a martingale. In
particular, if ((X,)n>0, (Fn)n>0) is a martingale, then Xy, X, ... is also a martingale with
respect to the canonical filtration. So, from now on, if we say that Xy, X7, ... is a martingale,
without explicitly mentioning a filtration, we mean that X, Xi,... is a martingale with
respect to the canonical filtration.

Remark 6.6. From Proposition 5.12, if X, X3, ... is a martingale, then EX,, = EX| for all
n > 0. That is, the expected value of a martingale is constant in n > 0.

Example 6.7 (Simple Random Walk). The Simple Random Walk on Z from Definition
4.15 is a martingale. Recall that Xy := 0, Y3,Y5,... are i.i.d. with such that P(Y; = 1) =
PYy,=-1)=1/2,and X,, =Y, +---+Y, for any n > 1. Then E|X,| < n < oo for
all n > 0. Also, Y, is independent of Xj,..., X, for any n > 0, so Y,,;; is independent
of F, == o(Xo,...,X,) by Exercise 1.93. So, by the definition of X, 1, Proposition 5.13,
Example 5.10 and Exercise 5.11,

E(Xn+1’Fn) = E(Xn + Yn+1‘fn) = E(Xn!]:n) + E(YnJrl‘Jrn) =X, + E(Yn+1) = Xp.
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Example 6.8 (Gambler’s Ruin). Let 0 < p < 1. Suppose you are playing a game of
chance. For each round of the game, with probability p you win $1 and with probability
1—p you lose $1. Suppose you start with $50 and you decide to quit playing when you reach
either $0 or $100. With what probability will you end up with $100?

Later on, we will answer this question using Martingales and Stopping Times.

Let Y1, Y3, ... be independent random variables such that P(Y,, = 1) =: p and P(Y,, =
—1)=1-p=:qV¥n>1 Let Yj:=50. Let Z, =Yy +---+Y,, and let X,, := (¢/p)?" V
n > 0. Then Z, denotes the amount of money you have at time n < 50. For any n > 1, let
Fni=0(Yo,...,Y,). Weclaim that Xy, X1, ...is a martingale with respect to Fo C F; C ---.
Indeed, X, is F,-measurable for any n > 0, E |X,,| < max((q/p)**™™, (¢/p)**™") < oo for all
n > 0. So, by Proposition 5.16 and Exercise 5.11,

E(Xn11lFa) = E((¢/p) | Fa) = (a/p)E((q/p) ™| Fa) = (¢/p)* E((¢/p)"™)
= (q/p)" (pla/p) + ala/p)™") = (¢/p)"" (a+p) = (¢/p)" = X,.

Exercise 6.9 (Binomial Option Pricing Model). Let u,d > 0. Let 0 < p < 1. Let
Y1,Ys, ... be independent random variables such that P(Y, = logu) =: p and P(Y, =
logd) =1—pV n>1. Let Z; be a fixed constant. Let Z,, ;= Yy+---+Y,, and let V,, := eZn
V n > 1. In general, Vj, Vi, ... will not be a martingale, but we can e.g. compute EV,,, by
modifying Vj, Vi, ... to be a martingale.

First, note that if n > 1, then Z,, has a binomial distribution, in the sense that

P(Zn = Xo +ilogu+ (n —i)logd) = (T.L)p"(l P, Y0<i<n,
1

For any n > 1, let F, := o(Yp,...,Y,). Define
ri=plu—d)—1+d.
Here we chose r so that p = 1Z+;d. For any n > 0, define
Xy = (147r)"V,.
Show that Xy, Xi,... is a martingale with respect to Fy C F; C ---. Consequently,
(1+r)"EV, = EV, Vn > 0.

Exercise 6.10. Let My, My, ... be a martingale with EM? < oo for all n > 0. Show that
the increments My — My, M5 — M,, ... are orthogonal in the following sense. For any 4,5 > 1
with ¢ # j,

E(M;1 — M;)(Mj41 — M;) = 0.
This property is sometimes called orthogonality of martingale increments.

Exercise 6.11. Let X be a real-valued random variable on a probability space (2, F,P).
Assume E | X| < oo. Let Fy C F; C ---F be o-algebras. For any n > 0, define X,, :=
E(X|F,). Show that X,, Xi,... is a martingale. (Optional challenge question: For any
martingale ((X,)n>0, (Fn)n>0), is there a random variable X with E|X| < oo such that
X, = E(X|F,) for all n > 07)

The definition of stopping time for a random walk generalizes to martingales, with essen-
tially no change.
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Definition 6.12 (Stopping Time). Let Xy, Xi,... be a martingale with respect to a
filtration Fy € F; C ---. We say that N: Q — {0,1,2,...} U{oc} is a stopping time if,
for any n € {0,1,2,...}, {N =n} € F,.

For random walks, we always assumed that X is constant almost surely, i.e. Fo = {0}, Q}.

Exercise 6.13. Let M, N be stopping times for a martingale ((X,)n>0, (Fn)n>0). Show
that max(M, N) and min(M, N) are stopping times. In particular, if n > 0 is fixed, then
max (M, n) and min(M,n) are stopping times

Definition 6.14 (Submartingale, Supermartingale). Let X;, X1, ... be real-valued ran-
dom variables on a measurable space (2, F). Let Fy C F; C --- be a filtration. A sub-
martingale is a pair ((X,,)n>0, (Fn)n>0) such that Xo, X;,... is adapted to Fy C F; C -+,
such that E|X,| < oo for all n > 0, and almost surely,

E(X,1|Fn) > X.,  Vn>0.

A supermartingale is a pair ((X,,)n>0, (Fn)n>0) such that X, X, ... is adapted to Fy C
Fi1 C -+, such that E |X,,| < oo for all n > 0, and almost surely,

E(X,1|Fy) < X, V>0

Remark 6.15. If X, X;,... is a submartingale, then — X, — X, ... is a supermartingale.
So, any result about submartingales has a corresponding statement for supermartingales. For
this reason, we will specialize some statements below to one of these two cases. Moreover,
note that Xy, X1, ... is a martingale if and only if it is a supermartingale and a submartingale.
In particular, if some statement holds for submartingales, then it also holds for martingales.

Exercise 6.16. Let Xy, X;,... and let Yy, Y7, ... be submartingales adapted to the same
filtration Fo C F; C ---. Show that Xy + Yy, X7 + Y7,... is a submartingale adapted to the
filtration Fy C F; C ---. Consequently, a sum of supermartingales is a supermartingale,
and a sum of martingales is a martingale (when they are adapted to the same filtration).

Exercise 6.17.

(i) Let ((Xn)n>0, (Fn)n>0) be a submartingale. Show that, almost surely, E(X,|F,) >
X, for any n > m. Consequently, n — EX,, is nondecreasing.

(i) Let ((Xn)n>0, (Fn)n>0) be a supermartingale. Show that, almost surely, E(X,,|F,,) <
X, for any n > m. Consequently, n — EX,, is nonincreasing.

(iii) Let ((Xy)n>0, (Fn)n>0) be a martingale. Let ¢: R — R be convex. Assume E |[¢(X,,)| <
oo for all n > 1. Show that ((¢(X,))n>0, (Fn)n>0) is a submartingale.

(iv) Let ((Xn)n>0, (Fn)n>0) be a submartingale. Let ¢: R — R be convex and nonde-
creasing. Assume E |¢(X,,)| < oo for all n > 1. Show that ((¢(X,))n>0, (Fn)n>0) 18
a submartingale.

Example 6.18. Let 1 < p < oo and ¢ € R. Some convex functions ¢: R — R applied to
the previous exercise include ¢(z) = |z|", ¢(z) := max(z — ¢,0), ¢(z) := max(z,c), and
¢(z) :==e*, Vo € R. For example, if ((X,,)n>0, (Fn)n>0) is @ submartingale, then ((max (X, —
¢,0))n>0, (Fn)n>0) is a submartingale. For another example, if ((X,,)n>0, (Fn)n>0) is a super-
martingale, then ((min(X,, ¢))n>0, (Fn)n>0) is a supermartingale, since ((—X,,)n>0, (Fn)n>0)
is a submartingale and — min(—zx, ¢) = max(x, —c) is convex and nonincreasing.
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Exercise 6.19 (Azuma’s Inequality). In this exercise, we prove a generalization of the
Hoeffding inequality to martingales. Let ¢1,ca,... > 0. Let ((X,,)n>0, (Fn)n>0) be a martin-
gale. Assume that |X,, — X,,_1| < ¢, for all n > 1. Then for any ¢ > 0,
+2
P(|X, — Xo| > t) < 2 *Ziat,

Prove this inequality using the following steps.

e Let a > 0. Show that Ee®Xn=%X0) = F[et(Xn-1=Xo) F(edXn=Xn-1)| F )],

e For any y € [—1, 1], show that e*¥ < HTyeo‘C" + 15—96_“”.

e Take the conditional expectation of this inequality when y = (X, — X,,_1)/cn.

e Now argue as in Hoeffding’s inequality.

Using Azuma’s inequality, deduce McDiarmid’s Inequality. Let Xi,..., X,, be indepen-
dent real-valued random variables. Let ¢q,co,... > 0. Let f: R®™ — R be a measurable
function such that, for any 1 < m <mn,

sup If(z1, ) — f(@1, o 1, T Tty e Tn) | < O

T1 sy T —1,Tm s T 5415+, Tn ER
Then, for any ¢t > 0,
2
t

P(|f(X1,...,Xn) —Ef(Xy,...,X,)| >t) <2 >,
(Note that a linear function f recovers Hoeffding’s inequality, Theorem 2.35.)

6.1. Gambling Strategies. Suppose you can bet any amount of money you want on a fair
coin flip. And the coin can be flipped any number of times, i.e. you can play this game any
number of times. If you bet $¢ with ¢ > 0 and the coin lands heads, then you win $¢, but
if the coin lands tails, then you lose $c¢. A naive strategy to make money off of this game is
the following. Just keep doubling your bet until you win. For example, start by betting $1.
If you lose, bet $2. If you lose that, bet $4. Then let’s say you finally won, then in total you
won $4 and you lost $3, so you gained $1 in total. We know that the probability of losing
k > 0 rounds of this game in a row is 27%, so it seems like this strategy must win money.
However, there are some caveats to this analysis.

First, if your starting bet is $1, and if you lose twenty rounds of the game in a row, you
will be betting over one million dollars. More generally, if you lose k£ times in a row, you will
have to bet $2¥. So, when k > 20, most people would not be able to continue playing the
game, i.e. they would lose all of their money.

Second, your expected gain from every round of the game is zero. At each round of the
game, no matter what your bet is, your expected earnings are zero. So, it is impossible to
win money in this game, in expectation. And indeed, the Law of Large Numbers assures
us that when the game is repeated many times, we will earn zero dollars on average, with
probability 1.

It turns out that, no matter what betting strategy is chosen in this game, there is still
no way to make any money. We will prove this using martingale methods. In fact, these
gambling strategies initiated the study of martingales in France in the 1700s.

Let Y7,Ys,... each be independent random variables such that P(Y,, = 1) = P(Y, =
—1)=1/2 for every n > 0. For any n > 1, let X,, :=Y; +--- +Y,. Let Xy = 0. If someone
bets one dollar at every round of the game, then their profit is X,, after the n'" round of
the game. Since EY; = 0, Example 6.7 implies that Xy, X1, ... is a martingale. A gambling
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strategy for the n'” round of the game can use any information from the previous rounds
of the game. Let H, be the amount of money we bet in the n'” round of the game. We
formalize our assumption about Hy, Hs, ... using the filtration.

Definition 6.20 (Predictable). Let Fy C F; C --- be a filtration on a measurable space
(Q, F). We say that a sequence of real-valued random variables Hy, Ho, ... is predictable
(or previsible) if, for any n > 1, H,, is F,,_j-measurable.

When the m!® round of the game occurs, we earn H,,(X,, — X,,_1) dollars. In summary,
our wealth W,, at time n > 1 is then

W= Hy(Xp = Xpo1),  Wo:=0.
m=1

We will now prove that we cannot make money from this game.

