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Mid-Term 2

This exam contains 7 pages (including this cover page) and 5 problems. Check to see if any
pages are missing. Enter all requested information on the top of this page.

You may use your books and notes on this exam. You cannot use a calculator or any other
electronic device (or internet-enabled device) on this exam. You are required to show your
work on each problem on the exam. The following rules apply:

e You have 60 minutes to complete the exam,

starting at the beginning of class. Problem | Points | Score

e If you use a theorem or proposition from 1 10
class or the notes or the book you must
indicate this and explain why the theorem 2 10
may be applied. It is okay to just say, “by
some theorem /proposition from class.” 3 10
e Organize your work, in a reasonably neat A 10
and coherent way, in the space provided. Work
scattered all over the page without a clear or- 5 10
dering will receive very little credit.
Total: 50

e Mysterious or unsupported answers will
not receive full credit. A correct answer, un-
supported by calculations, explanation, or al-
gebraic work will receive no credit; an incorrect
answer supported by substantially correct cal-
culations and explanations might still receive
partial credit.

e If you need more space, use the back of the
pages; clearly indicate when you have done
this. Scratch paper is at the end of the exam.

Do not write in the table to the right. Good luck!®

2Qctober 28, 2020, (© 2020 Steven Heilman, All Rights
Reserved.



1. (10 points) Let X7, Xo,...: 2 — R be asequence of independent, identically distributed
random variables such that

PX,=1)=P(X,=-1)=1/2, Vn>1.
Compute

P(limsuan > O).

n—o0
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2. (10 points) Let Xi, Xs,...: Q — R be a sequence of mean zero independent random
variables such that: EX? < 10 for all n > 1. For any m > 1, define

m Xn
Show that Y7, Ys, ... converges almost surely.
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3. (10 points) Let Xi, Xs,...: © — R be asequence of independent, identically distributed
random variables such that

|
P(X, <t) z/ ———dz, VteR,Vn>1.
o 14 22
e Does there exist a sequence of positive real numbers by, b, ... such that

1
(X0 X,)

converges in probability to 1 as n — 0o? Justify your answer. [Hint: You may freely
use that ¢x, (t) = EeV=%1* = ¢7Itl for all t € R. What is the Fourier transform of
X1+ -+ X,,7 What does this imply about the distribution of X7 + - - + X,,7]

e Does there exist a sequence of real numbers ¢q, ¢s, . .. such that %(Xl + 4+ Xn)—cp
converges in probability to 0 as n — oo? Justify your answer.
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4. (10 points) Prove or disprove the following statement:

Let X1, Xs,...: Q — R be random variables. Assume that the laws ux,, pix,,... con-
verge vaguely to a measure p on €. Then p is a probability measure.
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5. (10 points) Let n > 1. Let Xj,..., X, be independent random variables such that

P(X,=1) =P(X, =-1)=1/2,Vn > 1. Let Y3,...,Y, be independent standard
Gaussian random variables that are also independent of X,..., X,,. Note that EX; =
EY; and EX? = EY?. Denote X := (X1,...,X,,),Y :=(Y1,...,Y,). Forany 1 < j <mn,
let Wj = (Xl, Ce ,Xj_l,lfﬁ Ce ,Yn)

Let f: R™ — R be a multilinear polynomial. That is, for any subset S C {1,...,n},
there exist (deterministic) constants cg such that

f(z)= Z cSHzi, Vz=1(z1,...,2,) € R™

SC{l,..n} i€S

(We define [[,4 zi := 1.) Finally, let ¢: R — R be a Schwartz function. Prove:

[E6(£(X)) ~ Bo(F(¥))] < sup|”(1) 1OOZE(8% W)’

(Hint: argue as in Lindeberg’s proof of the Central Limit Theorem.)

(Hint: Let f;(2) = ng{l ..... n}: jes €S HiES\{j} ziy 9j(2) = ng{l n}: j¢s €S [Lics 2, for
any 1 < j < n. Note that ;= f(z) = f;(z) and f(2) = 2;f;(2) + g;(2). Note also that
fj(2) has no z; terms inside it.)

-----
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(Scratch paper)
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