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1. HOMEWORK 1

Exercise 1.1. Estimate the probability that 1000000 coin flips of fair coins will result in
more than 501, 000 heads, using the Central Limit Theorem. (Some of the following integrals

may be relevant: ff)oo e 12dt/\/2m = 1/2, fjoo e 12dt//2m ~ 8413, ffoo e 124t )21 ~
9772, fj’oo e "/2dt//2m ~ .9987.) (Hint: use Bernoulli random variables.)
Casinos do these kinds of calculations to make sure they make money and that they do

not go bankrupt. Financial institutions and insurance companies do similar calculations for
similar reasons.

Solution. For any 1 < 1, let X; = 1 if the i** coin flip is heads and X; = 0 otherwise. We
assume that X, ... are iid with P(X; = 1) =1/2, EX; = 1/2 and var(X;) = 1/4. We want
to know the probability that

X1+ -+ Xyor > 501000.
Equivalently, we want the probability of the event
+ oo+ Xpor — 107/2
V108174
Using the Central Limit Theorem as an approximation, we have the approximation

X1+ -+ Xyor — 107/2 00
p™ Ao / >2 | &~ / e " dx /2
V105+/1/4 )

{X1+---+X107—107/2>1000}:{X1 > 2} =

2
=1- / e Pdx /21 ~ 1 — 9772 = .0228.

[e o]

O

Exercise 1.2 (Numerical Integration). In computer graphics in video games, etc., various
integrations are performed in order to simulate lighting effects. Here is a way to use random
sampling to integrate a function in order to quickly and accurately render lighting effects.
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Let 2 = [0,1], and let P be the uniform probably law on €2, so that if 0 < a < b < 1,
we have P([a,b]) = b — a. Let Xi,..., X, be independent random variables such that
P(X;€la,b])=b—aforall0 <a<b<1 forallie{l,...,n}. Let f:[0,1] — R be a
continuous function we would like to integrate. Instead of integrating f directly, we instead
compute the quantity

1 n
= (X,
n “
=1
Show that

lim B (%Zf(&)) = /0 f(t)dt.

. BN
1}1—{20 var (5 ;f(XJ) = 0.
That is, as n becomes large, %sz:l f(X;) is a good estimate for fol f(t)dt.

Solution. By definition of X; we have Ef (X;) = fol f(t)dtforalli > 1sothat E (L 77 | f(X;)) =
in fol f(t)dt = fol f(t)dt. Also, by independence we have

var (% Z f(Xi)) = % Zvar(f(Xi)) = lVfﬁ“(f(Xl))-

n

This quantity goes to zero as n — oo. (Since f is continuous on [0, 1], f is bounded by some
constant c on [0, 1], i.e. |f(#)| < cforallt e [0,1],s0 |f(X1)| < e, sovarf(X;) <E[f(X;)]? <

¢ for all i > 1.) O
Exercise 1.3. Let X = (Xj,...,X,,) be a random sample of size n from a binomial dis-
tribution with parameters n and p. Here n is a positive (known) integer and 0 < p < 1
is unknown. (That is, Xi,..., X, are i.i.d. and X; is a binomial random variable with

parameters n and p, so that P(X; = k) = (})p*(1 — p)"~* for all integers 0 < k < n.)
You can freely use that EX; = np and VarX; = np(1 — p).

e Computer the Fisher information Ix(p) for any 0 < p < 1.
(Consider n to be fixed.)

e Let Z be an unbiased estimator of p? (assume that Z is a function of Xi,...,X,,).
State the Cramér-Rao inequality for Z.

e Let I be an unbiased estimator of 1/p (assume that W is a function of X, ..., X,,).
State the Cramér-Rao inequality for W.