Theorem 6.21. Let Hy, H,, ... be predictable for a filtration Fo C F; C ---.
o Let ((Xn)n>0, (Fn)n>o) be a martingale. If E|W,| < oo for alln > 1, then ((W,,)n>o0,
(Fn)n>0) is a martingale.
o Let ((Xn)n>0, (Fn)n>0) be a submartingale (or supermartingale). If E|W,| < co and
H, >0 for alln > 1, then (Wy)n>0, (Fn)n>o0) is a submartingale (or supermartin-
gale).
In order to show that E|W,| < oo for all n > 1, it suffices in either case to have real
constants cy, ca, ... such that |H,| < ¢, for alln > 1, or 3 p,q > 1 with % + % =1 such that
[ Hnll, < o0 for alln > 1 and || X,||, < oo for all n > 0.

Remark 6.22. The quantity " | H,,(X,, — X,,—1) is a finite version of a stochastic inte-
gral. And in fact, there is a corresponding statement to be made about stochastic integrals,
namely that you cannot make money off of (continuous-time) supermartingales.

Remark 6.23. Allowing H,, < 0 would correspond to betting negative amounts on a super-
martingale, so that the gambler could assume the position of the “house.” So, H, > 0 is a
sensible constraint in the second item of Theorem 6.21.

Proof of Theorem 6.21. We first prove the last claim. From the triangle inequality and
Holder’s inequality, Theorem 1.48,

E[W,| < Z HHan (HXme + “Xm—l”p) < 0.

m=1

In the case ¢ = oo, p = 1, note that Xy, X1, ... is a (super/sub)martingale, so that E|X,,| <
oo for all m > 0. Also, since Xy, Xi,... is adapted and Hy, H», ... is predictable, for any
1<m<k<n, H,X, is Fi-measurable, hence F,,-measurable since k£ < n, so that W, is
Fn-measurable for any n > 0.

Assume that Xg, X1, ... is a (sub)martingale. Observe that, for any n > 0

Wn+1 - Wn = Hn+1(Xn+1 - Xn)
Since Hy, H», ... is predictable, we have by Proposition 5.16, for any n > 0,
E(WnJrl - Wn’Fn) = E(HnJrl(XnJrl - Xn)‘fn) = Hn+1E(Xn+1 - Xn‘f-n) Z 0.
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The last inequality follows since either Xy, X1,... is a martingale, or it is a submartingale
and H,,; > 0. Note also that E|H,1(X,11 — X,,)| = E|W,.1 — W,| < oo by assumption,
so the assumption of Proposition 5.16 is justified. Finally, if Xy, X1, ... is a supermartingale,
we apply the above argument to the submartingale — X, — X7, .. .. 0

From Remark 6.6, a martingale satisfies EX,, = EX| for all n > 0. In some cases, we can
replace n with a stopping time N in this equality. However, this cannot always hold.

Example 6.24. Let Xy, Xi,... be the simple random walk on Z. Note that EXy = 0. As
shown in Example 6.7, Xg, X3,... is a martingale. Let N := min{n > 1: X,, = 1} be the
return time to 1. Then N is a stopping time and Xy =1, so EXy =1 # 0 = EX|.

Remark 6.25. Let a,b € R. We use the notation a A b := min(a, b).

Theorem 6.26 (Optional Stopping Theorem, Version 1). Let ((X,)n>0, (Fn)n>0) be
a submartingale (or supermartingale, or martingale) and let T'< N be a stopping times for

(Fu)nso- Then Xoan — Xoars Xian — Xiars - .. is a submartingale (or supermartingale, or
martingale) adapted to (Fy)n>0-
Consequently, Xoan, Xian, .- 18 a submartingale (or supermartingale, or martingale)

adapted to (Fp)n>0-
So, if Xo, X1,... 18 a martingale, then EX,\y = EXy for alln > 0.

Proof. We may assume that Xy, Xi,... is a submartingale, since if X, Xi,... is a super-
martingale we apply the submartingale case to —Xy, —Xj,..., and the martingale case fol-
lows by combining the submartingale and supermartingale cases. We first consider the case
T := 0. For any n > 1, define H, = lysp = 1 — Iycy g = 1 — 3" 1n_,,. Since
N is a stopping time, if m < n —1, {N = m} € F,, C F,_1, so that H, is F,_1-
measurable. That is, Hy, Hs, ... is predictable. Let W, := 0 and for any n > 1, define
W, :=>" | Hpn(Xmym — Xpe1). By Theorem 6.21, Wy, Wi, ... is a submartingale. By the

definition of H,,,

W, = Z(l{sz})(Xm - mel) = Z(Xm/\N - X(mfl)/\N) = Xpan — Xo- (*)
m=1 m=1
In the case of general T', we let H,, := 1y>p>7 = In>p— lp>y, for any n > 1. Then Hy, Ho, ...
is predictable, and for any n > 1, W, :=>"" | H,,(X,, — Xino1) = Xpan — Xpar (using (x))
is a submartingale by Theorem 6.21.

Finally, in the case T' = 0, since the constant random variable Xy, Xy, ... is a submartingale
adapted to (F,,)n>0, we add it to the submartingale from () to conclude that Xoan, Xian, - - -
is a submartingale by Exercise 6.16. U

6.2. Maximal Inequalities and Up-crossing. As discussed in Section 2.6 and Theorem
2.43, in order to prove pointwise convergence, one often needs a weak-type maximal inequal-
ity. Recall e.g. that we used Kolmogorov’s Maximal Inequality, Theorem 2.24, in the proof
of the Strong Law of Large Numbers. In the setting of martingales, we require a weak type
(1,1) maximal inequality, known as Doob’s inequality.

Theorem 6.27 (Doob’s Maximal Inequality). Let Xy, X1,... be a submartingale. Let
t > 0. Then for any integer n > 0,

tP( max X, >t) < EX,lmaxgenen Xm>t) < Emax(0, X5,).

0<m<n
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Proof. Let A := {maxo<m<n X;n > t} and let N := min{m > 0: X,, > t}. Then N is a
stopping time since {N = s} = {Xo <t,..., X; 1 <t, X, >t} forany s > 0,80 N Anis a
stopping time by Exercise 6.13. Since Xypnla = Xnla > t14 and Xyaplae = X1 4c,

EXN/\n = EXN/\n<1A + 1AC) = EXN].A + EXn].Ac Z tP(A) + EanAc.

By Theorem 6.26 for the stopping time N A n and the constant stopping time n, Xon, —
Xoan, Xian — XiaN, - - - 18 a submartingale, so that EX,, — EX,xny > E(Xon, — Xoany) = 0.
In summary, EX,, > tP(A) + EX, 14, so that EX, 14 > tP(A), as desired. The second
inequality follows since X1p < max(X,0) for any real random variable X and for any
measurable set B. 0

Remark 6.28. Doob’s maximal inequality implies Kolmogorov’s Maximal Inequality, The-
orem 2.24. Let Y},Y5, ... be independent mean zero real random variables with EY? < oo
for all n > 1. Let Xy := 0 and let X,, := (Y; + -+ Y,,)? for any n > 1. Then Xy, X1,... is
a submartingale by Exercise 6.17(iii). So, Doob’s inequality says, for any ¢ > 0,

E X,,0
P(max |Y; +-- -+ Y,| >t) =P( max X,, >t*) < M
1<m<n 1<m<n t2
EX, Var(Y1)+---+ Var(Y,)

The weak-type (1,1) inequality of Theorem 6.27 can be interpolated in a standard argu-
ment to strong L, bounds when p > 1.

Corollary 6.29 (L, Maximal Inequality). Let Xy, Xi,... be a submartingale. For any
x € R, denote x; := max(z,0). Let p > 1. Then for any integer n > 0,

I max Xo) ||p<—||( n)+|

0<m<n D — |p ’

Consequently, if Xo, X1, ... is a martingale, then for anyn >0, p > 1,

P
||0§ a§n| 771|||p — 1 || n”p‘

Proof. Denote X := maxg<m<n Xm. Using Theorem 1.86, Theorem 6.27, Fubini’s Theorem,
Theorem 1.66, and Hélder’s inequality, Theorem 1.48 with 1/p 4+ 1/¢ = 1, so that ¢ =

p/(p—1),
E[(X3)+]" —/Ooptp‘lP(X*>t)dt§/

0

o

ptp—2EXn1X;fL>tdt = E(Xn/ ptp_2lx;;>tdt)
0

B+ p—2 p x\p—1 p-1
—B(x, [ ) = R0 < SEBOX (G
< p (E|X ’p)l/p( (X;)Ijr)(p—l)/p

In the case that X:; is bounded, we divide both sides by the right-most term to conclude.
The general case then follows by applying the bounded case to X' A s, letting s — oo, and
using Monotone Convergence, Theorem 1.54. The final statement follows from the first since
| Xo|,|X1|,...is a submartingale from Exercise 6.17(iii). O
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Exercise 6.30. In the L, maximal inequality, the constant 1% goes to infinity as p — 17.

So, one might guess that the L, maximal inequality does not hold when p = 1. (If so, this
justifies the need to prove a weaker statement when p = 1, i.e. Doob’s inequality.) Using the
simple random walk on Z, show that the L, maximal inequality does not hold when p = 1.
(Hint: use the probabilities from Example 4.22.)

Exercise 6.31. Show that the second part of the L, maximal inequality cannot hold when
Xo, X1, ... 1s a submartingale. That is, for any n > 1, find a submartingale Xy, Xy, ... such
that, for any p > 1, [|maxo<m<n [ X[, > 0 but such that [[X,[|, = 0. (Hint: just consider a
non-random sequence of numbers.)

In order to prove the almost sure convergence of martingales, we will bound the number
of up-crossings of the martingale.

Definition 6.32 (Up-crossing). Let Xi,...,X,,: @ — R be a sequence of random vari-
ables. Let a,b € R with a < b. Define the number of up-crossings of the sequence X1, ..., X,
across the interval [a, b] to be Uy [a, b]:  — Z so that, for any w € Q, U, [a, b](w) is the largest
integer m > 0 such that there exist integers 0 < 51 < t; < -+ < 8, < t,, < n such that
X5, (w) <aand X, (w) >bforall<i<m.

If X3, Xo,...is an infinite sequence of real-valued random variables, the sequence Ui |a, bl
Usla, bl, ... monotonically increases to a random variable denoted Ula,b]. We say Ula, b] is

the total number of up-crossings of the sequence X1, Xs, ... across [a, b].

Exercise 6.33. Let x1,x5,... be a sequence of real numbers. Show that total number of
up-crossings of the sequence across the interval [a,b] is finite for any a,b € R with a < b
if and only if the sequence xq,xs,... converges to some = € [—00,00]. (Here the random
variables in the definition of up-crossing are chosen to be constant X, := x,, for all m > 0.)

The observation of Doob is that bounding up-crossings in expectation can also prove
almost sure convergence of certain (super)martingales.

Lemma 6.34 (Doob’s Up-crossing Inequality). Let Xg, X1,... be a supermartingale.
Then for any a,b € R with a < b,

(b — a)EU,[a,b] < Emax(a — X,,,0) — Emax(a — Xj,0).
Proof. Let Ny := —1 and for any integer k > 1, define
Nog—1 :=min{m > Noy_o: X,,, < a}, Noj, := min{m > Noy_1: X,,, > b}.

Then Ny, Ny, ... are stopping times and for any & > 0,m > 1, {Nop1 < m < Ny} =
{Nop_1 <m —1} N { Ny, <m —1}¢ € F,,_1, so if we define

Hm = 1N2k,1<m§N2k for some k>0
then Hy, Hs,... is predictable. Note that if n > 1,

Wy = Hp( Xy —Xpo1) = > (X —Xn1) = Xy, — Xn, + Xn, — Xpy 4+
m=1 m: N1<m<N2
N3<m< Ny,

If k := Uyla, b], the last term in the sum is either Xy, —Xn,, , or X;,— Xy, ., the latter case
corresponding to Nogy1 < n < Nogyg, in which case X, — Xy, ., > X;,—a > —max(a—X,,,0)
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since Xp,,,, < a. Meanwhile, if Xy < a, then Ny = 0, so Xy, — Xy, > (b — Xo) =
(b—a)+ (a — Xp). In any case, the first term is at least (b — a) + max(a — Xj,0). So,

W, > (b —a)U,la, b] + max(a — Xo,0) — max(a — X,,,0).
From Theorem 6.21, if Wy := 0, then Wy, Wi, ... is a supermartingale, so that EW,, < 0. @O

In the above proof, if we think of Hy, H,... as a gambling strategy, it corresponds to
buying low (when the price is below a) and selling high (when the price is above b).

