541A Final Solutiond]

1. QUESTION 1

Let X1, X5, ... be real-valued random variables that converge in probability to a constant
a € R.

Let h: R — R be a continuous function. (For any = € R, for any € > 0, there exists 6 > 0
such that, if y € R satisfies |z — y| < ¢, then |f(x) — f(y)| < e.)

Show that h(X7), h(Xs),... converges in probability to h(a).

Solution. Let € > 0. We are required to show that

Jim P(h(X,) ~ h(a)| <€) =1 ()

Since h is continuous, there exists § > 0 such that, if b € R satisfies |a — b] < 9§, then
|h(b) — h(a)|] < e/2

Since X7, X5, ... converges in probability,

lim P(| X, —a| <0) =1 (%)
n—o0

If | X,, — a] <6, the continuity of h says that |h(X,) — h(a)| < £/2. That is,
P(|X,, — a| < 8) < P(h(X,) — hla)] < =/2).

So, (*) implies (x%), as desired.

2. (QUESTION 2

Let Xi,...,X, be ii.d. random variables, so that X; has PDF fy: R — [0, 00), where
6 = (61,6;) € R? is an unknown parameter.

Let Y be a statistic (so that Y is a function of X7,..., X,,). In all cases below, as usual,
you must justify your answer.

(i) Suppose Y is sufficient for 6. Is it true that Y is sufficient for 6,7
(ii) Suppose Y is sufficient for 6, and Y is sufficient for . Is it true that Y is sufficient
for 67
(iii) Suppose Y is minimal sufficient for #;, and Y is minimal sufficient for 65. Is it true
that Y is minimal sufficient for 67

Solution. Let X = (Xi,...,X,). For (i), by assumption the PDF of X|Y = y does not
depend on 6. In particular the PDF of X|Y = y does not depend on 6,. So, yes, Y is
sufficient for 6;.

For (ii), by assumption the PDF of X|Y = y does not depend on 6, and the PDF of
X|Y =y does not depend on 6,. Therefore, the PDF of X|Y = y does not depend on 6. So,
yes, Y is sufficient for 6.

For (iii), note that Y is sufficient for 6 by part (ii). Now, by minimal sufficiency, if Z is
sufficient for #;, then Y is a function of Z. Now let W be sufficient for 8. We need to show
that Y is a function of W. By part (i), W is sufficient for 6, so Y is a function of W.
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3. QUESTION 3

Find real-valued random variables X,Y, X1, Xs,... and Y1, Y5, ... such that the following
holds.
e Xy X, ... converges in distribution to X.
e Y1, Y5 ... converges in distribution to Y.
e X1 +Y, Xo+Y; ... does NOT converges in distribution to any random variable.
Solution. Let X be a standard Gaussian random variable. Let X, X5, ... be the sequence
X, X, X,.... Then Xy, X5, ... converges in distribution to X. Let Y}, Y5, ... be the sequence
X,—X,X,—X,.... Then Y},Y,... converges in distribution to X =: Y (since —X and X
have the same distribution). However,

X1 +V, Xo+Ys,... = 2X,0,2X,0,2X,0,....

So, X14+Y1, Xo+Y,, ... does not converge in distribution, since its odd subsequence is equal
in distribution to two times a fixed Gaussian, whereas its even subsequence is equal to zero.

4. QUESTION 4

Let Xi,...,X, be iid. random variables, so that X; has PDF fy: R — [0,00), where
f > 0 is an unknown parameter and

0%
—0%lal Vz e R.

f@(%) = 56
e Find the MLE Y,, of . [Warning: do NOT find the MLE of 62 ]
e Compute the Fisher information I, (6).
(You can freely use without proof that EX? = 20~* and E|X;| = 072.)
e Find a random variable Z such that /n(Y,, —6) converges in distribution to Z. (You
can freely use without proof that Y7,Y5, ... converges in probability to 6.)