Solution. Using that the information of independent random variables is the sum of the
informations, using the alternate definition of Fisher information using the variance, and
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using that the variance is unchanged by adding a constant inside the variance,

Ix(p) = nlx () = Ve, (- og (( ;1)10)“(1 -»)))

= v, (5 og ( ) + Xilogp + (n - X)) log(1 ~ p)] )

= v, (4 [Xl logp + (n — X) log(1 — 1))

- nVarp<Z—17 (- X)) = nVarp([l + %}Xl)
_ [; n %p} Var, X, = n[}ﬁrnp(l —p) = p(ln—ip)

The Cramér-Rao inequality says, if g(p) := E,Z, then

Var,(Z) > ‘if()‘)

If g(p) = p?, then ¢'(p) = 2p, so we get

(2p)*  4p°(1—p)
Var,(Z) > )~ e :

If g(p) = 1/p, then ¢'(p) = —p~2, so we get

—4
P 3l—p
Var,(Z) > =p
o(2) Ix(p) n?
O
Exercise 1.4. Let Xi,...,X,, be a random sample of size n from a Poisson distribution

with unknown parameter A > 0. (So, P(X; = k) = e *\*/k! for all integers k > 0.)

e Find an MLE (maximum likelihood estimator) for \.
e [s the MLE you found unique? That is, could there be more than one MLE for this
problem?

Solution. The MLE of 6 is a value of § maximizing
log H QXie_G/XZ-! = log ((92?:1 Xig—nb H[XJ]) = Z IOg(XZ') —n#d + logt Z X;.
i=1 i=1 i=1 i=1

Taking a derivative in 6, we get —n + %Z?:l X;. From the first derivative test, there is a
unique maximum value of § when 6§ = £ 3" X, so the MLE for 6 is + 1" | X;. O
2. HOMEWORK 2

Exercise 2.1. The rejection regions C, for UMP hypothesis tests of significance level at
most a € (0,1) are often nested in the sense that C, C C, for all 0 < a < o/ < 1. This
exercise demonstrates an example of UMP tests where this nesting behavior does not occur.
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Let 6p,0; € R be unequal parameters. Let H, denote the hypothesis {6 = 6y} and let
H; denote the hypothesis {# = 6;}. Suppose X € {1,2,3} is a random variable. If § = 6,
assume that X takes the values 1,2,3 with probabilities .85, .1, .05, respectively. If § = 6y,
assume that X takes the values 1,2, 3 with probabilities .7, .2, .1, respectively. Let 7 denote
the set of hypothesis tests with significance level at most «.

e Let 0 < a < .15. Show that a UMP class T test is not unique.

e When o = .05, show there is a unique nonrandomized hypothesis UMP class T test.

e When a = .1, show there is a unique nonrandomized hypothesis UMP class T test.

e Show that the o = .05 and o/ = .1 UMP nonrandomized tests from above do not
have nested rejection regions.

e However, when o = .05 and o = .1, there are randomized UMP tests ¢, ¢’ : R" —
[0, 1] respectively, that are nested in the sense that ¢ < ¢'.

Solution. We have
f91(1) _ 7 14 f91(2> _ 2 —9 f91(3) _ 1

Jo) T8 1T Ju@ 1T fa3) 05
The Neyman-Pearson Lemma says that likelihood ratio tests ¢: {1,2,3} — R of the following
form are UMP
o, iff91(x) > kaO(x)
P(x) =490 if fo, (x) < kfo,(2)
T if fo,(x) = kfa, ().
So, let us examine those tests for all possible k£ > 0. After examining these different tests,
we realize that the case k = 2 is of particular interest for this problem, so let us focus on
that case.
If £ = 2, then we have two points = 2,3 such that we can specify the value of ¢
arbitrarily, while maintaining the UMP property. That is,

1 5 lff91(x) > kfeo(x) 0 ifr=1
¢(x) =90 i fo, () < kfy,(z) = {7 7 ifr =2,3
T o (2) = k() U -

More specifically, for any 0 < a,b <1, ¢: {1,2,3} — R is UMP where

0 ,ifr=1
o) =<a ,ifr=2
b ,ifz =3

A test of this form has power function

B(0) = Egp(X).