Exercise 6.35. Below, we will use Lemma 6.34 to show that the Ula,b] is finite almost
surely for a nonnegative supermartingale. In this exercise, we derive Dubins’ up-crossing
inequality, an improvement to Doob’s result that gives exponential decay of P(Ula, b] > t).

Let ((X))n>0, (Fn)nso0) and ((X2),>0, (Fn)n>0) be supermartingales and let N be a stop-
ping time such that X3 > X%.

(i) (Switching Principle) For any n > 0, define Y, := X!1y-, + X21y<,. Show
that ((Y)n>0, (Fn)n>0) is a supermartingale. Show the same conclusion for Z,, :=
XrlllNzn + X7211N<n-

That is, if we use NV to “switch” from one supermartingale to another, the random
variables do not increase at the time of “switching”, then we still have a supermartin-
gale.

(ii) Let Xo, X1,... be a supermartingale with X,, > 0 for all n > 0. Let a,b € R with
b>a>0. Let Ny := —1 and for any integer k£ > 1, define

Nog—1 :=min{m > Noy_o: X,,, < a}, Noj :=min{m > Noy_1: X,,, > b}.
Define Vg, V4, ... such that V,, := 1 for all 0 < n < Ny, and for any k > 1,

L (b/a)kfl(Xn/a) , if Ngk_l <n< Ngk
e (b/a)k , if Ngk <n< N2k+1.

Using the switching principle, show by induction on & that for any integer £ > 1,
Voan,s Vian,, - - - 1s a supermartingale.
(iii) (Dubins’ Inequality) Show that for any b > a > 0 and for any integer t > 1,

P(Ula,b] > t) < (a/b)’Emin(Xy/a, 1).

6.3. Martingale Convergence. Let (2, F,P) be a probability space. Let 1 < p < co.
Recall that L, is the set of (almost sure equivalence classes of) real-valued random variables
X with finite L, norm: [|X|, = (E |X|P)¥/P < oco. Recall that a sequence of real-valued
random variables X1, Xy, ... converges in L, to a real-valued random variable X if [ X|| ) < oo
and lim,, ., || X, — X[, = 0. Recall also that in Exercise 2.34 we showed that the Strong Law
of Large Numbers holds for convergence in L. Below, we will investigate the L; convergence
of martingales Xy, X1,... as n — oo. Since some random walks are martingales, and some
martingales are not random walks, the convergence of martingales is related to but distinct
from the Laws of Large Numbers.

Since martingales are defined to have finite L; norm, it is natural to focus on the L,
convergence of martingales. That is, we will look for conditions on a martingale Xg, X7, ...
such that it converges in L; to some real-valued random variable X with ||.X||; < co. By
Jensen’s inequality, if 3 1 < p < oo such that Xy, X1, ... converges in L, to some real-valued
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random variable X with ||X||p < 00, then X, X1, ... converges in L, to X for all 1 < ¢ < p.
So, if we want to show convergence in Ly, it suffices to show convergence in L,, for any p > 1.

Some martingales cannot converge in L;, or in any L, space. Consider for example the
simple random walk Sy, S7,... on Z. By Khintchine’s inequality, Exercise 2.39, for any
1 < p < oo there exists ¢(p) > 0 such that [|S,[[, > ¢(p) - v/n for all n > 1. Therefore,
So, S1, ... cannot converge in L, for any 1 < p < oo.

On the other hand, some martingales will certainly converge in every L, space where
1 <p<oo.

Exercise 6.36. Let ¢y, co, ... be positive constants such that Zzozl ¢, < 00. Let Y1,Ys, ...
be independent random variables such that [|Y,|_, < ¢, and EY,, = 0 for all n > 1, and
let X, ;=Y +---4Y, forall n > 1 with Xy := 0. Show that Xy, X;,... is a martingale
that converges in every L, space with 1 < p < oo. That is, show there exists a real-valued
random variable X such that lim,, . [| X, — X||, = 0.

We begin with an almost sure convergence result that makes an additional moment as-
sumption on the supermartingale (or submartingale).

Theorem 6.37 (Doob’s Convergence Theorem). Let X, X1,... be a supermartingale
such that sup, >, Emax(—X,,0) < co. Then there exists a random variable X such that
Xo, X1, ... converges almost surely to X and E|X| < liminf, ,, E|X,| < co.

Proof. Let a,b € R with a < b. Then Uila, b, Usla,b], ... monotonically increases to a
random variable denoted Ula,b]. By Monotone Convergence, Theorem 1.54, EUla,b] =
sup,, o EU,a,b]. Using Lemma 6.34 and the inequality max(a — z,0) < |a| + max(—z,0)
valid for any z € R,

EU,[a,b] < ! Emax(a — X,,,0) < ! (la| + sup E max(—X,,,0)).
b—a b—a m>0
So, by assumption, sup,,~,EU,[a,b] < oo so that EUla,b] < co. In particular, Ula,b] is
finite almost surely. The event that X, X1,... converges almost surely in [—oo,00] is the
complement of
U {liminf X,, < a < b < limsup X, }.
a,beQ: a<b e n—reo

We therefore show this event has probability zero. Since the union is countable, it suffices
to show that each such event has probability zero. Let a,b € Q with a < b. Then Ula, b] is
finite almost surely, so indeed P(liminf, ,,, X,, < a < b < limsup,,_,., X,) = 0 by Exercise
6.33. So, Xg, X1,... converges almost surely to some X.

Using the equality |z| = x + 2max(—z,0) valid for all z € R and the supermartingale
property, E| X, | = EX,, + 2Emax(—X,,0) < EX( + 2E max(—X,,0). Since |Xo|, |X1|,...
converges almost surely to | X|, we have by Fatou’s Lemma, Theorem 1.56,

E|X| <liminfE|X,| < E|X,| + 2 sup Emax(—X,,,0) < co.
n—00 m>0

O

If we make an additional bounded moment assumption on the martingale, then almost
sure and L, convergence of the martingale follows from Corollary 6.29 and Theorem 6.37.
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Proposition 6.38 (L, Convergence). Let X, Xi,... be a martingale. Let p > 1. Assume
sup,,>o E | X" < oco. Then Xo, Xi,... converges almost surely and in L,. In particular,
Xo, X1,... converges in L.

Proof. Let n > 0. Then (Emax(X,,0))? < (E|X,|)? < E|X,|” by Jensen’s Inequality, so
sup,,~o Emax(X,,,0) < oo by our assumption. Then Doob’s Convergence Theorem, Theorem
6.37 implies that X, X, ... converges almost surely to a random variable X with E|X| < oo.

From the L, Maximal Inequality, Corollary 6.29, and Monotone Convergence, Theorem
1.54, [[sup,>q [ Xal [l < oo. Since |X| < sup,»q|X,|, we have ||X||, < co. From the tri-
angle inequality, for any n > 0, |X,, — X|” < (2sup,,,>0 Xm)?. So, Dominated Convergence,
Theorem 1.57, implies that lim, ., || X, — X||, = 0. - O

As we will show further below, the following condition is necessary and sufficient for the
convergence of a martingale in L.

Definition 6.39 (Uniform Integrability). Let H be a collection of random variables on
a probability space (2, F,P). We say that H is uniformly integrable if
lim sup E|X|1x>m = 0.

m— 00 XecH

That is, V e > 0, 3 n =n(e) > 0 such that, V. m > n, supxcy E[X|1|x>m < €.

In Exercise 6.43 below, it is shown that the assumption of Proposition 6.38 implies that
the martingale {X¢, X1, ...} is uniformly integrable. So, the conclusion of L; convergence in
Proposition 6.38 will be subsumed by the main theorem of the section, Theorem 6.47 below.

The following exercise shows that uniform integrability is a relaxed assumption for the
Dominated Convergence Theorem.

Exercise 6.40. Let H be a collection of random variables on a probability space (2, F,P).
Let Y: Q — [0,00) with EY < co. Assume that, for all X € H, |X| <Y. Show that H is
uniformly integrable. In particular, if H is any finite set of random variables in L, then H
is uniformly integrable.

Exercise 6.41. Let H be a collection of random variables on a probability space (€2, F,P).
Show that H is uniformly integrable if and only if the following two conditions hold.

(a) supyey E|X| < oo

(b) For any € > 0, there exists § > 0 such that

sup{E |X|14: Ac F,P(A) <), X € H} <e.

(Hint: when X € H is fixed, which A with P(A4) < § maximizes E|X|147 Also, to show
the first item, let ¢ = 1/2 in the definition of uniform integrability.)

Exercise 6.42. Let H be a collection of random variables on a probability space (2, F,P).
The analytic definition of uniform integrability is just the second item of the above exercise.
That is, H is uniformly integrable in the analytic sense if and only if condition (b) holds in
Exercise 6.41. In the case that P is non-atomic, show that if condition (b) holds in Exercise
6.41, then condition (a) holds. In summary, if P is non-atomic, then the probabilistic and
analytic definitions of uniform integrability coincide. (We say that P is non-atomic if for
any A € F with P(A) > 0 there exists B € F with B C A such that P(A4) > P(B) > 0.
An atom for P is a set A € F such that, for any B € F with B C A, if P(B) < P(A), then
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P(B) = 0. In a non-atomic probability space, the following holds and you do not have to
prove it: for any A € F with P(A) > 0, and for any ¢ € R such that 0 < ¢t < P(A), there
exists B € F with B C A and P(B) =t.)

Exercise 6.43. Show that condition (a) of Exercise 6.41 is not sufficient to prove uniform
integrability. In fact, the unit ball {X € Ly: ||X||; < 1} of L; is not uniformly integrable, in
general. More specifically, find a set of random variables X7, X5, ... on a probability space
(2, F,P) with || X,,||; < 1forall n > 1, but such that the collection H := {X;, X5,...} is not
uniformly integrable. (Hint: let Q := {1,2,3,...} with the probability measure P defined
by P({n}) := 27" for all n > 1, and choose the X,, to have disjoint supports.)

Now, let p > 1. Show that the unit ball {X € L,: [ X||, < 1} of L, is uniformly integrable.

Theorem 6.44 (Vitali Convergence Theorem). Let Xy, X,... be real-valued random
variables that converge in probability to a random variable X. Then the following are equiv-
alent.

(i) The collection of random variables { Xy, X1, ...} is uniformly integrable.
(i1) Xo, X1,... € Ly converges in Ly to X € L.
(iii) Xo, X1,... € Ly and lim,_, [| X, ||, = || X]||; < o0.

Proof. We first show that (i) implies (ii). Fix m > 0 and define ¢,,: R — R by
—-m Lifx<-—-m
Gm(x) =S if —m<z<m
m Jif x> m.

Applying the triangle inequality and |¢,,(Y) — Y| = max(|Y'| — m,0) < |[Y|1y|>n for the
random variables Y := X,, and Y := X,

<E |Xn| 1|Xn|>m +E |¢m(Xn> - ¢m<X)‘ +E ‘Xl 1|X‘>m'

Let € > 0. We can choose m > 0 such that sup,,>o E | X,| 1x,|>m < €/2 by assumption (i). By
Exercise 6.41(a), sup,»o E | X,| < 0o, so Fatou’s Lemma (Exercise 2.10(v)) implies E | X| <
00, so the third term can be made less than £/2 by choosing m larger if necessary, by Domi-
nated Convergence, Theorem 1.57. Since ¢,, is continuous, ¢,,(Xo), dm(X1), ... converges in
probability to ¢,,(X) by Exercise 2.10(iv). So, V. m > 1, lim, o0 E |9 (X)) — ¢m(X)| =0
by Exercise 2.10(vi). In summary, ¥ ¢ > 0, 3 m > 0 such that limsup,,_,. E|X, — X| <e¢,
implying that lim,,_,., E|X, — X| = 0.

We now show (ii) implies (iii). This follows by the L; triangle inequality (or Jensen’s
inequality) and the reverse triangle inequality for scalars (||z| — |y|| < |z —y| V z,y € R):

[E(Xa] = [XD] < E[IX.] - X[ <E X, — X].
Letting n — oo concludes the implication.

