541A Final Solutiond]

1. QUESTION 1

Let Xi,..., X, be arandom sample of size n > 1. Let m > 1. Recall that the bootstrap
sample Yi,...,Y,, is defined as follows. Given Xi,..., X, let Yi,...,Y,, be a random
sample of size m from the values { X7, ..., X, } with replacement.

Show that the covariance of Y; and Y3 is equal to Var(X;)/n.

Conclude that Y7, ...,Y,, are not independent when Var(X;) > 0.

(Hint: to compute EY]Y5, first condition on X, ..., X,,).

Solution. Using the conditional independence, we have

EY)Y; = E[EVY3l X1, o, X,)| = BlEM|XG, . X)) (G X))
2 2
:EKE(YI|X1,...,XH)> } —EX".
Meanwhile

E(Y|X1,...,X,) = —Z (%ZXJ) =X. ()

So, the covariance of Y; and Y5 is

— — —  Var(X
B(Y; — EV;)(Y; - BY;) = EVY; — (BYV;)(EY;) = EX — (EX)? = VarX = 151,
n
So, if X; is nonconstant, this covariance is nonzero.
2. QUESTION 2
Let Xi,..., X, be arandom sample from the Bernoulli distribution with unknown param-

eter 0 < p < 1, so that, for all 1 <i <n,

e Find a complete sufficient statistic for p. (As usual, justify your answer.)
e Find the UMVU for p3. (You may assume n > 3.)
(Hint: X; X, X3 is an estimator for p3.)
Solution. The joint distribution of (X7,...,X,) is

Py =y, Xy =) = [ [97(1 = p)' 70 = pXimmi(1 = p)r 2
=1

e(logp—log(1—p)) 373, zi+nlog(1-p)

From the Factorization Theorem, Y , X; is sufficient for p. Also, by some exercises from
the homework, """ X, is complete and sufficient for the exponential family (since the set
{(logp —log(1 — p)): p € (0,1)} contains an open interval in R). Alternatively, note that
Z =3 ", X; has the binomial distribution and Z is complete, as shown in Example 5.21
in the notes. In any case, Z := > | X; is complete and sufficient for 6. Also, + 31" | X; is
unbiased for p, so %Z?Zl X; is UMVU for p.
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Suppose we want to estimate p®. We use the unbiased estimate Y := X X, X3 (noting that
E,Y = EgX,EgX2EX; = p?, by independence.) The UMVU is then E(Y|Z). Let 3< 2z <n
be an integer. Note that Y =1 when X; = Xy, = X3 =1 and Y = 0 otherwise. So,

E,(Y|Z=2)=E,(1x,cx,=xs=1|Z = 2) =P, (X1 =Xo = X5 =1|Z = 2)
P,(Xi=X,=X;3=1, Z?Zl X; =2)
P, (3 i Xi = 2))

PG =X =Xy =130, Xi=2-3) P10

=P (X1 =X =X;=1]> X;=2)=

P,(3 i, Xi=2)) (M —p)n
B 1 (n — 2)!2! _ s 2(z—1)(2—2)
n(n—1)(n—2) (n —2)!(z —3)! n(n—1)(n—2)

Additionally, B,(Y]Z = 2) = 0 = p* 22052 for 2 = 1,2 and for z = 3. So,

2z (2 —2)
EP(Y‘Z_Z)_H<TL—1>(TL—2)’ VO <z<n.
So, the UMVU is
Z(Z - 1)(Z -2)
n(n—1)(n—2)"

Ey(Y|Z) =

3. QUESTION 3

Let X1,..., X, be a random sample of size n, so that X; is a sample from the uniform
distribution on the interval [# — 1/2,60 4 1/2], where # € R is unknown. Let g: R — R be
a nonconstant differentiable function of § € R. Show that no UMVU of ¢(f) exists when
n=1.

Solution. We have fg ) /2 (x)dx = 0 for all # € R. Differentiating this condition and
applying the Fundamental Theorem of Calculus, we get u(f + 1/2) = u(6 — 1/2) for a.e.
6 € R. (It is assumed that Ey|U| < oo for all § € R in order to be an unbiased estimator
of 0.) For an example of an unbiased estimator of 0, consider e.g. u(z) := sign(sin(27x)) for
all z € R.