The significance level of this test is

sup B(6) = B(6y) = .16(2) + .05¢(3) = (.1)a + (.05)b.

[dSSH

If 0 < a < .15 is our desired significance level, then any choice of 0 < a,b < 1 satisfying
(1)a+(.05)b =«
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is a UMP with significance level . (The Neyman-Pearson Lemma guarantees this holds.)
For a fixed 0 < v < .15, infinitely many such a, b exist. So, the UMP tests in this case are
non-unique.

If o = .05, then the set

{(a,b): (.1)a+ (.05)b=.05, 0 <a,b<1}

has a unique element where one of a, b is zero, occurring when a = 0 and b = 1. So, when
a = .05, there is a unique nonrandomized UMP test. This test rejects Hy when X = 3.
If a = .1, then the set

{(a,b): (Da+ (.05)b=.1, 0<a,b<1}

has a unique element where one of a, b is zero, occurring when @ = 1 and b = 0. So, when
a = .1, there is a unique nonrandomized UMP test. This test rejects Hy when X = 2.

The above rejection regions are not nested, since the events {X = 3} and {X = 2} are
disjoint.

However, there is are randomized hypothesis tests ¢, ¢’ with significance level & = .05,/ =
.1 respectively, such that ¢ < ¢'. For example, we could use

0 ifr=1 0 Lifz=1
Pp(x) =< 1/4 ,ifz=2, ¢(z):=41/2 ,ifr=2
1/2 ifz =3 1 ,ifx =3

O

Exercise 2.2. Suppose X is a Gaussian distributed random variable with known variance
o? > 0 but unknown mean. Fix pg, 41 € R. Assume that pg — gy > 0. We want to test the
hypothesis Hy that 1 = uo versus the hypothesis H; that = p;. Fix o € (0,1). Explicitly
describe the UMP test for the class of tests whose significance level is at most a.

Your description of the test should use the function ®(t) := fjoo e~ 2y JV2m, ®: R —
(0,1), and/or the function ®': (0,1) — R. (Recall that ®(®~1(s)) = s for all s € (0,1)
and ®~1(®(t)) =t for all t € R.)

Solution. From the Neyman-Pearson Lemma, the UMP is a likelihood ratio test (LRT).
Let £ > 0. (Since Py, (fo,(X) = kfo, (X)) = Py, (fo,(X) = kfp, (X)) = 0, the UMP is non
randomized.) In this case, the LRT has rejection region

C:={z €R: fo,(x) > kfo,(2)}.
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More specifically,
C:={x eR: fy,(x) > kfo(x)}

1 C 1 (z—pg)?
={r e R: e 22 >k e 202
{ o\ 2T oV 2T }
(z — p1)” (z — po)®
= R: —~——~2 >log(k) - ———
fre > log(h) - B0

= {z €R: (z — m)* < —20°log(k) + (z — o)’}
={z €R: (x—m)” — (z — p)* < —20”log(k)}
= {z € R: (2x — i1 — p10) (1o — 1) < —20” log(k)}

20%log(k

:{xGR:Zx—ul—uo<——O o8 (k)

Ho — M1

—freRiz< T80 ot
Ho — 1 2

The significance level of this test is

sup 5(0) = B(po) = Py (X € C) =P (X < _ " log(k) | tio oy

0€6g Lo — 1 2
o?log(k) | o+
=P, (X —p < — —
o (X — o T g )
X — o log(k — o log(k —
:Pm)( Fo _ _ g()+M1 Mo>:q)<_ g()+M1 Mo>
o o — th 20 to — 1 20

So, if we want a fixed significance level o € (0, 1), then

log(k -
(I)_1<a):_0 og( )+N1 o
Mo — M1 20

That is, we choose k such that
p1 — o olog(k)

—o o) + = .
(@) 20 Mo — M1
1.e. )
1 — Ho -4 (110 — 1)
= <—<1> _ —)
exp > () 572

O

Exercise 2.3. This exercise demonstrates that a UMP might not always exists.