We now show (iii) implies (i). Fix m > 0 and define ¢,,: [0, 00) — R so that i, (z) ==«
for any x € [0,m — 1], ¥(x) = 0 for any = > m, and ¢, () = (m — 1)(m — z)
when z € [m — 1,m]. Let ¢ > 0. Since E|X| < oo, observe that lim,, ,.(E|X]| —
E,,(]X])) = 0 by the Dominated Convergence Theorem, Exercise 2.10(vi). So, 3 m > 0
such that E|X| — E,,(|X|) < ¢/3. Since 1, is continuous, ,,(Xo), ¥m(X1),... con-
verges in probability to 1, (X) by Exercise 2.10(iv). And since 1, is a bounded function,
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limy, 00 BV, (| X0|) = Et, (] X]) by Exercise 2.10(vi). So, 3 r > 0 such that for all n > r,
|EYmn (| X0]) — E¥n (| X])| < e/3 and |E|X,,| — E|X]|| < ¢/3 by (iii). So, by definition of ¢,
E X0 Lix,om < E X = E¥n(|Xa]) S E[X| - E¢n(|X]) +2¢/3 <e.

This holds for fixed m > 0 and for all n > r, where r can depend on m. Since E|X,| < oo

for all 0 < n < r, there exists m’ > 0 such that E | X,|1jx,|>m < € forall 0 <n <r. So
E [ X,| 11x, |>max(mm) < € for all n > 0, proving (i). O

Theorem 6.45 (Submartingale Convergence). Let Xo, X1, ... be a submartingale. Then
the following are equivalent.

(i) The collection of random variables {Xo, X1, ...} is uniformly integrable.

(ii) Xo, Xy,... converges almost surely and in L.

(i) Xo, X1, ... converges in L;.
Proof. We first show (i) implies (ii). If n > 0, Emax(X,,0) < E|X,| < sup,,5cE|X,,| <
oo by Exercise 6.41, so Xg, Xi,... converges almost surely to some X with E|X| < oo

by Doob’s Convergence Theorem, Theorem 6.37. Exercise 2.5 and Vitali’s Convergence
Theorem, Theorem 6.44 then imply Xy, Xy, ... converges in L; to X. The implication (ii)
implies (iii) is clear. We now show (iii) implies (i). From Exercise 2.6, Xy, X1, ... converges
in probability to X, so Vitali’s Convergence Theorem, Theorem 6.44, implies (i). O

Lemma 6.46. Let ((X,)n>0, (Fn)n>0) be a martingale. Let X be a real-valued random
variable with E |X| < oco. Assume that Xo, Xi,... converges to X in Ly. Then X, =
E(X|F,) for alln > 0.

Proof. Let m > n. Since ((Xp)n>0, (Fn)n>0) is a martingale, E(X,,|F,) = X, so if A €
Fn, EX, 14 = EX, 14. From the triangle inequality, |EX,,14 — EX14| < E|X,, — X], so
lim,, ,oo EX,,14 = EX14. That is, EX14, = EX,14 for any A € F,. That is, X,, =
E(X|F,) for all n > 0, by the definition of conditional expectation, Definition 5.3. O

Below we can finally answer the question posed in Exercise 6.11.

Theorem 6.47 (Martingale Convergence). Let Xy, Xi,... be a martingale. Then the
following are equivalent.

(i) The collection of random variables {Xo, X1, ...} is uniformly integrable.
(il) Xo, Xy,... converges almost surely and in L.
(iii) Xo, Xy,... converges in L.
(iv) 3 a real-valued random variable X with X, = E(X|F,) for anyn > 0 and E | X| < co.

Proof. Since martingales are submartingales, Theorem 6.45 shows that (i),(ii) and (iii) are
equivalent. By Lemma 6.46, (iii) implies (iv). It remains to show that (iv) implies (i). Let
n > 0. From Jensen’s inequality, Exercise 5.15 applied twice, and the definition of conditional
expectation (using {E(|X||F,) > m} € F,), it m > 0,
E|EX]F)| e z)sm < EE(X]F) e z)sm
< EE(|X||F)le(x)m)>m = E[X[ le(xz)sm. (%)
From Markov’s inequality and Proposition 5.12,

1 1
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Therefore, limy, o0 sup,,>o E [ X| 1g(x|17,)>m = 0 by the Dominated Convergence Theorem,
Theorem 1.57. So, uniformly integrability of { Xy, Xi, ...} follows from (x). O

Exercise 6.48 (Galton-Watson Process). Let (&;,,)in>1 be i.i.d. nonnegative integer-
valued random variables. Let Z, := 1 and for any n > 0 define

g Sinmi+ - +E&m U2, >0
n+l -— .
0 ,if Z, = 0.

Then Zy, Z1, ... is an example of a branching process, known as the Galton-Watson process.
The intuition is that Z,, is the number of individuals in the n'* generation of a family tree,
and at each time step, each person has a certain number of offspring. Galton and Watson
originally used this process to model the occurrence of last names in human family trees, to
see why some names become common while others become extinct.

Vn>0let F,i=0(&m:i>1,1<m<n), and let g :=E& 1. Assume p € (0, 00).

e Show that Zy, Z,/u, Zo/1i?, . . . is a martingale with respect to Fo, Fi, . ... (Hint: write
E(Zy1|Fo) = 302 E(Znsi 12,1 F).)

o If 4 < 1, show that P(Z, > 0 for infinitely many n > 0) = 0. Therefore, Z,/u"
converges to 0 almost surely as n — oo. Also, show that the expected total population
EY > ,Z, is finite. That is, extinction occurs as n — oo if the average number of
offspring is less than 1 for each individual.

o If p=1, and P(& 1 = 1) < 1, show that Zy, Z1, ... converges almost surely to 0.

Lemma 6.49. Let ((X,)n>0, (Fn)n>0) be a submartingale and let T be a stopping time.
Assume sup,>o Emax(X,,0) < oco. Then E|Xr| < oco. (It is shown in the proof that
Xoo 1= limy, 00 X, exists almost surely.)

Proof. By Exercise 6.17(iv), max(Xy, 0), max(Xj,0), ... is a submartingale. So, by Theorem
6.26 with stopping times 7' < N := oo, Emax(X,sr,0) < Emax(X,,0) for all n > 0. So,
by our assumption, sup,,~, Emax(X,,r,0) < oco. Applying Doob’s Convergence Theorem,
Theorem 6.37, to the submartingale Xonr, Xinr, ... (by Theorem 6.26), we have almost
surely lim,, o Xyar = X7 and E|X7| < 0o O

Theorem 6.50 (Optional Stopping Theorem, Version 2). Let ((X,,)n>0, (Fn)n>0) be a
supermartingale with X,, > 0 for alln > 0. Let T'< N be stopping times. Then
oo > EXr > EXy.

(1t is shown in the proof that X 1= lim, .o X, exists almost surely.)

Proof. From Theorem 6.26, 0 = Xoanv — Xoar, Xiany — XiaT, - -+ IS & supermartingale, so
oo > EX,\r > EX, sy for any n > 0. Since ' < N, 1y>, — 17>, = In>p>7 and subtracting
EX, 17>, from both sides,

EXT1T<n 2 EXn/\N(lN<n + 1N2n) - EanTzn = EXN1N<n + EXn1N2n>T- (*)

Since X, X1,... is a nonnegative supermartingale, Doob’s Convergence Theorem, Theorem
6.37 says there exists a random variable X with E |X| < oo such that Xy, X3, ... converges
almost surely to X. By Fatou’s Lemma, Theorem 1.56,

lim inf EXn1N2n>T = lim inf EXn1N2n1n>T Z EX]—N:oo>T

n—oo n—oQ
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By Monotone Convergence, Theorem 1.54, lim,, ... EXy1y<, = EXy1ly<o and similarly
lim, 0o EX7l7o, = EXplroo, s0 (%) implies

EX7lrcoe > EXNlyco + EXTy_oosr.

Adding the equality EX71r—o = EXn1y—7—, Which holds since T' < N, we get EXp >
EXy. Choosing 77 := 0 < T in this inequality shows co > EXy > EX7 > EXy. O

6.4. Optional Stopping Theorems.

Theorem 6.51 (Doob’s Optional Stopping Theorem). Let ((V,,)n>0, (Fn)n>0) and
((Yn)n>0, (Fn)n>0) be submartingales with V,, < 0 for allm > 0. Let T < N be stopping
times. Assume that {Yoan, YianN, - - -} s uniformly integrable. Define

X, =Y,+V,, Vn > 0.
Also define Xn1n—oo := In=oo limsup,, .. X,. Then E|Xy|,E|X7| < oo, and
EXy > EXtr > EX,.

Remark 6.52. Setting V,, := 0 for all n > 0, we see that the conclusion of Theorem 6.51
holds for any submartingale ((X,,)n>0, (Fn)n>0) such that {Xoan, Xian, ...} is uniformly
integrable.

More specifically, Theorem 6.51 is commonly applied when ((X},)n>0, (Fn)n>0) i & mar-
tingale and {Xoan, Xian, - - -} is uniformly integrable, giving the conclusion

EXy = EX,.
Conditions for {Xoan, Xian, - - .} being uniformly integrable are given in Proposition 6.53.

Proof. By linearity of expected value, we deal with the Y,, and V,, terms separately. Since
((=Vi)n>0, (Fn)n>0) is a nonnegative supermartingale, Theorem 6.50 implies that EVy >
EV: > EVy > —oc.

It remains to consider the Y,, terms. For any n > 0, define U,, :== Y, an, Zn := Yo7, From
Theorem 6.26 and T' < N, the following three sequences are submartingales with respect to

(F)nso: Uo, U, ..., Zo, Zy, ... and Uy — Zy, Uy — Z, . ... So,
EU, >EZ, >EZ,, VYn>0 (%)

By assumption, {Uy, Uy, ...} is uniformly integrable, so there exists a random variable U
with E |U| < oo such that Uy, Uy, ... converges almost surely and in L; to U, by Theorem
6.45. Since T' < N, Z, = Upar for all n > 0. So, since {Uy, Uy, ...} is uniformly integrable,
{Zy, Zy, ...} is uniformly integrable by Proposition 6.53(iii). By Theorem 6.45 again, there
exists a random variable Z with E|Z| < oo such that Zy, Z1, ... converges almost surely and
in Ly to Z. Then, almost surely, Z = lim,,_, Yonr = Yr and U = lim,, o Yoan = Y, so by
(%), and their L; convergence, EYy > EYy > EZ, = EYj,. O

Proposition 6.53. Let Yy, Y1, ... be a sequence of real-valued random variables with E |Y,| <
oo for all m > 0. Let T be a stopping time adapted to a filtration Fo C F; C ---. Then
{Yorr, Yinr, . ..} is uniformly integrable if any one of the following conditions holds.
(i) ET < o0, and 3 ¢ > 0 such that, almost surely, E(|Y,, — Y,_1| |Fn-1) < ¢,V n > 1.
(ii) {Yolr=o,Yilys1,. ..} is uniformly integrable and E |Yrlroo| < 00.
(iil) ((Yn)nz0, (Fn)n>0) is a uniformly integrable submartingale (or supermartingale).

80



Proof. We first prove (i). From the triangle inequality, for any n > 0,

nAT

Yorr| € Zo o= Yol + D Vo = Yonoal = Yol + D [Vin = Y1 | Lrsm.
m=1 m=1

Since Zy < Z; < ---, we have SUp,>o |Yorr| < limy, o0 Z, =1 Z. So, if EZ < 00, we are done
by Exercise 6.40. We therefore show EZ < co. Since T is a stopping time, 17>, =1—1pp,
is F,,_1-measurable. So, from Propositions 5.12 and 5.16, for any m > 1,

E(‘Ym — mel‘ . 1T2m) = EE(’Ym — Ym,ﬂ ‘./T"mfl)szm S CP(T Z m)

Using this inequality, Monotone Convergence, Theorem 1.54, and Exercise 1.88,

EZ <E|Yg|+c) P(T >m)=E|Y| + cET < cc.
m=1

We now prove (ii). For any sequence of random variables Xy, X1, ..., and for any n > 0,
| Xonr| < | X7 Ircoo + | Xn| 175n. (As above, define Xplr_o := lp—o limsup,,_, . X,,.) By
(i), {|Yo| 1r>0, |Y1| 1751, .. .} is uniformly integrable. Let m > 0. Using X,, 1= Y, 1)y, |>m for
allmn >0,

SgISE |Yn/\T| 1|YnAT\>m <E |YT| 1\YT|>m1T<oo + Sli%)E |Yn| 1\Yn|>m]-T>n'

Since E Y| Ly, smlrsn = E Y| Irsnlyva|ipe, >m}, the uniform integrability assumption (ii)
and E |Yrlroo| < oo imply that the right side converges to 0 as m — oo, as desired.

