507A Final Solutiond]

1. QUESTION 1

This problem proves a dominated convergence theorem for conditional expectation. Let
(Q, F,P) be a probability space. Let X, Y, Xy, X5, X3, ... be F-measurable random variables
on (2, F,P). Assume that for alln > 1, | X,,| <Y almost surely, and E |Y| < co. Let G C F
be a g-algebra. Assume that X, Xy, ... converges almost surely to X. Conclude that

E(X1]|G), E(X3|G),...

converges almost surely to E(X|G).
You can freely use the conditional monotone convergence theorem: if 0 < X; < Xy < ---
are F-measurable random variables that converge almost surely to X, then

lim B(X,[6) = B(X|9).

(Hint: formulate and prove a conditional version of Fatou’s Lemma, i.e. under some assump-
tions, show
E(liminf X,|G) < liminf E(X,|G). )
n—oo n—oo

Solution. Let 0 <Y; <Y, < ... be F-measurable random variables. We will show that
E(liminf Y,|G) < liminf E(Y,|G). (%)
n—o0 n—o0

For any k > 1, let Zj, := inf, >, Y;. Note that 0 < Z; < Z; < .-, and these random variables
are increasing pointwise, so their pointwise limit exists almost surely (since a monotone
sequence of real numbers converges, possible to 00), so if Z := lim,, ,, Z, = liminf,, . Yy,
then by the conditional Monotone Convergence Theorem,

lim B(Z,|¢) = E(Z|0) = B(lminf V,|G). ()

Finally, by definition of Z;, we have Z, <Y, for all n > k, so monotonicity of condition
expectation implies that E(Z;|G) < E(Y,|G) for alln > k, so that E(Z;|G) < inf,>; E(Y%|G).
Letting k£ — oo, we get

lim E(Z;|G) < lim inf E(Y;|G) = liminf E(Y,|G).
k—o00 k—oo n>k n—oo
Combining this equality with (xx) proves (k).

Now, we apply (x) to the sequences (Y + X,,),>1 and (Y — X,,),>1 separately (noting that
both sequences are nonnegative by assumption) to get

E(Y + X|G) < liminf E(Y + X,,|G).
n—oo
E(Y — X|G) < liminf E(Y — X,,|G).

Subtracting E(Y'|G) from these inequalities and combining them,
limsup E(X,,|G) = —liminf E(—X,,|G) < E(X|G) < liminf E(X,|G).
n—00 n—00

n—oo

Since limsup > liminf, we see that all above quantities are equal and the limit exists, i.e.
lin E(X,[G)E(X19).
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2. QUESTION 2

Let H be a real Hilbert space with inner product (-,-). As usual we denote ||| := (h, h)/?
for all h € H. We say a Hilbert space H is separable if there exists a countable set hq, ho, ... €
H such that ||| =1 for all ¢ > 1, (h;,h;) =0 for all 4, j > 1 with ¢ # j, and such that, V
he H,

=0.

lim_||h — Z;W hi)hi
Let K be a real Hilbert space with inner product (-,-)’. Assume that H and K are each

separable. Show that H and K are linearly isometric. That is, 3 a linear function 7: H — K
such that T is injective, T is surjective, and V g, h € H, we have

(T'(g),T(h)) = {g,h).

Solution. Let hy, hs,... € H be the countable set defined in terms of separability for H.
Let ki, ko,... € K be the countable set defined in terms of separability for K. Define a
function T: H — K so that T'(h;) = k; for all ¢ > 1. Below, we write lim,,_,,, to denote
limits with respect to the metric topology on the Hilbert space K. For any h € H, we can
then formally define

o0

T(h) = T}g{)lo i:(ha hi)ki i(h, hi)T'(hi) = Z(f% hi)ki.

=1

From the Pythagorean Theorem, we have

[ee] 2 [ee]
S kbl =S () =B?, VheH.  (x)
=1 =1

So, T is well-defined for all h € H. Evidently T is also linear since it is the limit of a sum
of linear functions.
T is injective since, if T'(h) = 0, then the left side of (x) is zero, so by (x) we have h = 0.
T is surjective since, for any k& € K, the definition of separability says that

k= i(k, ki) k.

=1

So, given this k, define

[o.9]

hi=" (k kh;.