Let Xy,...,X, be iid. Gaussian random variables with known variance and unknown
mean 1 € R. Fix po € R. Let Hy denote the hypothesis {u = po} and let H; denote the
hypothesis pu # po. Fix 0 < o < 1. Let T denote the set of hypothesis tests with significance
level at most av. Show that no UMP class T test exists, using the following strategy.

e Let u1 < po. You may take as given the following fact (that follows from the Karlin-
Rubin Theorem): the power at p; is maximized among class T tests by the hypothesis
test ¢ that rejects Hy when the sample mean satisfies X < ¢ for an appropriate choice
of ¢ € R. Assume for the sake of contradiction that a UMP class T test ¢ exists.



Then, using the necessity part of the Neyman-Pearson Lemma (i.e. consider testing
[ = pio versus g = pip), conclude that ¢’ must have the same rejection region as ¢
(just by examining the power of the tests at ;.)

e Consider now a test in 7 that rejects Hy when the sample mean satisfies X > ¢’ for
an appropriate choice of ¢ € R. Repeating the previous argument, conclude that ¢’
must reject when X > ¢, leading to a contradiction.

That is, let py > pp. You may take as given the following fact (that follows from
the Karlin-Rubin Theorem): the power at uy is maximized among class 7 tests by
the hypothesis test ¢” that rejects Hy when the sample mean satisfies X > ¢’ for an
appropriate choice of ¢ € R. Then, using the necessity part of the Neyman-Pearson
Lemma (i.e. consider testing u = g versus pu = ps), conclude that ¢’ must have the
same rejection region as ¢”.

Solution. Since ¢’ is UMP class T for testing Hy versus Hy, we have 8'(p1) > (p1). (Here
S is the power function of ¢, and ' is the power function of ¢’.) From the remark about
the Karlin-Rubin Theorem, '(u1) < B(u1). Therefore, 8'(p1) = B(p)-

Consider H| = {u = 1 }. Suppose we are testing Hy versus H{. Since 5(u1) = ' (p1), from
the Neyman-Pearson Lemma, we must have ¢/ = ¢ except possibly on a set of probability zero
with respect to P, and P,,,. (Similarly it occurs with probability zero that f,(X) = kfo, (x)
for a constant & > 0.) That is, up to probability zero changes to ¢, both ¢ and ¢’ are
nonrandomized hypothesis tests with the same rejection region.

Now, let pugy > po. Since ¢’ is UMP class T for testing Hy versus Hy, we have () >
B"(12). (Here ' is the power function of ¢/, and 5" is the power function of ¢”.) From the
remark about the Karlin-Rubin Theorem, '(pus) < 8”(uz2). Therefore, 5" (ua) = B'(p2).

Consider H{ = {j = us}. Suppose we are testing Hy versus Hy. Since §'(u2) = 5" (u2),
from the Neyman-Pearson Lemma, we must have ¢ = ¢’ except possibly on a set of prob-
ability zero with respect to P,, and P,,. (Similarly it occurs with probability zero that
fo,(X) = kfo,(x) for a constant k > 0.) That is, up to probability zero changes to ¢”, both
¢" and ¢ are nonrandomized hypothesis tests with the same rejection region.

We now have a contradiction, since ¢’ must reject only when X > ¢, and ¢’ must reject
only when X < ¢.

0]

Exercise 2.4. Prove the following version of the Karlin-Rubin Theorem, with the inequali-
ties reversed in the definition of the hypotheses.

Let {fs} be a family of PDFs with the MLR property, with respect to a real-valued
statistic Y = ¢(X), where § € © C R. Let 0 <~ < 1. Fix 6 € ©. Consider the hypothesis
Hy = {0 > 6y} and the hypothesis H; = {0 < 6y}. Let ¢ € R. Consider the randomized
hypothesis test ¢: R™ — [0, 1] defined by

0 ,ift(z)>c
o) =491 ift(z) <c
v oL ift(x) = ¢

Define o := Eg,¢(X). Let T be the class of all randomized hypothesis tests with significance
level at most a.