We now prove (iii). By assumption, {Yplrso, Yilr=1,...} is uniformly integrable and
sup,,>o Emax(Y,,0) < oo by Exercise 6.41. Lemma 6.49 then implies that E |Y7| 17 < 00,
so that (iii) reduces to (ii). O

Exercise 6.54. Explain why Example 6.24 does not contradict Doob’s Optional Stopping
Theorem.

Exercise 6.55 (Gambler’s Ruin). We can now finally answer the question posed in Exam-
ple 6.8. Let 0 <p < 1. Let 0 < a < yy < b with a,yy,b € Z. Let Y1,Y5,... be independent
random variables such that P(Y,, = 1) =t pand P(Y,, = —-1) =1—-p =:qV n > 1. Let
Yy = yo. Let Z, = Yo+ - +Y,, and let X,, := (¢/p)? ¥V n > 0. For any n > 0, let
Fni=0(Yy,...,Y,). Weshowed in Example 6.8 that X, X1, ... is a martingale with respect
to Fo CFy C---. Let T'=min{n > 1: Z,, € {a,b}}. Thatis, T is the first time the random
walk Zy, Z1, ... hits either a or b.

e Compute ¢ := P(Yr = a), using Doob’s Optional Stopping Theorem, when p # 1/2.

e Compute ET using Doob’s Optional Stopping Theorem, when p # 1/2. (Hint: Z, —

02p—1),21 — (2p—1),...is a martingale.)

e Compute Emin{n > 1: Z,, = a} when p < 1/2. (Hint: let b — oc0.)

e Compute ¢ when p = 1/2 using the martingale Z,, 71, . . ..

e Compute ET when p = 1/2. (Hint: if yo = 0, then Z2 —0, Z? —1, ... is a martingale.)

Exercise 6.56. Let Y},Y5, ... be independent random variables such that P(Y,, = 1) =
PY,=-1)=1/2Vn>1. Let Yy :=0. Let Z, :=Yy+---+ Y, for any n > 0. From the
previous exercise, one might wonder where the martingale Z2 — 0, Z? — 1, ... came from, and
if more like it exist. In this exercise, we compute an infinite family of such martingales.
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For any o € Rand n > 0, let X, 1= e®%n—nlogcosh(e) - Show that X, X1, ... is a martingale.
Then, using the power series expansion of the exponential function, we have X, =

ano:o %Mm,n for some random variables M ,..., for any o € R and for any n > 0.
It follows that, for any m > 0, M,, o, M, 1, ... is a martingale. For example, using m = 2

we get My, = Z2 —n for all n > 0. And using m = 4, My,, = Z} — 6nZ2 + 2n + 3n? for
all n > 0. Using this martingale, compute ET? when T := min{n > 1: Z,, € {—b,b}} and
b>0,beZ.

Exercise 6.57. Let 0 < p < 1. Let b be a positive integer. Let Y7,Y5,... be independent
random variables such that P(Y,, = 1) =t pand P(Y,, = —-1) =1 —-p =gV n > 1. Let
Yo:=0. Let Z, =Yy +---+Y,,Vn>0. Let T, ;== min{n > 1: Z,, = b}. For any o € R let
M(a) := Ee®¥. For any n > 0, let X,, := e*?"(M(a))™™.
e If 1/2 < p < 1, show that e®*EM (o)~ % =1 for all a > 0.
eIf1/2<p<1and0<s<1,show that

1
Es" (1 — /1 —4pgs?), Es™ = (Es™)°.

s

e If 0 < p < 1/2, show that P(T}, < 0o) = e where X := log((1 — p)/p) > 0.
e If 0 < p < 1/2, show that Z := 1 + max,>¢ Z, is a geometric random variable with

success probability 1 — e™.

Exercise 6.58 (Ballot Theorem). Let a, b be positive integers. Suppose there are ¢ votes
cast by ¢ people in an election. Candidate 1 gets a votes and candidate 2 gets b votes. (So
¢c=a+b.) Assume a > b. The votes are counted one by one. The votes are counted in a
uniformly random ordering, and we would like to keep a running tally of who is currently
winning. (News agencies seem to enjoy reporting about this number.) Suppose the first
candidate eventually wins the election. We ask: with what probability will candidate 1
always be ahead in the running tally of who is currently winning the election? As we will
see, the answer is Z—jg

To prove this, for any positive integer k, let Si be the number of votes for candidate
1, minus the number of votes for candidate 2, after k votes have been counted. Then,
define Xy := S._/(c — k). Show that Xy, Xy,... is a martingale. Then, let T such that
T =min{0 <k <¢: Xy =0}, or T =c—1if no such k exists. Apply the Optional Stopping
theorem to Xt to deduce the result.

Exercise 6.59. Prove Wald’s Equation, Proposition 4.21, using Doob’s Optional Stopping
Theorem.

6.5. Additional Comments. A “martingale” originally referred to the double-your-bet
strategy for betting on fair coin flips, discussed in France in the late 1700s. The term
“martingale” was introduced to probability theory by Ville in 1939, though the concept was
introduced by Lévy in 1934. This term was then used by Doob in 1951. The term “Optional
Stopping Theorem” seems to have originated in Doob’s 1953 book.

Consider the set © := {1,2,3,...} with the probability measure P defined by P({n}) :=
27" for all n > 1. For any n > 1, define X,,: 2 — R so that X,,(n) := 2" and X,(m) =0
for any m € Q with m # n. Let H be the collection of random variables H := { Xy, X»,...}.
Then H is bounded in L; since E|X,,| =1 for all n > 1, but H is not uniformly integrable.
For any m > 1, supycy E[X|Lixjsm = 1, 50 limy, oo SUpx ey E[X| Lixjsm = 1 # 0. The
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following theorem says that, in some sense, this is the only example of a bounded set H C [,
that is not uniformly integrable. (From Exercise 6.41, if H is not bounded in L;, then H is
not uniformly integrable.) The Theorem below also restates uniform integrability in terms
of compactness.

Theorem 6.60. Let H C L; satisfy supycy E|X| < 0o. Then the following are equivalent.
e H is not uniformly integrable.
e H is not relatively weakly compact. (There exists a sequence Xy, Xo,... in H such
that any subsequence of this sequence does not converge in the weak topology.) (We
say X1, Xs,... € Ly converges to X € Ly in the weak topology if, for any Y € L,
lim, . EX, Y = EXY.)
e 3¢ > 0 such that, for any integer n > 1, there exist n disjoint sets Ay, ..., A, € F
such that, for all 1 < m <mn,
sup E|X |14, > €.
XeH

e Jda,b> 0 such that, for any integer n > 1, there exist Xq,...,X,, € H such that, for
any o, ..., o, € R,

n n n
i=1 i=1 1 =1

(Said another way, Xy, ..., X, is equivalent up to constant factors to the unit vector
basis of R™ equipped with the 1-norm, ||(ay,...,an)|l; == >0 |ail.)

This obstruction to weak compactness does not occur in L, when 1 < p < oo. If 1 <
p < 00, it is well-known that L = L, where 1/p+1/q =1, so that L}* = Ly, so the weak
topology and weak™ topology coincide on L. Therefore, the unit ball {X € L,: [|X]|, <1}
of L, is weakly compact by Alaoglu’s Theorem, Theorem 8.3. So, if 1 < p < oo, any bounded
set in L, is relatively weakly compact. Also, as we verified in Exercise 6.43, the unit ball

{X € Ly: [[X], <1} of L, is uniformly integrable if 1 < p < oo.
7. SOME CONCENTRATION OF MEASURE

Theorem 7.1 (Hall Marriage Theorem). Let G = (V, E) be a bipartite graph with vertices
CUD =V. Suppose: for all AC C, |{d € D: {c,d} € E,c € A}| > |C|. Then there exists
a biection ¢: C'— D where ¢(c) = d implies (c,d) € E.

Proof. We create an inductive procedure to improve any given matching. Begin with any
injective, partially defined ¢ as above. Assume 3 ¢ € C' unmatched. By assumption, 3d; € D
such that ¢ ~ dy. If d; is unmatched, the inductive step is done. If not, let ¢; := ¢~1(d;). By
assumption, 3 dy € D, dy # d; with ds joined to at least one of ¢, ¢;. If dy is unmatched and
¢ ~ ds, the inductive step is done. If ds is unmatched and ¢; ~ dy, we “fip” the assignments
of ¢, and we are done. (Let ¢(c) := dy, ¢(c1) := do). If dy is matched, let ¢y := ¢~1(dy), ete.
Eventually this process will terminate. 0

Theorem 7.2 (Existence and Uniqueness of Haar Measure). Let (§2,d) be a compact
metric space, d: Q x  — [0,00). Let G be a group whose members act as isometries on
Q. Then there exists a reqular measure p on the Borel sets of §2 that is invariant under the
action of G. Equivalently, [, f(t)du(t) = [, f(gt)du(t) for all g € G, and for all continuous
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functions f: Q — R. Additionally, if G acts transitively on €, then p is unique, up to
multiplication by a constant.

Proof. Let ¢ > 0. Let N. be an e-net of minimal cardinality (for every w € 0, 3 x € N,
such that d(z,w) < e, and N is as small as possible). For any f: Q —> R continuous, define
He = ﬁZteNE f(t) Since H/’LEH = SUPf: Q—R, continuous, 1fll o<1 fQ ,ugd:c < 1 and K is
positive, Alaoglu’s Theorem 8.3) and Riesz’s Theorem 3.4) show that 3 u a subsequential
weak* limit as ¢ — 0% of p., with p a regular Borel measure. (In fact p is a probability
measure since p(1) = 1). We claim that the choice of N, (among other minimal cardinality
e nets) does not change p. Let A := {z1,...,z,} € No, n < |N.|. If N! denotes another
such minimal net, then A" := {2’ € N.: B(2',e) N B(z,e) # 0,z € A} satisfies |A'| > |A],
where B(z,¢) == {w € Q: d(w,z) < €}. For if not, AU (N, \ A) is an € net with smaller
cardinality than V.. (If y is not € close to N. \ A, then y is € close to A, so Ja € A,b € N!
with y € B(a,e) N B(b,e),s0o y € A').

For any x € N, y € N write v ~ y if their e-neighborhoods intersect. By the Hall
marriage theorem, Theorem 7.1), 3 a bijection from ¢: N. — N! where ¢(z) = y implies
x ~ y. That is, d(¢(x),x) < 2e. Thus, we can immediately see that |u.(f) — pL(f)] <
SUDg peq: d(ap)<2: |f (@) — f(b)|. This proves G-invariance of p, since glV, is another e-net.

To show uniqueness, let Gy := {g € G: gw = w,Vw € Q} and define a metric on G/Gy
by p(g, h) := sup,cq d(gw, hw). Using the compactness of €2, a subsequential argument with
e-nets of X “increasing density” shows that a sequence g1, go, ... € G/Gy has a subsequence
that converges to some isometry ¢ of Q2 with respect to p. Since G/Gy is a topological group,
we use: if V' C G/Gy is a neighborhood of the identity, then V' C V C V2. This result
implies that g € G/Gy, so that (G/Go, p) is a compact metric space.

Since G /Gy acts on itself, let v be a Haar measure for G/Gy. For any f: Q — R continuous,

//fgtdu B //fgtdv Jpu(t) = 7))

For the final equality, fix ty € Q. Given t € (), 1nvar1ance and tran81t1V1ty show that there
exists ¢’ € G such that ¢'(t) = to, so [, f(gt)dv(g) = [, flgg't)dv(g) = [, f(gto)dv(g
That is, the inner integral in the last equality does not depend on t. D

Below, for any n > 0, we denote the n-dimensional sphere in R"*! centered at the origin
with radius 1 as

S i={(x1,...,xpp) ER™ 2t + 422, =1}

Theorem 7.3 (Spherical Isoperimetric Inequality). Among all domains of fixed volume
on the sphere, one with minimal boundary volume is the geodesic ball.