=1

Then h € H exists since, again by the Pythagorean theorem, > (k, k;)* = k|| < oo, so
h € H exists by completeness of the Hilbert space H. By definition of H, we have T'(h) = k,
so that T is surjective. Finally, to prove the isometry property, we have (using continuity of
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the inner product and the definition of each orthonormal basis)

Mg

(o) T = { D 4g. bbb, 3 (bl ) = >0

= Z(g, hi><h, hl‘> = Z<g> hi><h7hj><hi7hj>,
_ <Z g.hi)his > (h s}y = (g.h).

3. QUESTION 3

For any natural number n and a parameter 0 < p < 1, define an Erdos-Renyi graph
on n vertices with parameter p to be a random graph (V, E) on a (deterministic) vertex
set V.= {1,...,n} of n vertices (thus (V,FE) is a random variable taking values in the

discrete space of all 2(3) possible undirected graphs one can place on V') such that the events
{i,j} € E for unordered pairs with i,j € V are independent and each edge occurs with
probability p.

A stable set in a graph is a subset S of the vertices of the graph such that no two of the
vertices in S are connected by an edge.

For any n > 1, let X,, be the cardinality of the largest cardinality stable set in an Erdos-
Renyi random graph on n vertices with parameter p = 1/2. Show that

2

P(|X,—EX,|>t)<2 2, VYn>1, VYt>0.

(Hint: construct an increasing sequence of o-algebras {#,Q} = Fo C F; C --- C F,, = 2
such that F; corresponds to all subsets of edges going between vertices {1,...,j}, and define
Y; = E(X,|F;), V 0 <j <n. Show that Y, Y],...,Y, is a martingale.)

Solution. From the definition of Y} and the tower property, we have, for all 0 < j7 <n —1,

E(Yj 1| F) = BE(E(X|F)|1F)) = B(X,|F;) =Y,

Also, 0 <Y; <nforall 0 <j<n,sothat E|Y;| <ooforall 0 <j<m,s0Yp...,Y,isa
martingale.

By the definition of Y}, we have |Y;4; —Y;| < 1forall 0 < j <n—1. To see this, let G be
an undirected graph on n vertices (with no self-edges) and let G; be the set of all undirected
graphs G’ on n vertices such that G and G’ are the same induced subgraph on the vertices
{1,...,7}. Then Y;(G) is the average size of the largest stable set in G;. And Yj1(G) is the
average size of the largest stable set in G;;1. Note that G411 C G, and for any G’ € G4, if
we average over all graphs G € G; such that G' and G” have the same induced subgraph on
{1,...,7}, this corresponds to adding or subtracting a single vertex from the largest stable
set of G'. So, by the total expectation theorem, we conclude that |Y;;1(G) — Y;(G)| < 1 for
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all 0 < 57 <n—1. That is,
() - Zeree Xo(GIP(G)
2greq, P(G)
_ ngu ..... 7} > {i,j+1}eG",Vies Xo(G")P(G")
ZG’GG]- P<G/)

EG”: {i,j+1}eG! ,VieS XH(G”)P(G”) "
ng{l ..... J} ZG”EG]-+1 P(G) . ZG”EG]-_H P(G )

ZG’GG]- P(¢)

=277 Z 2 {i,j+1}€G" VieS Xo(G")P(G")
SC{1,....5} ZG,IEGj+1 P<G//)

So,
2.6 figrear vies Xn(G7)P(G") Y1 (G
Z P(G//) - j+1( ))
SC{1,....5} G"eGjp1
iy Eowmones (0P - Soeg,, YuGIRE)
SC{L,..j} > crec,,, P(G")

Yi(G) = Yin(@) =27 )

The numerator can be arranged so that the difference of the X,, terms is at most one, so
Y;(G) — Y;11(G)| < 1. We conclude by Azuma’s inequality.

4. QUESTION 4

Let Xg, X1, ... be the symmetric simple random walk on the integers Z. For any k € Z, let
P, denote the probability law on this random walk such that X, := k. Let Ty := min{n >
1: X,, = 0} be the first positive time that the random walk takes the value 0. For any
positive integers 7, k, r, show:

Py(To <7, X, =j) = Pp(X, = —j).
Solution. If the random walk takes the value zero, then after this visit to zero, the walk

is independent of its previous movements, and we can then treat the walk as if it started at
0. That is, for any integers 0 < s < r and 7,

Pk(XTo—l-(r—s) = ] ’ TO =S, Xs = O) = PO(ers = .7)
Rearranging and simplifying,
Pi(To = 5, X; = j) = Pp(To = s)Po(X;—s = J). (*)

When the walk starts at zero, it has equal probability of reaching j or —j (that is, the
random walk is symmetric with respect to zero). So, the right side is equal to
Pi(Ty = 5)Po(X,—. = —j) 2 Py(Ty = 5, X, = —j).
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Summing over all 1 < s < r, and combining this equality with (x) (with j > 0),
Pi(To <1, X, =j) =Pp(To <r, X, = —j) = Py(X, = —j).