(i) ¢ is UMP class T.



(iii) B, the power function of ¢, is nonincreasing and strictly decreasing when it takes
values in (0, 1).

Proof. We first prove (iii). Let 6, > 6, and consider the function 7: R" — R defined by

x
T‘(ZL‘) — f91( ),
Joo (:L")
By assumption, r is a strictly increasing function of t(x). Let k € R such that r(z) = k
when ¢(x) = ¢. Since r is a strictly increasing function of ¢(z), we can rewrite ¢ as

Ve R"

0 ,ifr(z)>k
px) =<1 ifr(z) <k
v o ifr(x) = k.

That is, 1 — ¢ is a likelihood ratio test of the hypothesis {§ = 0y} versus {0 = 6,}. Corollary
3.15 from the notes says 1 — 5(61) = Eg, (1 — ¢(X)) > 1 —a = Eg (1 — (X)) = 1 — B(6y),
if Py, # Po,. (If Py, = Py,, then Eg ¢(X) = Eg,¢(X) € {0, 1} since ¢ is either zero or one
with probability one in this case, i.e. o € {0,1}.) Assertion (iii) follows.

We now prove (i). First, note that a = Eg,¢(X) = supy>,, Ee¢(X) from (iii), so that ¢
is in class 7. Now let 0; < 6y, and let ¢’ be a class T hypothesis test. By definition of
T, Eg, ¢ < supgsg, Ee¢'(X) < a. So, from the Neyman-Pearson Lemma (sufficiency), ¢ is
UMP (in the context of that Lemma), i.e. Eg ¢(X) > Ey, ¢'(X). Since this inequality holds
for all 6, < 6y, we conclude that ¢ is UMP class T, i.e. (i) holds. O

Exercise 2.5. Prove the following one-sided version of the Karlin-Rubin Theorem.

Let {fs} be a family of PDFs with the MLR property, with respect to a real-valued
statistic Y = ¢(X), where 6 € © C R. Let 0 <~ < 1. Fix 6, € ©. Consider the hypothesis
Hy = {0 = 6y} and the hypothesis H; = {6 > 6y}. Let ¢ € R. Consider the randomized
hypothesis test ¢: R™ — [0, 1] defined by

1 Lift(z) >c
plx) =<0 Jift(z) <c
v L ift(z) =c.
Define o := Eg,¢(X). Let T be the class of all randomized hypothesis tests with significance

level at most a.

Then ¢ is UMP class 7.

Proof. Let 6, > 6. From the Karlin-Rubin Theorem itself (part (iii)), we already know
that the power function S of ¢ is nondecreasing. Also, as we proved in the Karlin-Rubin
Theorem, if

o f 01 (JZ)

T(.CL') T )
f90 (LE)
then by assumption, r is a strictly increasing function of ¢(x). Let & € R such that r(z) = k
when ¢(x) = ¢. Since r is a strictly increasing function of ¢(z), we can rewrite ¢ as

VreR",

1 ifr(z) >k
o) =<0 ifr(z) <k
v L ifr(x) = k.



Note that a = Eg,¢(X) from (iii), so that ¢ is in class 7. Let ¢’ be a class 7 hypothesis
test. By definition of T, Eg,¢' < . So, from the Neyman-Pearson Lemma (sufficiency), ¢ is
UMP (in the context of that Lemma), i.e. Eg ¢(X) > Ey, ¢'(X). Since this inequality holds
for all 6; > 6y, we conclude that ¢ is UMP class T. 0

Exercise 2.6. Let X7,..., X, beii.d. random variables. Let X = (X,...,X,,). Let 6 > 0.
Assume that X is uniformly distributed in the interval [0,6]. Fix 6 > 0. Fix 0 < a < 1.
Let T denote the set of hypothesis tests with significance level at most a.

e Suppose we test Hy = {0 < 0y} versus H; = {0 > 6y}. Identify the set of all UMP
class T hypothesis tests.
e Suppose we test Hy = {6 = 0y} versus H; = {0 # 6y}. Show there is a unique UMP
class T hypothesis test in this case.
(Hint: first consider testing {6 = 6y} versus {6 = 6,} with 6; > 6y, and apply the Neyman-
Pearson Lemma. That is, mimic the argument of the Karlin-Rubin Theorem.) (As an aside,
observe that, if you naively apply the Karlin-Rubin Theorem, you will not find all UMP
tests, i.e. a non-strict MLR property version of the Karlin-Rubin Theorem will neglect some
UMP tests.)