Solution. We have

log H fo(z;) = log (92”2’"6792 ZZL:l‘“‘) = 2nlogf — nlog2 — 62 Z | ;] .
i=1 =1
Differentiating in 6 gives

d - 2n -
—1 N=——2 .
o 1L =5 2032wl ()

When 6 > 0 is small, the first term is large and positive and the second term is close to
zero. So, this derivative is positive when 6 > 0 is small. And both terms are decreasing in
0, with the first term going to zero as § — oo and the second term going to —oo (unless
x1=---=umx, =0.) So, the first derivative test implies that the log likelihood increases and
then decreases, and it has a unique maximum when

n

2n = 2922 | ;] .

i=1
That is, (using also 6 > 0)
n

2 i il

2

0:



In the case z; = - -+ = x, = 0, the MLE does not exist, since fy(x) = 62"27" in that case.
Squaring (%) with n = 1 and taking the variance,

Ix,(0) = Vary(2/0 — 20| X,|) = 40*Vary(X,) = 40°[EX] — (E | X |)?] = 40%[0*] = 462

Here we used

92 [e8) e8] d o0
EXlzz/xQ—e_tex'dx:/ $2926_92Idft:/ xQ(—l)—e_ezxdx:/ 2z dx
R 2 0 0 0

dx
_1 & d —92$ 1 o _022 2
0° —62|z| 2 e * d g,
E|Xi| = [ |z|—=e dx = xf%e " Tdx = x(—=1)—e " "dx
R 2 0 0 dz

Finally, we would like to apply the Theorem about the limiting distribution of the MLE.
Let us verify a few assumptions. Note that {x € R: fy(x) > 0} = R, and this set does not
depend on 6. Also, the joint PDF is twice continuously differentiable in 8 > 0. Moreover,
for any 6 > 0, if we choose € := /2, then
2

d
mlogfa/()(l)

Ey sup

=E; sup |-2[0]77—2]Xy
0'€[0—e,0+¢]

6'€(6/2,36/2)
— By max (80 +2| X[, 180/9+ 21X )
<Ep 80 +2|X|| <80+ 2Eq|X;| =80 +207* < o0.
So, Theorem 6.53 from the notes applies. We conclude that
V(Y. —0)
converges in distribution to a mean zero Gaussian random variable with variance
1 62

Ix,(0) 4
Solution 2. The last part of the problem can also be proven using the Delta Method. The
random variable | X;| satisfies E |X;| = 2 and EX? = 20~ with Var(X;) = 6~*. The CLT
then says that
Z?:l | Xi| —no~?

V>

converges in distribution to a mean zero variance one Gaussian as n — oo. That is,

ﬂ(%z_j X[ - 07?)

converges in distribution to a mean zero variance §~* Gaussian as n — oo. So, using
f(t) := t7'/2 with the Delta Method,

Vi <f (%; w) - f(9‘2)> — v /—zz;?\xir ~9)
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converges in distribution to a mean zero Gaussian with variance
O (f(072)2 = 07 (1/4)(07)? = (1/4)6~
5. QUESTION 5
Let Xi,...,X, be iid. random variables, so that X; has PDF fy: R — [0, 00), where

f > 0 is an unknown parameter and

2x
fo(z) == 2 Vo<x <0.
e Find the method of moments estimator Y, of 6. Is Y,, unbiased?
e Find constants a,, b, such that a,(Y,, — b,) converges in distribution as n — oo to a
mean zero variance one Gaussian random variable.

(Hint: you should find that VarX; = 62/18.)
Solution. We have

EX, — / 9 Z—fxdx —672[(2/3)2%7=" = 072(2/3)6° = (2/3)6.

31
Y, =5 Zl X;
Since EY,, = gEX 1 =0, Y, is unbiased.
Also,
EX? = / 2—%% = 072[(1/2)2")*=0 = 672(1/2)6" = (1/2)6*
So,

Var(X;) = (1/2)6* — [(2/3)6)* = 6*[1/2 — 4/9] = 6°/18.

From the central limit theorem,

Xyt + Xy —nBXy Xyt + X, —n(2/3)0 \/ﬁ(% S Xi) - (2/3)6
Vi /62/18 Vnb/[3V2) 0/3v2

< Ez 1X)_9_ 2V/2
—\/_ 0/[2\/—] —\/ET(Yn_Q)-

converges in distribution to a standard Gaussian random variable (mean zero variance one)
as n — 00.

6. QUESTION 6

Let Xi,...,X, be iid. Gaussian random variables with unknown mean g € R and
(known) variance 1.
In this problem, you can freely use that the sample mean M, = %Z?:l X, is complete

and sufficient for p.

e Find a minimal sufficient statistic for pu.
e Find an unbiased estimator Y, of the quantity P,(X; <0).