The last equality follows since a random walk started from k£ > 0 must pass through 0 before
reaching a negative integer —j. That is, given Xy = k, the event X, = —j is contained in
the event Ty < r.

5. QUESTION 5

Let a,b be positive integers. Suppose there are ¢ votes cast by ¢ people in an election.
Candidate 1 gets a votes and candidate 2 gets b votes. (So ¢ = a +b.) Assume a > b. The
votes are counted one by one. The votes are counted in a uniformly random ordering, and we
would like to keep a running tally of who is currently winning. Suppose the first candidate
eventually wins the election. We ask: with what probability will candidate 1 always be
ahead in the running tally of who is currently winning the election? You are asked to show
that the answer is Z—;Z

To prove this, for any positive integer k, let Si be the number of votes for candidate
1, minus the number of votes for candidate 2, after k votes have been counted. Then,
define Xy, := S._/(c — k). Show that Xy, Xi,... is a martingale with respect to the o-
algebras generated by the (reversed) ordering of S., S._1,Sc_2,.... Then, let T such that
T =min{0 <k <¢: Xy =0}, or T =c—1if no such k exists. Apply the Optional Stopping
theorem to Xrp.

Solution.

E(Xk+1 - Xk | Sc—k = Sc—ky- > Sc = ScaXO = ZE())

_ SC—k—l Sc—k o B B
e e L

_ g <Sc—k—1c _ic:klﬂL Se—k CSC__];{; | Sek = Seky- v, Se = 8¢, Xo = x())

Given that S._p = s._k, ¢ — k votes have been counted, and there are s._, more votes for
candidate 1 than candidate 2, among the first ¢c— k counted votes. So, if there are x votes for
candidate 1 after ¢ — k votes have been counted, then there are ¢ — k — x votes for candidate
2. And we know = = s,y + (¢ — k — x) by definition of s._j, so 2z = s._ + ¢ — k, and
x=(1/2)(Se—r + ¢ — k).

Given that S._p = s._g, the expected value of S._ 1 — S._; is the change in the vote
tally, with all ¢ — k votes equally likely to be chosen. (That is, we can think of counting the
ballots “in reverse.” Given the value of S._;, we can think of ¢ — k votes as sitting in a pile
of “counted” votes. Then S._,_1 — S._; can be found by choosing any of these ¢ — k votes
uniformly at random, and placing this vote into the pile of “uncounted” votes.) That is, this
(conditional) expected value of S._j_1 — Sc_x is

T c—k—x 2x+c—k sy
(_1).c—k+(1) c—k c—k =k




Therefore,

E(Xii1 — Xk | Seek = Sety -+, Se = Se, Xo = @0)

Sc—k + s
Tk c—k Sc—k
=E - |Sck: Sc—ka---aSc:SmXO:xO

c—k—-1 c—k

_1 c=k-1
= S, ~ck +1 _ 1 = 5. 1 ( c—k ) _ 1 = 0.
c—k—1 c¢—k c—k—-—1 c¢c—k

We conclude that X, X5, ... is a martingale. Then

—b

P(candidate 1 always leads the vote tally) = EXr = EXy) = ES./c = e
a

(Since a > b, if the first vote is counted for candidate 2, then X; will be zero for some ¢. So,
Xr =1lifand onlyif S > Oforall 1 <k <e¢. And X7 = 0 otherwise. So, EX7r = P (S > 0)
for all 1 < k < ¢. That is, EX7 is the probability that candidate 1 always leads the vote
tally.)

6. QUESTION 6

For any a = (a1,as,...) € RN, b = (by,bs,...) € RN, define (a,b) := 377 a;b; (if it
exists). Let fy denote the Hilbert space {a € RN: (a,a) < oo} with respect to the inner
product (-,-). (You can freely use that {5 is a Hilbert space.)