Solution. The joint distribution of X7, ..., X, satisfies, for any = = (x1,...,2,) € R",

n

fola) =TT 0 oy (x:) = 0" Locmax, e, zi<6-

=1

Let 61 > 6y. Then

f01 (x) . (ﬁ) -n 10§maX1gign$i§91
feo (:L“) ) '
Since 6; > 6y, evidently this likelihood ratio has the (non-strict) MLR property with respect
to t(z) := maxi<;<, «;. (As t(z) increases from 0, the ratio of indicator functions is 1, then
00, then of the form 0/0, and the latter case is not considered for the MLR property.)
For the moment, suppose we instead test {6 = 0y} versus {6 = 6;}. Then the Neyman-
Pearson Lemma says that any (nontrivial) UMP class T test is a likelihood ratio test of the

form
1 if 6 0
Oa)i=q o OSSR
arbitrary , if x¢,) < 0y or x(,) > 0.

10Smax1gi§n ;<00

(We find these tests by considering different thresholds & in the likelihood ratio tests that
reject when fy, (z) > kfp,(x).) The tests of this form that do not depend on 6, are of the

form
1 ,if Oy <z,
dlr) =4 e ()
arbitrary , if 0y > ().

Since this test does not depend on 6, we conclude that it is UMP for testing {6 = 0}
versus {0 > 6y} (as in the proof of the Karlin-Rubin Theorem). Again, as in the proof of
the Karlin-Rubin Theorem, we conclude that this test is UMP for testing {6 < 6y} versus
{0 > 0y}. Conversely, any test that is UMP for {6 < 6y} versus {6 > 6y} must be UMP for
testing {0 = 6y} versus {0 = 6, } when 0; > 6. Consequently, any UMP for {6 < 6y} versus
{6 > 6y} must be of the form (). The first part of the proof is concluded.
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We now prove the second part. If ¢ is UMP for {6 = 6y} versus {6 # 6y}, then ¢ must
be UMP for testing {# = 6y} versus {6 > 6y}, as in the Karlin-Rubin Theorem. That is, ¢
must be of the form (x).

Moreover, ¢ must be UMP for testing {6 = 6y} versus {6 = 0} with 6; < . In this case,
the Neyman-Pearson Lemma says that any (nontrivial) UMP class T test is a likelihood
ratio test of the form

0 if 0 ) < 0
arbitrary , if x¢,) < 01 or x(,) > 0;.

or

o(x) = {1 ) ’ ?f Ty <O (% % *)
arbitrary , if x(,) > 0;.
(We find these tests by considering different thresholds & in the likelihood ratio tests that
reject when fp, () > kfp,(x). The first type of test occurs when k = (6y/601)". The second
type of test occurs when k = 0.)
If additionally ¢ is of the form (x), (and ¢ does not depend on 6;) then ¢ must satisfy (for
some constant c)

1 Lif by <z or ) < c
o(z) = 0 . (n) (n)
0 otherwise.

(For this particular test ¢, note that, for any 6; satisfying 0 < 0; < 6, either ¢ is of the form
(x%) or (x*x). More specifically, if ¢ < 6; < 6y, then ¢ is of the form (xx) and if 0 < 0; < ¢,
then ¢ is of the form (* * x).)
As ¢ changes, so does the significance level a. So, for fixed «a, ¢ is unique, as desired.
O

Exercise 2.7. Let X;,..., X, be i.i.d. random variables that are uniformly distributed in
the interval [6,60 + 1], where # € R is an unknown parameter. Fix 6, € R. Suppose we
want to test the hypothesis that 8 < 0y versus 6 > 6y. For any 0 < o < 1, show that there
exists a UMP test among tests with significance level at most a, and this test rejects the
null hypothesis when Xy > 0y + c(a) or X,y > 6 + 1.