Proof due to Figiel-Lindenstrauss-Milman-1977. Idea: if we start with an optimal set that
is not a geodesic ball, we can apply a finite number of symmetrizations to it so that its
interior is squished into a smaller region. This gives a contradiction, so we had a ball at the
beginning. The technical device of outer radius allows the argument to proceed rigorously.
Let S™ ! C R"™ be the unit sphere centered at the origin, and let A € S™! be closed.
Given two antipodal points a,b € S"7 !, let v+ C S"! be a geodesic joining a and b. We
define the symmetrization o, (A) as follows. For each y € 7, let II,, be the plane containing v,
such that II, is perpendicular to the line in R” connecting a and b. Note that IT,N.S" ! is a
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dilation and translation of S"2, so let p1,,_2, be the normalized Haar measure on IT, N S™!.
We let o, (A) NI, be a geodesic ball in S"2 with center y, such that u,_s,(0,(A) NIL,) =
fn—24(ANIL). From Fubini’s Theorem, Theorem 1.66), we have p,_1(B) = ,—1(A), where
fn—1 is normalized Haar measure on S™~ 1.

We say o0,(A) is the symmetrization of A with respect to 7. Let r(A4) := min{r >

0: dz € S"1, A C B(x,r)} be the (outer) radius of A. Here B(z,r) := {y € S"': d(z,y) <
r} is the open ball of radius r centered at y on S"~! and d is the usual metric on S}, so
that d(z,y) = cos™'({z,y)) for all z,y € S"~'. The minimum in the definition of r(A) exists
by closedness of A and B(x,r). We claim that o,(A) is closed.

To show this, we use the Hausdorff distance on closed sets in S"7', §(4, B) := min{r >
0: A, D B,B, D A}. (Here A, :=={x € S"':d(z,A) <r}.) Let B :=0,(A). Recall that
the set of closed sets is a complete metric space with respect to the metric §. Note that the
function y — p—24(A) = pyp—2,(B) is upper semicontinuous in y € 7, i.e. fi,_2,y(A) >
limsup,, ., fn—24(A) when y,yo € . This follows by the definition of the product topology
and by the closedness of A. Now, writing S"! as S"2 x [—1,1]/ ~ where (z,1) ~ (2/,1)
and (x,—1) ~ (2/,—1) V x,2’ € S"2 we can treat A C S"! as a closed set in the product
topology of S"2 x [—1,1]. Given (z,y) € B® C S"! x [~1,1], we wish to find a box
F x G C 8" 2 x [-1,1] with F,G open, so that (z,y) € F x G and F x G is disjoint from
B. Since BNTI, is a geodesic ball (which is not all of S"7%), we can find F x G as required,
by the upper semicontinuity of y +— j,—2,(B). (Specifically, our inability to find such a box
F x G would violate this upper semicontinuity.)

Below we also use that p,_1(-) is upper semi-continuous with respect to J, that is if
AW AR C S satisfy limy oo 6(A®)) A) = 0, then ju, 1(A) > limsup,,_, . jin_1(A®).
To see this, let z;, € A® for any k& > 1. Since d(xy, A) < §(A®) A) — 0 as k — oo, any
limit point of the set {z;}72, must be contained in A. Therefore, for any fixed € > 0, there
exists K > 0 such that k& > K implies A® C A.. Let A > p,,_1(A). Since p,_; is a Borel
measure, there exists an open set U such that A C U and p,_1(U) < A. Since A is compact,
d(A,U°¢) > 0, and there exists ¢ > 0 such that A. C U. Combining these observations,
lim supy,_, o ftn—1(A®) < pp_1(A) < pp_1(U) < A Therefore, limsup, . pn_1(A®) <
tn—1(A), as desired.

We are now ready to proceed by inducting on n. For the case n = 1, the theorem is clear.
We require the following claims, which are proven by induction.

Claim 1: Let A C 8™ ! be closed, and define

M(A) :={C C S"': C is closed,
fin—-1(C) = pn-1(A), pn-1(C:) < prn—1(A:) Ve > 0}

Then there is a B € M(A) with minimal radius, i.e. min{r(C): C' C M(A)} exists.

Claim 2: Let A C 5" ! be closed. Then for every half circle v, o (A) € M(A).

Claim 3: Let B C S™! be a closed set that is not a geodesic ball. There exists a finite
family of half circles {;}7; € S"! so that r(o, (05, ,(-++0,,(B)--+))) < r(B).

We prove the theorem assuming these claims. By definition of M(A), B € M(A) and
C € M(B) implies C' € M(A). So, using Claim 2, B € M(A) and o,,(B) € M(B) implies
04, (B) € M(A), 0,,(04,(B)) € M(A), etc. Using Claim 3, we therefore see that an element
of minimal (outer) radius in M (A) must be a geodesic ball. Claim 1 says that this minimal
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element must exist, so M (A) must contain a geodesic ball. The theorem is therefore proven.
We now prove the claims.

Proof of Claim 1: B+ r(B) is continuous (with respect to the Hausdorff metric for
B C 8" 1), so it suffices to show that M(A) is a closed subset in the space of closed subsets
of S™~! (since the latter space is compact with respect to §). Let B, B®) . . € M(A) with
limy 00 0(B®, B) = 0 for some B C S™!, and let ¢ > 0. We will show B € M(A). For any

fixed n > 0, there exists K > 0 such that, if £ > K, then B C Bf,k), so B, C Bé’fn. So, for
all k > K, p,—1(B:) < pn_l(Bs(li)n) < pn1(Aciy), since BO B® € M(A). Therefore,

,un—l(Be) < :)I>lf[; ,un—l(Aa—i—n) = ,un—l(mn>0Aa+77) = ,un—l(Ae)

So, letting ¢ = 0, we get ji,_1(B) < fin_1(A). Moreover, ju,_1(B) > limsup;_, . ftn_1(B®) =
tn—1(A), using the upper semicontinuity of s, 1(-) mentioned above, and the definition of
BW B® € M(A). So B € M(A), as desired.

Proof of Claim 2: Let A C S™ ! be closed and let v be a half circle on S"~! joining z €
S"~! with —z. Let u be the midpoint of 7. As usual, identify S"~2% := S"~'NII, with S"~2.
For any y € v,y # +x, define a map 7,: S"2¥ — S"~%¥ by letting 7,(z) := v N S">* for
any z € S"2¥. (Note that this intersection is a single point). By applying polar coordinates,
we see that there exists a function f such that, if v,y € v and if x; € S"2¥% 2, € SV 242,
we have

d(z1, 32) = f(y1, Y2, d(7y, (21), Ty (22)))-
Moreover, for y,ys fixed, f is monotonically increasing with respect to its third argument,
d(Tyl (1’1),7'1/2(1'2)) <.
For every y1,y2 € 7, > 0 (with d(y1,y2) < €) there is an n(y;,ys2,€) so that, for every
C C S" 2% we have
C.nsm2e = T_l((TwC)n(yhyz@)) (*)

Y2
To see this, it suffices to consider the case that C' = {z1}. Then

C.NS"2¥ =[xy € S" 2% d(x1,19) < €}
= {$2 € S f(y17y2>d(7_y1 (33’1),7'1/2(1'2))) < 6}
= {2 € 8" d(7y, (1), 7 (22)) <}

Here 7 is determined by the existence and monotonicity of f. (If d(y;,y2) > &, then
C.NS"2¥2 = ().) Note that the subscript € on the left of (x) denotes an € neighborhood in
S™~1 whereas the subscript 7 on the right of (x) denotes an 1 neighborhood in S™" 2. Let
AY = AN S"2Y. By fixing y, = y and varying y; = z in (), we have

7y((Ae)") = Usey: dea)<et (T (A" eye) - (3%)
Substituting B := 0, (A) gives

Ty((Be)?) = Ulzer: d(zy)<e} (T2 (B))n(zw.0) (1)
By definition of B, 7,(B?) is a geodesic ball in S"%* V z € 7, and p,_2.(7.(B?)) =
tn—2(72(A?)). So, the induction hypothesis (i.e. the full theorem) says

Man,u((TZ(BZ»n(Z,y,e)) < pin—2.u((7 (Az))n(z,y,e)) (1)
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for admissible y, z,e. Since the sets on the right side of (1) are all (n — 2)-dimensional
geodesic balls with the same center, we have

Man,u(Ty(Bs)y) = sup /Lnf2,u((TZ(Bz))n(z,y,6))

z€7: d(z,y)<e
< sup pin-2,u((T2(A%))n(ze) , from (%)
z€v: d(z,y)<e

S Mn—Q,u(Ty(A€)y) ’ from (**)
Re-writing this inequality, we see that for every y € 7,y # 2 we have

pin-2y((B)’) < pin—2,((Ac)")

So by Fubini’s Theorem, Theorem 1.66), we can integrate this inequality to get pu,—1(B:) <
tn-1(Ac), so that B € M(A) as desired.

Proof of Claim 3: Let B C S™ ! be closed, and suppose B is not a geodesic ball. Let
r = r(B) as above, and let u € S"~! be such that B C B(u,r). Let v be a half circle with
midpoint u, so that we will symmetrize with respect to ~, leaving B(u,r) fixed. Since B is
not a geodesic ball, F := BN JB(u,r) # 0.

We need two observations. First, any symmetrization 0., does not decrease the set £. That
is, E C (0,(B))*N0B(u,r). Second, we can find symmetrizations that increase £. To see the
second claim, let G C dB(u,r) be a relatively open set. Given any = € dB(u,r) \ G, there
exists a relatively open set G, C dB(u,r) and v, such that z € G,, and G, N0, (B) =0. To
construct v,, consider the straight line ¢ (in R™) between = and some point y € B°NOB(u,r)
(which exists since B is not a ball). Let P reflect 0B(u, r) across a hyperplane perpendicular
to ¢ and intersecting ¢ at its midpoint. Then, let G, be a small ball (in dB(u,r)) around
x disjoint from G, such that PG, C B°N JB(u,r) (which is possible since B is closed).
Observe that G, does what we claimed above. Also note that G,~, depend on z and G,
but not on B.

Now, apply the above observations to B and G := BN dB(u,r) to produce v, G,,.
Then, apply these same observations to 0., (B) and G := 0., (B)° N 0B(u,r) to produce v,
and G,,, and so on. By compactness of S"! (using a cover by {G,,}:>1), after a finite
number of symmetrizations we have o, (---0,,(B)---) disjoint from 0B (u,r). Therefore,

10,0 (B)-+)) < r(B) m

As an application, we prove the following concentration of measure result. Note that the
exponential dependence on n implies that almost all of a high dimensional sphere is close to
any given set of Haar measure 1/2. Put another way, a high dimensional sphere has a “large
waist.”

Theorem 7.4 (Concentration of measure on the sphere). Let p be the normalized
Haar measure on S™ (using Theorem 7.2). Let A C S™" let € > 0, and define A, =
{v € S™*1: Jy € S™ with dgnri(z,y) < e} If p(A) > 1/2 then p(A) > 1 — /e =72,

Proof. By Theorem. 7.3, it suffices to prove this claim for geodesic balls, i.e. it suffices to
analyze the quantity

fjw/Q cos™(t)dt

fl/jz cos™(t)dt

W(B(r/2+ <)) =
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For any n > 1, let I, := OW/2 cos”(t)dt. Changing variables and using cos(t) < e~**/2, valid
for any 0 < ¢ < /2 (which follows since f(t) := logcost satisfies f”(t) = —1/cos?(t) < —1
for all 0 <t <m/2),

/2 dt 1 (w/2)v/n dt
1 —u(B(r/2+¢)) = /€ cos"(t)f =7 /8\/77 cos"(t/\/ﬁ)ﬁ
/”/2 et o Lo [Tt

0

L= o1,

> dt 1 2
< € 2n/2 —t2/2 ©U — —e?n/2 2.
- \/ﬁe /0 ‘ 21, 2\/ﬁln6 ™/

Integration by parts shows that [, = “=11,_,. Since (n — 1)/y/n(n —2) > 1 for any n > 3,
we get /nl, > /n—2I, 5 for any n > 3, so that

vnl, > min(I;,V2L) = min(1,V2r/4) =1, ¥n>1
In summary, 1 — u(B(7/2 +¢€)) < e=<""2 /7 /8. O

Theorem 7.4 implies a corresponding statement for Lipschitz functions. That is, Lipschitz
functions on high-dimensional spheres are typically close to their average value.
For any = = (71, ...,2,) € R", we denote ||z|| := (22 + --- + 22)1/2.