4



e Using any method you want to use, find the UMVU of the quantity P, (X; <0).

Solution. By Bahadur’s Theorem 5.25 in the notes, M, is minimal sufficient for u.

Let Y, := 1x,<0. Then EY,, = P(X; < 0). That is, Y, is unbiased.

Now, we know M, is complete and sufficient for . We claim also that M, is complete and
sufficient for P,(X; < 0) = fi)oo e~ 245 /\2m = [M e7/2ds/\/2m =: ®(u). Note that
(1) is strictly increasing in u, and therefore it is invertible with inverse ®~!. Tt follows that
M,, is complete and sufficient for ®(p). (We have Z|(Y1,...,Y,) does not depend on p if and
only if Z|(Y1,...,Y,) does not depend on ®(u) since ® is invertible, hence the sufficiency.
Similarly, the condition for completeness of a statistic Z holds for all © € R if and only if it
holds for all ®(u) with u € R.)

To find the UMVU of P(X; < 0), we use the conditioning method, i.e. the Lehmann-
Scheffé Theorem 6.14 in the notes to conclude that E(1y, <o|M,,) is the UMVU. To find an
explicit formula for the UMVU, we compute this conditional expectation explicitly. For any
t € R, we have

E(lx, <0|M, <t)
= P(X1 0| X1+ + X, <nt)
P(X; <0)
P(X; 4+ X, <nt)
0 P(X; <0)
P(Xy 4+ -+ X, <nt|X, = du - 5

0 P(X; <0)
P(Xy+ -+ X, <nt— : —

/0 /nt U g (s—p)2/[2(n— 1)] K ~u-n?z [0 g~lemm/2 4

=P(X;+ -+ X, <nt|X; <0)

|
— —

8

du

Y T B = S ety in] e

o0

Denote ¢(t) = P(X; < 0][X; + -+ X,]/n < t). Using Bayes rule P(A|B) =
P(B|A)P(A)/P(B), we have

P([X,+ -+ X,]/n<t|X; <0)P(X; <0)
P(Xi+ -+ X,]/n<t

g(t) =



Then, using the quotient rule and Bayes rule again,

P(Xi+ -+ X, ]/n<t)P(Xi+ -+ X,]/n=1t]X; <0)
[P(Xy 4+ Xa]/n < 1)

P([Xi+ -+ X,]/n<t|Xi <OP([X1+ -+ X,|/n=1)
[PX1 4+ Xa]/n < )]

g'(t) = P(X, <0)

- P(X; <0)

P(X, 4+ X,|/n=t]| X, <0) P([X) 4+ X,]/n = 1)
IR S T[F CESRS ) P RS (5 S W ey
B P((Xi+ -+ X,]/n=t| X, <0) P((Xi+ -+ X,]/n=1)
A =7 (5 O ey ey _g<t)P([X1+- X, n <1)

P([Xi+- -+ X,]/n=1t)
P([X:+ -+ X,]/n <%)
P([Xi+ -+ X,]/n=1)
P([X)+ -+ X,]/n<t)

e~ (n/2)(t—p)?

[ emm/2=m?ds

_ :P(Xl§0|[X1+---+Xn]/n=t)—9(t)

= [B(Lx <ol M, = 1) = g(0)]

= [B(txcolM, = 1) = g(0)

So,

ft e_(n/Q)(S_f")2dS
— — / —00
E(1X1S0 | M, = t) - g(t) +g <t> o (n/2)(t—p)?

nt—u ,—(s—p)?/[2(n— 1)} K —(u—p)?/2 fi’ e (5—1)? /2\?287
/ / V2r(n— 1) NG du —(s—u)Q/[Qn]_dz
m(n — T ffooe —

+ D du

V2m(n—1) Vo f:’; e—(s—u)Q/[%]\/%} '

fj ~(n/2)(s—1)? gg d / /nt U g (s—p)?/[2(n— 1)] o (u—pn)?/2 fi) e (5—n)? /2\;12%

And the UMVU is

nMa—u ,—(s—p1)/[2(n— 1)] K —(u—p)?/2 JO e/ ds
(1X1<0 | M / / du . m

nMn, (s— n S
V2m(n—1) V2T f_oo e M)z/@]\/%

fM" e~ (/=12 s g nt—u —(s—p)2/[2(n— 1)} K —(u—p)?/2 fo e —u)%?j;
= — du——=> u ]
e—(n/2)(Mn—p)? dt lt=M,, / / \/T \/% ff; e—(s—n)?/[2n] ;;jm

(Even though a bunch of p terms appear here, this expression should not depend on p.)