On the other hand, show that the joint density of Xi,..., X, does not have the MLR
property with respect to any statistic (when n > 1). (Hint: if it did have the MLR property,
what would the Karlin-Rubin Theorem imply about the UMP rejection regions?)

Solution.
The joint distribution of Xy,..., X, is

Jo(z) = H Lxie0.0+1) = LX), X0 €l0.0+1]-
=1

Let 6, > 6y. Then
fo,(2) _ LX), X () €101,01+1]
f90 (l’) 1X(1),X(n)€[90,90+1]
Observe that this ratio can be 0,1 or oo. More specifically, on the set where at least one of
these densities is nonzero, we have

o fo,(x) > fo,(x) when x(,y > 0y + 1,
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o fo(x) = fo,(x) when 6 < zpy < 23 < 6p+ 1, and
o fo,(z) < fo,(x) when z() < 6;.
For the moment, suppose we instead test {# = 6y} versus {# = 6;}. Then the Neyman-
Pearson Lemma says that any (nontrivial) UMP class T test is a likelihood ratio test of the
form

1 if 2y > 00+ 1
¢(z) :=  arbitrary , if 0y < z) < 2y < O+ 1
0 , if T < 0.
or
1 ,if 01 < xq
dz) = {arbitrary Jif oy < ;i

The tests of this form that do not depend on #; are of the following form, where ¢ € R is a
constant:
1 Jifxqy>6g+c or x>0+ 1
o(z) == e) ' (n)
0 , otherwise.

Since this test does not depend on 6;, we conclude that it is UMP for testing {6 = 6y}
versus {6 > 6y} (as in the proof of the Karlin-Rubin Theorem). Again, as in the proof of
the Karlin-Rubin Theorem, we conclude that this test is UMP for testing {6 < 6y} versus

When n > 1, the joint density of Xy,..., X, does not have the MLR property. If it did,
then the Karlin-Rubin Theorem would imply that there is a UMP test defined by a single

real-valued statistic, but we just showed this is not true.
O

Exercise 2.8. Let {fy: 6 € R} be a family of positive, single-variable PDF's, i.e. f5: R —
(0,00) for all @ € R. Assume that fp(z) is twice continuously differentiable in the parameters
0,x.

Show that {fy} has the MLR property with respect to the statistic t(z) = = (z € R) if
and only if

32
000x

Exercise 2.9. Suppose X is a binomial distributed random variable with parameters n = 100
and 0 € [0, 1] where # is unknown. Suppose we want to test the hypothesis Hy that § = 1/2
versus the hypothesis H; that 6 # 1/2. Consider the hypothesis test that rejects the null
hypothesis if and only if | X — 50| > 10.

Using e.g. the central limit theorem, do the following:

log fo(z) > 0, Va,0€R.

e Give an approximation to the significance level « of this hypothesis test
e Plot an approximation of the power function 3(#) as a function of 6.
e Estimate p values for this test when X = 50, and also when X = 70 or X = 90.

Solution. We have oo = 3(1/2) = P1/2(X € C) = Py5(|X — 50| > 10). From The Central
Limit Theorem, we have the approximation

X — 50|
(1/2)(10)

11

Py (| X — 50| > 10) = Py o >2) ~ P(|Z| > 2) ~ .05.



Here we used the Matlab command quad(@(t) (1/sqrt(2*pi))*exp(-t.~2 /2),-2,2) to
get the last probability. So, the significance level of the test is approximately .05. The
p-values for this test are roughly

p(50) = Py5(]X — 50| > |50 — 50]) ~ 1.