Assume that W is UMVU. By Theorem 6.18, an Alternate Characterization of UMVU,
we must have EgWU = 0 for all §# € R when U is unbiased for 0. That is, EgWU = 0 for
all # € R. By step one, we conclude that

w(z + Du(x + 1) = w(x)u(z), for a.e. x € R.

Using the v we produced there, we can divided both sides by u to conclude that

w(r+1) =w(z), for a.e. z € R.
Now, since W is unbiased for g(#), we have g(6) = |, 0+11/22 x)dzx. Differentiating both

sides, we get
gd0)=w@+1/2) —w(@—1/2) =0,
so that ¢(f) is constant in 6.



4. QUESTION 4

Let f: R® — R be a convex function. Let £ € R" be a local minimum of f. Show that x
is in fact a global minimum of f.

Now suppose additionally that f is a C' function (all derivatives of f exist and are con-
tinuous), and x € R™ satisfies V f(z) = 0. Show that x is a global minimum of f.

Solution.Let y € R™ with y # x. Let ¢t € (0,1). Assume for the sake of contradiction that

f(y) < f(x). By convexity of f,
fltz+ (1 —t)y) <tf(x)+ 1 —t)f(y) <+ (1 —=1)f(z)= f(z).

Letting ¢ — 1~ shows that points near x have smaller f values than z, contradicting the
local minimality of z. We conclude that f(y) > f(z) for all y € R™, so that z is a global
minimum of f.

In the case that f is C', Vf(x) = 0 implies that z is a local minimum of f, so that the
first assertion implies that z is a global minimum of f. To see this, note that the definition
of convexity of f implies that the function f lies above the horizontal tangent plane of f at
x.

5. QUESTION 5

Give an example where the maximum likelihood estimator and the method of moments
estimator are the same. That is, for a random sample of size n > 1, if Y}, is the MLE for
the sample of size n, and if Z,, is the Method of Moments estimator for the sample of size
n, then Y,, = Z,,. (As usual, justify your answer.)

Solution. We use the Example from Question 2. Let X1,..., X, be a random sample from
the Bernoulli distribution with unknown parameter 0 < p < 1, so that, for all 1 <i < n,

Suppose we want to estimate p. The joint distribution of (X3,...,X,,) is
P(Xl =T1,... aXn = an) = pr’<1 — p)liwi = pZ?:l Iz(l — p)niz?:lxi
i=1
_ e(log p—log(1—p)) > zi+nlog(l—p) )

Let f(p) := (logp—log(1—p)) > i, xi+nlog(l—p). The MLE is the value of p maximizing

f. We have
1 1 - 1
P = (24 ) S ar
®) p 1—19; L=p

So, if f'(p) =0 ;) Yo = nﬁ, so that p=1 35" ;. So, the MLE for p is

> p(1-p
vl
- on i=1 }

The Method of Moments Estimator for p is also Y since EX; = p and we are estimating p,
so the MoM estimator is exactly the sample mean as well.




6. QUESTION 6

Let X := (X3,...,X,) be a random sample of size n from a Gaussian distribution with
unknown mean p € R and unknown variance 0% > 0. V n > 1, define

n

Y =V, = Vo(Xy o X)) e 3 (Xj— %ix)Q
=1

n-
Jj=1

You are required to show that Y;, has asymptotically optimal variance as n — oo (you are
not allowed to use the theorem about the limiting distribution of the MLE; you are required

to argue directly.) More specifically, the Cramér-Rao inequality shows that for any unbiased
estimator Z = Z,(X1,...,X,) of 0%, there is a constant ¢, > 0 such that

Var,(Z) > ¢,.

You are required to compute the lower bound ¢, given by the Cramér-Rao Inequality, and
you should also show that
. Var,(Y,)
lim ————=
n—o00 Cp,
Solutoin. We will show that Y has asymptotically optimal variance without using the
exponential family. If we fix 4 € R and look at the information of the n-dimensional
Gaussian X, we get by modifying an example from the notes, and using that the information
of independent random variables is the sum of the informations,
d —(X; — p)?
Ix(0) = nlx (0) = nVar, (- ZE Y o (X, — ]
do 202
=no *E,((X; — p)* —o*) = 2no2.

=1.