7. QUESTION 7

Let Xy, ..., X, beii.d. random variables that are uniformly distributed in [#—1/2,0+41/2],
where 6 € R is unknown. Note that EX; = 0, EX? = 0> + 1/12.

e Give two different method of moments estimators that estimate 6.
e Show that an MLE for # is not unique. That is, describe two different maximum
likelihood estimators for 6.



e Is the Fisher information Iy, (#) well-defined? Explain.
e Show that any MLE for # is consistent.

Solution. Since § = 2EX7, one MoM estimator is 21 3" | X;. Since § = /|-1/12 + EX?|,
another MoM estimator is \/‘—1/12 + L1y X2

The jOiIlt PDF of Xl, Ce 7Xn is H?:l 1X¢E[0—1/2,9+1/2} = 1X(1),X(n)6[9—1/2,9+1/2]’ SO, any 0
satisfying

0—1/2 < Xy < Xny <0+1/2

is an MLE for 6, since the value of the joint PDF there is 1, and otherwise the value is zero.
That is, the MLE can take any value in the open interval (X¢,) — 1/2, Xy + 1/2). To see
that this interval can be nonempty, suppose for example that n = 1, so that X) = X,).
The MLE is then not unique.

The Fisher information is not well-defined since the derivative of the joint PDF (viewed as
a function of ) is not well-defined (since the region where the PDF is nonzero does depend
on #). In particular, the derivative of the joint PDF does not exist

Finally, note that the joint PDF of Xy,..., X, is [[/; Ix,eo-1/2,0+1/2 = Lx ) X €l6-1/2.641/2)-
So, any 6 satisfying

0—-1/2< X)) < Xy <0+1/2

is an MLE for 6. As n — oo, X(y) converges in probability to § —1/2, and X,y converges in
probability to 6 4+ 1/2, so as n — oo any MLE for 6 converges to 6. (For example, we know
that P(X(,) <t) =P(X; <t)" which converges to l,<g41/2 as n — 00.)

Note that we cannot use the consistency theorem for MLEs that we discussed in class,
since the set of parameters © = R is not compact. Similarly, Theorem 9.11 in the Keener
book is not applicable since the PDF is not continuous in 6.

8. QUESTION &

Prove the Cramér-Rao inequality:

Let X: Q2 — R" be a random variable with distribution from a family of multivariable
PDFs {fy: 6 € O} with © C R. Let t: R® — R and let Y := (X)) be statistic. For any
0 € O let g(0) := EgY. Then

Varg(Y) Z

Moreover, if Ix(0) = 0, then ¢'(f) = 0.

(You are allowed to differentiate under any integral in your proof. Also, we assume that
{z € R": fy(x) > 0} does not depend on 6, and for a.e. z € R", (d/df)fy(x)) exists and is
finite, and the Fisher information satisfies any identity we have ever shown it to satisfy in
this course.)

Solution. Before the proof, we prove two facts

Fact 1. EZLlog fo(X) = 0.



Proof of Fact 1.

B o) = [ B e [ g ao
d d
— [ s = L =0

Fact 2. If EW = 0, then E(WZ) = cov(I/V, 7).
Proof of Fact 2. For the first equality, note that, since EW = 0,
coviW,Z) =E(W —EW)(Z -EZ)=E(WZ) - EWEZ =EWZ.
Fact 3. cov(W,Z) < y/Var(W)y/Var(Z). This inequality follows from the Cauchy-
Schwarz Inequality.

= By Tog fo(X)1(X)

501 = |55 | hlaads

(WAER)

| lor fua)t@)ala)ds

Cove(i log fg(X),t(X)) 2 \/Varg(d%lg log fg(X))V&I‘g(t(X))

df
= /Ix(0)Vary(t(X)).

The last equality uses the definition of Fisher Information.
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