Theorem 7.5 (Concentration of measure, Lipschitz function form)). Let f: "1 —
R. Suppose that for all .,y € S"™' | f(x) — f(y)| < ||z —yl|, so that f is 1-Lipschitz. Let p
denote normalized Haar measure on S™', by Theorem 7.2. Then for all € > 0,

(e s ‘f(:v)— f(y)du(y)‘ SE 3o

Proof. Let m € R such that u(x € S"™™: f(z) < m) > 1/2 and pu(z € S™: f(z) > m) >
1/2. Let C' := {x € S"*: f(z) <m}. Thenz € C. ifand only if 3y € C with ||z — y||, <e.
Since f is 1-Lipschitz, |f(z) — f(y)| < e, so that f(z) < m + . Taking the contrapositive,

{z € S"h: f(z) >m+e} C SN AL
So, from Thm. 7.4, since p(C') > 1/2, we have
(e 8" fa) >m+e) < Vr/8e /2
Similarly, (v € S™*': f(x) <m —¢) < y/m/8¢~"*/2. In conclusion,
(e 8" |f(z) —m| > ) <2/m/8e 2 (%)
It remains to replace m with [g,., f(y)du(y). Consider pu x g on S™*! x S Observe

(> ) ((,y) € 8™ x S0 |f(2) = f(y)] Z )
< (pxp) ({1f(2) =ml| = /2y U{[f(y) —m| = ¢/2})
<2u(|f(z) —m| > £/2) <4y/7/8e /% from (x)
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Let A > 0. Then from Theorem 1.60, if \? := n/4,

/ @0 dpy()dpy)
Snt1 Sn+1
= /O 2NN (1 x ) ((2,y) € S % S [ f(w) = f(y)] > t) dt

< 4\/7T/8/ A2t e gt = \/7r/8/ tne " Adt = 24/7/8 = \/7 /2.
0 0

So, for this A, Jensen’s inequality in y, Theorem 1.40, implies that

V)2 2/ N (F @)= f())? dp(x)du(y) 2/ 2(f(@) = [snt1 FW)du(y) dﬂ( ).
Sn+1 XSn+1 Sn+1
Finally, by Chebyshev’s inequality,

p(z € 8™ | f(x) — fdu| > ¢) = plz € S™ A @)= [snr @I > €>\2€2)

Sn+1

< e / W@ Ssnes SOBOL () < /263,
Sn+1
0

The Johnson-Lindenstrauss lemma says that the pairwise distances between n vectors
in Euclidean space can be almost preserved by almost all linear projections into O(logn)
dimensional Euclidean space.

Theorem 7.6 (Johnson-Lindenstrauss). Let (V... 2™ € R™. Let e > 0. Then there
exists a linear function T: R™ — ROE?18n) gych that

|2 — :L‘(j)H < ||T(z®) - T(:p(j))H <(1+e) 2@ - a:(j>H : V1<i,j<n.
One proves this via the probabilistic method. By concentration of measure, a random

projection does what we require.

Proof. Let u denote normalized Haar measure on S"~! and let v be normalized Haar measure
on O(n), the group of orthogonal nxn real matrices, by Theorem 7.2. Let P: R™ — R" be the
orthogonal projection such that P(z1,...,2,) := (21,...,2k,0,...,0) forall (z1,...,2,) € R™
Fix xp € S"!. Suppose U is uniformly distributed in O(n) and X is uniformly distributed
in S"~!. Observe that Uz, and X have the same distribution. To see this, let A C S"~! and
define fi(A) := v(U € O(n): Uzg € A). Note that 1 is O(n) invariant, so apply Theorem
7.2. Now, define

Bim [ Palduta) = [ |PUao] dv(u).
Sn—1 O(n)

We will eventually show that £ > 1072,/k/n. Observe
k

[opsPautn) = [ (3 a)auto

=1

= k/Sn—l ridp(z) = S/Sn_l (ixf) du(x) = k/n. (%)
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Now, we use Theorems 1.86 and 7.5 for the 1-Lipschitz function « — ||Pz||,

[ IPal duta) = [ auuPa = wydu
n—1 0
2F o)
< / 4u3du+/ s (| I|P] = B| > u/2)du
0 2F
o 8 o
< 16E* + \/E/ wde /16y, < 16E* + — v3e "6y , setting v = uv/n
2 Jog n= Joryn

< 16E* + 8n~2 / Ve 160y < 16E* + 10302 < 16E* + 103k2n, 2
0

2
< 10 </S B [ d,u(a:)) , using Jensen’s inequality and (x).

So, if Z := || Px||, is a random variable, we have shown that EZ* < ¢(EZ?)? where ¢ := 10*.
So, using Holder’s Inequality, Theorem 1.48, for p = 3/2, ¢ = 3,

E22 — E(z2/324/3) (Ez)2/3(]Ez4)1/3 (EZ)2/3 1/3<EZ2>2/3
Using this inequality and (%),
EZ > ¢ 'V2VEZ2 > 1072/k/n. (%)

In summary, E > 10724/k/n for E defined above. Now, by uniqueness of Haar measure,
Theorem 7.2, Theorem 7.5, and using £ > 10724/k/n, for any € > 0, and for any o € S" 1,

v(UeOm): ||[UPUx|,— E| > €E)
=1 (x e Sm | |Pz|, — E| > 5E) < \/ge—na2E2/4 < 9p—107%ke?
Let 2, ..., 2™ be n points in R™. If k > 102 log n, the union bound shows that
v (U €O0(n):Ji#j: ‘ U-PU (M) 2 —E‘ > EE) < (3)26—10%52 <1

For any 1 <i < n, define yi = UflPUa:(i)/(E(l —¢)). Then 3 U € O(n) such that

1+e¢ o
t= me_x(] —1_5<1+38= vi<ij<n
So, our required embedding is (@) := y® for all 1 < i < n. Note that T is linear. (In

fact, if we choose k to be shghtly larger then the probability becomes exponentially small,
so essentially all U satisfies our desired property, hence essentially all linear projections
T: R" — ROElogn) satisfy our desired property.) 0
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8. APPENDIX: RESULTS FROM ANALYSIS

Theorem 8.1 (Riesz Representation Theorem, Hilbert space version). Let (: H —
R be a continuous linear functional on a Hilbert space H. Then 3 unique v € H such that

l(u) = (u,v) for allu € H.

Proof. Uniqueness is clear. For existence, if £ = 0 take v = 0. Otherwise let M = {u €
H: {(u) = 0}. Observe that M is a closed subspace and M # H. So we can let w # 0,
w € M*, via Theorem 5.22(b). Then ¢(w) # 0. Let v = ({(w)/ ||w|*)w. Then £(u —
(0(u)/l(w))w) =0, so u — ({(u)/l(w))w € M, and v € M+ so

Theorem 8.2. (Radon-Nikodym Theorem) Let (2, F, ) be a o-finite measure space,
and let v be a o-finite measure on A with v < . Then 3 f > 0 measurable with v(E) =
fE fdu for oll E € A, and f is unique up to a set of p measure zero.

O

Proof. (von Neumann, finite v, ) One can check that ((g) = [, gdv is well-defined on
Ly(2, F, i+ v). By duality (i.e. Theorem 8.1), 3 ¢ € Lo(2, F, u + v) such that {(g) =
Jo90d(pn+v). Let E :={¢ > 1}. Examining v(E) = {(1g), shows u(E) =0, so v(E) = 0,
so ¢ < 1, v-almost everywhere, hence p-almost everywhere. So, since dv = ¢du + ¢dv, we
have dv = %ﬁd,u. O

A normed linear space H is a vector space (over R or C) with a norm ||-||. A norm is a
function ||-|| : H — [0, 0c0) such that ||h|| > 0 for all h € H, with equality if and only if h = 0,
k|| = |a|||j]] for all h € H and for all scalars a, and ||k + g|| < ||| + ||g|| for all h,g € H.
Using the norm, we see that d(h,g) := ||h — g|| is a metric d: H x H — [0, 00), whose open
balls define the metric topology on H. We refer to this topology as the norm topology, or
strong topology. Using the triangle inequality, one can show that a normed linear space is
also a topological vector space. A Banach space is a normed linear space that is complete
with respect to the norm topology.

A linear functional h* on H is a linear map from H to scalars (C or R) with ||h*]| < oc.
The space of linear functionals is called the dual space of H, and is denoted by H*. The
norm of h* € H* is given by [|h*|| := suppep. n<1 |7 (R)].

We define the weak™ topology on H* via its basis of neighborhoods of h§ € H* given by

U(hg,e,hi, ... hy) :i={h* € H*: |h*(h;) — hy(h;)| <e V1 <j<n}.
Here e >0, n>1, hy,...,h, € H.

Theorem 8.3. (Alaoglu Theorem/ Banach-Alaoglu) Let H be a normed linear space.
Then the unit ball By« = {h* € H*: ||h*|| < 1} of H* is compact in the weak™ topology.

Proof. Let A be the set of scalar valued functions £ on H with ||£(h)|| < ||h|| for all h € H.
Equivalently, A = [],cy Br where By, := {A € {scalars}: |A| < [|h][}. Then A with the
product topology is compact by Tychonoftf’s Theorem. By the definition of the product
topology, a basic open neighborhood of some & € A is {£ € A: |{(h;) —&(hj)] <e, V1<
j < n} for some hy,...,h, € H. Now for fixed h € H, the projection map & +— &(h) is
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continuous, from A (with the product topology) to scalars. (Given ¢ in the inverse image of
a small open interval, £ is contained in an open set in A). Consider the natural embedding
Bx+« C A. By the definition of the weak* topology, the topology induced by By« C A is
exactly the weak* topology.

Putting everything together, let g, h € H, a, 3 scalars, and observe: &(ag+ Sh) —a&(g) —
BE(h) is a continuous function of &, from A to scalars (since it is a composition of continuous
functions). Therefore, { € A: &(ax + py) — aé(x) — SE(y) = 0} is closed in A (being an
inverse image of zero). Therefore,

Bx-= () {&€A:élaz+ By) - al(x) - BE(y) = 0}

g:heH,
o, B€{scalars}

is closed in the compact set A. O

Let f,g: R — C be measurable. For any 1 < p < oo, in this section we denote | f|, :=
(fg [f ()] dz)/? and || f]|, == inf{c > 0: |f(z)| < ¢ almost everywhere}.

Theorem 8.4. (Minkowski’s Inequality) Let 1 < p < oo, and let f: R? — R be mea-

surable. Then
[s@nas| <[5,
R p,dy R

In particular, the integrand on the right is measurable, so if the right side is finite, then
Jg f(x,y)dzx is defined for almost every y € R.

Proof. The right side is unchanged by replacing f with |f|, so without loss of generality we
assume f: R? — [0,00). The case p = 1 follows from Fubini’s Theorem, Theorem 1.66. If
1 < p < o0, measurability follows from Fubini’s Theorem, and the inequality follows from
Fubini’s Theorem and the Holder inequality for y, Theorem 1.48 (for Lebesgue measure),
with exponents p, p’ (using (p — 1)p’ = p).

/R/Rf(x,ymxpdy:/R /Rf(x,y)dx /Rf(l,,,y)dm,

- [([sww|[ s
< [([1ara)”([1] separei) " o
= [ 1@ e’ ([ 1] Hederan)”

If the right-most term is nonnegative and finite, we divide both sides by it to conclude, using
1—1/p" = 1/p. If the right-most term is zero, there is nothing to prove. In the case that f
is the indicator function of a rectangle, the right-most term is finite, so the Theorem holds
in this case. The Monotone Convergence Theorem, Theorem 1.54, then implies that the
Theorem holds for more general functions f.

The case p = oo takes more work. Measurability follows by approximating f by simple
functions, and using that the limit of measurable functions is measurable. We then use

p—1

dy

p—1
dy) dx’
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duality. Let g: R — [0,00) be measurable with [ g(y)dy < 1. Then by Fubini’s Theorem
and Hoélder’s inequality for y, Theorem 1.48 (for Lebesgue measure)

/Rg(y)(/Rf(%y)dx)dy:A(Af(x,y)g(y)dy)dwéA||f(x7y)llm,dydw- (%)

From the Reverse Holder inequality, if h: R — R is measurable, then

Ihll, = sup / o(2)h(x)dz.

g: R—[0,00)
Jr 9(y)dy<1

So, taking the supremum over such g in (x), HfRf(%y)dme,dy < L llf@y9)lleg de. O

We say f: R — R is a Schwartz function if, for any integers j,k > 1, f is k times
continuously differentiable and there exists ¢;; € R such that

®) ()] < Cjk‘ VzeR.
)<

Proposition 8.5 (Properties of Convolution on R). Let 1 < p < oo, let p’ with 1/p +
1/p) =1. Let ¢: R — R with [, |¢(x)]dz < oo, let e > 0 and define ¢.(x) := L¢(x/c) for
any x € R and ¢ := [ ¢(x)dx. Let f,g: R — R be Schwartz functions.
(a) For any 1 <p < oo, lim.jo [|¢c * f —cf||, = 0.
(b) lim._,o+ ||¢e * f —cf|l, = 0.
(c) Foranyx € R, lim, o+ (¢pxf)(x) = cf(x) (using only that f is bounded, continuous).
(d) The convergence in (c) is uniform on R (using only that f is uniformly continuous).
(e) Vm > 1, f*gism times continuously differentiable, and (f * g)™ = f0™ x g.