2
By Proposition 4.7 from the notes, 0—12 Z?Zl (Xj — %Z?:l Xi> is a chi-squared distributed

random variable with n— 1 degrees of freedom, so E,(Y) = ¢%*(n—1)/n. By the Cramér-Rao
Inequality, with g(c) = E,(Y) = ¢%(n — 1)/n, the variance of any unbiased estimator Z of
o%(n — 1)/n satisfies

g ()" _40*(n—1)*> _20*(n—1)*
Var, (Z) > _ _ _
are(2) 2 Ix(o) n22no—2 n3

Using Proposition 4.7 again, and that the fourth moment of a standard gaussian is 3,
2l <& 1 & 2 ot 204(n — 1)
Varo(Y) = Varo [g? ]Z_; (X_] — ﬁ ;Xl> ] = ﬁ2<n — 1) = T
In summary,
EY , Var,(Y)

lim — =1, lim 5 =1
e 0 e |g'(0)[" /1x(0)

7. QUESTION 7

Let (X1,Y1),...,(X,,Y,) be a random sample of size n on the disc {(z,y) € R?: 22 +y* <
s*} where s > 0 is unknown. That is, the probability density function of (X,Y) is

1
fs(x7y) = @1[078}( V 132 +y2)7 V(l’,y) S R2



Find a complete sufficient statistic Z for s and find the density function of Z.

(Hint: first try the n = 1 case, then try the n > 1 case.)

Solution. Suppose n = 1. The Factorization Theorem immediately implies that Z :=
VX2 +4+Y? is a sufficient statistic for #. To find the distribution of Z, note that for any
0<z<b,

6=27
2., v2 _ 42
P(Z <t)=P(X°+Y" <t7) = fo(z,y)dzdy = @ / rdrdf = 32'

/{(x,y)ER2 s w2 4y2<t2})

So, Z has density (d/dt)tQ/s = 2ts ?14e0,9- And Z is complete since if Esf(Z) = 0 for all
s > 0, we have h(s) := 2572 [t f(t)dt = 0, we have

0=h(s) =2ssf(s) — 45> /Ostf(t)dt =2f(s)/s —2h(s)/s =2f(s)/s.

Therefore, f(s) =0 for all s > 0, i.e. f(Z) =0, so that Z is complete.

In the case n > 1, note that [[\_, 1pq(v/27 +y7) = 1[0, s](max;—1, /27 +y7), so
...... n /X2 +Y? is a sufficient statistic for s by the Factorization Theorem. To
find the distribution of Z, note that for any 0 < z < 4,
2n

P(Z<t)=P(VX?+Y2<t)"=—

So, Z has density (d/dt)t*"/s*™ = 2nt** s 2" 1,¢10,4. And Z is complete since if E;f(Z) =0
for all s > 0, we have h(s) :=2ns™2" [7¢*"71 f(t)dt = 0, we have

0="n(s) = 2n3_2”82”_1f(8)—47128_2”_1/ t* L (t)dt = 2nf(s)/s—2n*h(s)/s = 2nf(s)/s.
0
Therefore, f(s) =0 for all s > 0, i.e. f(Z) =0, so that Z is complete.

8. (QUESTION &

Let (X1,Y1),...,(X,,Y,) be a random sample of size n on the disc {(z,y) € R*: 2*+y? <
s*} where s > 0 is unknown. That is, the probability density function of (X,Y) is

1
fs(x7y) = @1[0,8]( V (L’2 +y2)7 V('%‘7y) S R2

Find the UMVU for s.
Solution. Suppose n = 1. Then Z has density (d/dt)t?/s* = 2ts™?14e)p 4, S0 that

ESZ:/ 2757 2dt = (2/3)s.
0

So, Y := (3/2)Z is an unbiased function of the complete sufficient statistic, so it is UMVU
by Lehmann-Scheffé. (Lehmann-Scheffé says that W := E4(Y|Z) is UMVU, and since Y
is a multiple of Z, we have W =Y, since E4(Z|Z) = Z, a known property of conditional
expectation.)

In the case n > 1, Z has density (d/dt)t*"/s** = 2nt**~'s™*" 1,04, so that

2n
2n+1

S.

E.Z :/ ont?s Tt =
0

5



So, 2’;:12 is an unbiased function of the complete sufficient statistic, so it is UMVU by

Lehmann-Scheffé.
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