X — 50|

p(70) = Puja(|X = 50/ > 70 = 501) = Pu2(|X =501 > 20) = Pujal 3 5755

> 4)

~P(|Z] >4)~7-107°.
Here we used the Matlab command quad(@(t) (1/sqrt(2*pi))*exp(-t.~2 /2),-4,4) to
get the last probability.
| X — 50|

P(90) = P12(|X = 50| > |90 = 50[) = P1o(|1X = 50| > 40) = Papa({ry

> 8)

~P(|Z] >8)~5-107".
Here we used the Matlab command quad(@(t) (1/sqrt(2*pi))*exp(-t."2 /2),-8,8) to
get the last probability. (I think the actual value of P(|Z| > 8) is much smaller than this,
closer to 107** though.)
More generally, we have the approximation
B(6) = Py(X — 50 > 10) + Py(X — 50 < —10)
B < X — 1000 >1+5—109> ( X — 1006 <—1+5—109>
"\10/01—0) /o1 -0) "“N10o1 -0 Joa—0)
%P9<Z> 6 — 100 >—|—P(Z< 4 — 100 )
6(1—0) 6(1—0)
6 — 106 ) ( - 4 — 100 >
6(1 —0) 0(1—0)

6 — 100 4— 100
—1 —@(m> +¢(m>

Here we used ®(t) = P(Z < t). We can then use following plot in Matlab

theta=linspace(0,1,1000);

plot(theta,l-normcdf ((6-10*theta) ./sqrt(theta.*(1-theta)),0,1)...
+normcdf ((4-10*theta) ./sqrt (theta.*(1-theta)),0,1));

xlabel (’theta’);

ylabel(’beta(theta)’);

:1—P(Z<

O

Exercise 2.10. Let Xy,..., X, be a real-valued random sample of size n from a family
of distributions {fy: 8 € ©}. Suppose ©® = R. Fix § € R. Denote X = (Xy,...,X,).
Consider a set of hypothesis tests ¢,: R" — [0,1], for any o € [0,1]. Assume that these
tests are nested in the sense that ¢, < ¢, for all 0 < a < o’ < 1. Suppose we are testing
the hypothesis Hy that {6 < 0y} versus H; that {# > 6y}. Suppose also that {fy} has the
monotone likelihood ratio property with respect to a statistic Y = ¢(X) that is a continuous
random variable.
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e Show that the family of UMP tests with significance level at most « satisfies the
nested property mentioned above (for all « € [0, 1]).
e Show that, if X = z, then the p-value p(x) satisfies

p(x) = Py, (H(X) > t(x)).

Solution. The Karlin-Rubin Theorem implies that the UMP tests with significance level at
most « are of the form

1 ift(z) >c
o) =<0 ,ift(x) <c
v o, ift(x) =c.

Since we assume that Y = ¢(X) is continuous, ¢(X) = ¢ occurs with probability zero, i.e. we

may assume that
1 L ift(z)>c
o(z) = .
0 ,ift(x) <ec.
The nested property then follows, since as « increases, ¢ decreases.

Denote ¢, as the constant ¢ = ¢, in the above definition when ¢ = ¢, has significance
level a. Recall that significance level o means that

a = sup Eypop(X) = sup Pe(t(X) > c4)
96y <00

Since the Karlin-Rubin Theorem implies that the power function is nondecreasing in 6, we
have

a =Py (t(X) > ca). (%)
We also have
p(z) = inf{a € [0,1]: ¢o(z) = 1} = inf{a € [0,1]: t(x) > cu}.

The nested property implies that {« € [0,1]: t(x) > ¢} is an interval, so that the infimum
of this set is the smaller endpoint of that interval. That is, there exists some « € [0, 1] such
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that p(x) = o and t(z) = ¢,. So, from (),
a=p(x) =Py (t(X) > cq) = Py, (t(X) > t(z)).

USC DEPARTMENT OF MATHEMATICS, LOS ANGELES, CA
Email address: stevenmheilman@gmail.com
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