This problem proves Grothendieck’s inequality: 3 a constant k£ > 0 such that, Vn > 1,V
real n x n matrices (¢;;)1<ij<n,

n n

ma E cij(x(i),y(j)> <k- max g Cij€i0;.
RCORCY y<1> ,,,,, ymets S~ 1een O dn {11} £~
le@=y@ =1 T b=

To prove this inequality, do the following. Let I'" denote the left side of the inequality, and
let A denote the right side (without the & constant). We need to show that I' = O(A).

e First, let g1, g2, . . . be a fixed sequence of i.i.d. standard Gaussians. Using a previous
problem, we may replace {5 with the Hilbert space H = {> .7 a;g;: (a;)2, € la}
with respect to the inner product (X,Y) := EXY for all XY € H. (You can freely
use that H is itself a Hilbert space.)

e Fix m > 0 and let X € H. Denote X<, := X1jx|<p. Fix e > 0. Pick X1, ... X™
and Y. Y™ that come within e of achieving the maximum in the definition of
I'. Compare )" L EXDY ) to > CUEX(Z Y(]) by adding and subtracting
some terms 1n81de the sum. You should be able to show that

I — &< m2A + 100e ™ /4T,

(Hint: Try dividing and multiplying some terms by m, and try dividing and multi-
o ||X ) — X(k Dl or maxg—1__, [Y® — Y1)

77777

plying some terms by maxy_;

77777

e To get the e=™/4 bound, note that X X(Skgl = X(k)].‘X(k)|>m, so you should be
able to bound its L, norm.



Solution. Define

n n

= max E cij<x(i),y(j)>, A= max E cij€i0;.
x<1),...,z<"),y(1) y(n)egz i1 61,...,En,(sl,...,(;ne{*l,l}ijil
[l )=y )H 1 ’ o

We wish to show I' = O(A). Let {g;}2, be standard iid gaussians on some probability space
(Q, p). Define a space H by

H = {Z a;gi: {a;}2, € €2}

=1

Note that H is a Hilbert space with respect to the inner product (X,Y) := E(XY). Now, let
XWXy Y e Hosatisfy Y07y a B(XOY0) > T—e, E(XW)2 E(X )2
1, e < I'/4. (Since all separable Hilbert spaces are isomorphic, it suffices to prove the theorem
where H replaces ().

We now use truncation. For X € Ly(t), and m > 0 define X<, := X1 x|<,,. Now,

—-e< Z aijE(X(i)Y(j)) , by choice of X® Y 0)

=
= Z a; B(XE Y9y ¢ Z a;;E —~x9)yyo) ¢ Z a; E(XD (YW —yD)y)
t,j=1 t,j=1 t,j=1
n X() Y(J) n X _ X(i) '
= M Za-jE< sm_<m o) max HX — X8OS ayE m y®
i <m ? k
ij=1 M M ij=1 maXg=1,..n HX(k) - Xén)zu
n 4 Yy _ yW
+ max [[V® -V 0B X8, )
A=L,...im T ij=1 Tmaxg—y, . [V = YO

< M2A +2Ce M AT | by definition of A, T

For the final inequality, we need two observations. First, the quantity A achieves its max-
imum over the larger set €;,d; € [—1,1]. To see this, observe that ) a;;e;0; is a linear
function of the variables €;,6;. Therefore, this linear function achieves its maximum on
the extreme points of the set = < 1,]6;] < 1}. These extreme points are given by
€i,0; € {£1}. So, since X M, Y< /M € [—1,1], we take the pointwise maximum of
> i g (Xgr)nYS(jn)l)/(M -M). (Recall that the Xg,)n, YS(% are real valued functions on a prob-
ability space.) The pointwise maximum is bounded by A, so we then take the expected
values, giving our desired bound of M?2A.

For our second observation, note that each X = > b;g; satisfies EX} = >, b7 <1 (by
assumption). In particular, the distribution of Xy is [|b]|,, g where g is a standard gaussian.
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So, using Theorem 1.86 from the notes (“integration by parts”) we have

IX® — XgnH? = BX® - X(Q )2 = 2/ (t — M)P(XD > t)dt

m
M

=2 / tP(XD >t 4+ M)dt =2 / te™t R M2 Mt gy
0 0

< 2 M*/2 /00 te ' 12dt < C2e M2
0

Since £ < T'/4, if we let M large so that 2Ce=*/* < 1/2, we get I' = O(A).
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