Proof of (a),(b):
o7 = fl, |

/R bo()(F( — ) — F(x))dy

p,dx

< /]R =) |1 f(x —y) — f($)||p7dx dy , by Theorem. 8.4

_ / 6| 1£(z — €y) — F(@)l], 2o dy, changing variables.
R

The y-integrand is bounded by 2| f||, [ [¢(y)| dy < oo and by |d(y)] eyl || /']l by the Fun-
damental Theorem of Calculus. Since f is Schwartz, the latter quantity is bounded, so it
goes to zero pointwise as € — 0. So, the Dominated Convergence Theorem, Theorem 1.57,
implies (a) and (b).

Proof of (c): Arguing as in (a) (taking absolute values, changing variables, and applying
Dominated Convergence),

(2 % £)(x) — cf (z)] < / 16| |f(x — ey) — f()|dy — 0.

Proof of (d): Let n > 0. Choose m > 0 so that 2 ||f||oof‘y|>m lo(y)| < n. Choose 6 > 0 by

uniform continuity of f so that for any x € R, if |u| < § then |f(z +u) — f(x)| < n/||oll;-
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Then for any 0 < e < §/m and for any = € R, if |y| < m, then |f(z —cy) — f(x)] < n/ ol
So, continuing the calculation of (¢), and applying the definition of m,

[rewiise-a - s@ia=[ o[

n
<2l 16(y)| dy + / 6() 1 < ntn—2n
{yeR: |y|>m} {yeR: |y|<m} &ll,

Proof of (e): Let h > 0 and x € R. Then
Vf*gﬂm+h) (f *9)(z)

— f'(x)

—(f'x9)

o T ——

Since f is a Schwartz function, ||f”||,. < oo, so the case m = 1 follows by letting h — 0.
The case of larger m follows by iteration. O
Let f: R — R with [; |f(2)|dz < co. For any £ € R, we define

||9||1

00,dx

()] < Hf(erh})L—f(x)

llglly < RNl Nlglly -

oo,dx

7(6) = F(H)e) = / ¢ () du

R
Then ]?: R — R is called the Fourier Transform of f.

Proposition 8.6 (Properties of Fourier Transform). Let f,g be Schwartz functions.
LetfeR and let A > 0.

(2) 1) < [ |f()|dz, ¥ € € R.

~

(b) [ (z = h))(§) = ¥ f(£), Fle™ f(2)](€) = f(§+h), YV heR.
(¢) FLF(/N]E) = AF(AS).

(d) (f*9)=f7

(e) Of/O€ = Flizf(z))

(t) FLf ]( )I—Zﬁf(ﬁ) A

(8) Jo f(x)g(x)de = [ f(z)g(x)dx.

Proof of (a): |J(€)| = | g " (x)da] < [ |f(x)|da.
Proof of (b): By the change of variables formula, if £ € R,

Flf - m)(E) = /

R

e f(x — h)dx = ™" / e f(x)dr = eizhf(f).
R

Fle™ f(2))(€) = /R e E f () dw = F(E + ).

Proof of (¢): By the change of variables formula,

FU/N)(E) = / £ f 2/ \)dx = A / e f ()i = AF(EN).

R
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Proof of (d): Applying Fubini’s Theorem, Theorem 1.66, and part (b) give

fe< (e | [

- /Reigyf(i)g(y)dy = (€) [ gty = Fie)ao)

R
Proof of (e): Let h > 0. Using part (b) and the Dominated Convergence Theorem 1.57,

HEEN IO 0 £ (1Y )] ) Flie (e os b0

We now justify the use of the Dominated Convergence Theorem. By the Mean Value Theo-
rem, |Re(e™" —1)/h| = |(cos(zh) — 1)/h| < |z| and |Im(e™" — 1)/h| = |(sin(zh) — 1)/h| <
o], 50 |(¢* — 1)/A] < 2|a] and |f(x)(e" — 1)/h| < 2[o] | /()]

Proof of (f): Integrating by parts and then using that f is a Schwartz function

Ff'(@)](§) = lim / f(z)e™dx = Jim —/ F(@)(i€)e™edx = —if f(£).

N—oo

Proof of (g): Apply Fubini’s Theorem 1.66. O
Proposition 8.7. Let f,g be Schwartz functions. Let & € R.

(a) Fle */2)(¢) = V2me €12,

(b) limg o J(€) = 0.

(c) f is a Schwarz function.

Proof. Let £ € R. Completing the square, and then shifting the contour in the complex
plane,

/ e~ 2L 0 o=/ / e~ (@) /2 0y — o=E7/2 / e 24y = 2me /2,
R R R

Now, let ¢(z) := e~**/2/\/2x for any 2 € R and denote ¢c(z) == e 1¢g(z/¢) for any z € R.
Note that [ ¢-(x)dz = 1. From Proposition 8. 6( ) and Proposition 8.5(a),

GO - Tlo)| = o= Tte /m*f F(a)|dz =0,

as ¢ — 0. Combining this statement with Proposition 8.6(c) and part (a) of the current
Proposition, e~*¢*/ Zf(f) converges to fA(f) uniformly over all £ € R, as £ — 0. Since [ itself
is bounded by Proposition 8.6(a), 6_5252/2]?(5) vanishes at £ = oo, for every € > 0. So, the
uniform convergence implies that ]/”\(5 ) also vanishes as & — oo, proving (b).

To prove (c), note that repeated application of Proposition 8.6 shows that f is k times
differentiable for any k > 1, since f is a Schwartz function. And part (b) of the current
Proposition says that f*) vanishes at infinity for any k > 1, so repeated application of
Proposition 8.6(f) shows that f is a Schwartz function. O

Exercise 8.8. Give an alternate proof of the fact Fle=*"/2](¢) = v/2me /2 using the fol-
lowing strategy:

o Let g(&) := (2m) "2 F[e=**/?](€). Show that ¢'(€) = —£g(€) for all £ € R.
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e Deduce that (d/d€)(g(€)e*/?) = 0.
e Finally, conclude that g(£) = e ¢/2,
Theorem 8.9 (Fourier Inversion). Let f: R — R be a Schwartz function. Then
1

fa) =g [ Rods voer

Proof. let ¢(z) := e~*"/2/\/2x for any = € R and denote ¢.(z) := e '¢(z/¢) for any z € R.
Note that [, ¢.(z)dz = 1. By Proposition 8.6(c) and Proposition 8.7(a), F[¢](¢) = e~¢/2,
Flo](€) = e <€/ and F(F(¢.)) = 2n¢.. So, using Theorem 8.6(g), we get

on [ fajoarde = [ FOe g ()
R R
Using this equality for f(z+y), applying Theorem 8.6(b), and using ¢.(—y) = ¢.(y) Vy € R,

%/}Rf(f)eméeszgz/zdﬁ © /Rf(:c +y)o:(y)dy = /Rf(;c — ) o(y)dy = (¢o * f)(x).

As e — 0, the left side converges to % fR f({ )e€d¢ by the Dominated Convergence Theorem
1.57. And the right side tends to f uniformly in = by Proposition 8.5(d). So f(z) =

= F(©)e~d¢ almost everywhere in z € R, hence everywhere since f is Schwartz. O

Lemma 8.10 (Stirling’s Formula). Let n € N. Then n! ~ «/2mnn"e™". That is,
|
lim ———— = 1.
n—oo \/2rnnne "
Proof. We prove the weaker estimate that 3 ¢ € R such that
n! = (1+0(1/n))e' y/nn"e ™", (%)

Note that log(n!) = >"" _, logm. We use integral comparison for this sum. On the interval
[m, m + 1] the function x — log z has second derivative O(1/m?). So, Taylor expansion (i.e.
the trapezoid rule) gives

m+1 1 1
/ log xdx = §log(m+1)+§logm+0(1/m2).

m

n n—1 m41 n—1
1
log xdxr = / log xdxr = logm + —logn 4+ c+ O(1/n).
/1 g m§:1 g m§:1 gm+ 5 log (1/n)

m

Since [|"logzdz = n(log(n) — 1) + 1, log(n!) = 3" _, log m, exponentiating proves (x). [
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9. APPENDIX: NOTATION
Let n,m be a positive integers. Let A, B be sets contained in a universal set €.
N ={1,2,...} denotes the set of natural numbers
Z=A...,-2,-1,0,1,2,...} denotes the set of integers
Q={a/b: a,b,€ Z,b # 0} denotes the set of rational numbers
R denotes the set of real numbers
C = {a+bV/~1: a,b € R} denotes the set of complex numbers

€ means “is an element of.” For example, 2 € R is read as “2 is an element of R.”
YV means “for all”

d means “there exists”
R™ = {(z1,29,...,2p): z; € RV1 < i <n}
f: A — B means f is a function with domain A and range B. For example,

f: R? — R means that f is a function with domain R? and range R
() denotes the empty set

A C BmeansVa € A, we have a € B, so A is contained in B
ANB:={a€ A:a ¢ B}
A :=Q A, the complement of Ain ()
AN B denotes the intersection of A and B
AU B denotes the union of A and B
AAB = (AN B)U(B\ A)
P denotes a probability law on €2

Let aq,...,a, be real numbers. Let n be a positive integer.

n

E a; =a1+ag+ -+ ap_1 + Qp.
=1

n

Ilai:al'CLQ"'an—l'an-
i=1

min(ag, az) denotes the minimum of a; and as.

max(ay, az) denotes the maximum of a; and as.

The min of a set of nonnegative real numbers is the smallest element of that set. We also
define min()) := oc.

Let z € C, so that z = a + by/—1 for some a,b € R.

Re(z) := a denotes the real part of z.

Im(z) := b denotes the imaginary part of z.
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Let X: Q — R be a random variable on a probability space (2, F, u).
E(X) denotes the expected value of X
X, = (E |X|P)1/P, denotes the L,-norm of X when 1 < p < 0o
| X, :=inf{c > 0: P(|X| < ¢) =1}, denotes the Lo-norm of X
var(X) = E(X — E(X))?, the variance of X
ox = y/var(X), the standard deviation of X

Let A C Q. Let G C F be a o-algebra. Let Y: Q — R. Assume E|X| < co. Let o(Y)
denote the o-algebra generated by Y.

E(X|A) := E(X14)/P(A) denotes the expected value of X conditioned on the event A.
E(X|G) denotes the conditional expectation of X given G.
E(X]Y) := E(X|o(Y)) denotes the conditional expectation of X given Y.

1a: Q — {0, 1}, denotes the indicator function of A, so that

1a() 1 ,ifweA
w) =
A 0 , otherwise.

Let H be a Hilbert space with inner product (-,-). Let h € H.
|h|| == (h, R)Y/%, denotes the norm of h

Let X be a random variable on a sample space €2, so that X: Q2 — R. Let P be a
probability law on Q. Let z,t € R. Let i := /—1.

Fx(z)=P(X <z)=P{Hw e Q: X(w) <z})
the Cumulative Distibution Function of X.
Mx(t) = Ee'* denotes the Moment Generating Function of X at t € R

¢x(t) = Ee"X denotes the Characteristic Function (or Fourier Transform) of X at t € R

We define the tail o-algebra of random variables X, X5, ... to be
T = ﬂ O'(XZ',XZ‘Jrl, .. )
i=1

We let £ denote the exchangeable o-algebra.
Let g,h: R — R. Let t € R.

(gxh)(t) = / g(x)h(t — x)dz denotes the convolution of g and h at t € R

(e}
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Let f,g: R — C. We use the notation f(t) = o(g(t)), ¥ t € R to denote lim;_,o ‘%} = 0.

Let AC R and let f,g: A — C. We use the notation f(¢) = O(g(t)) to denote that 3 ¢ >0
such that [f(t)] < cl|g(t)| for all t € A.
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