545 Midterm 2 Solutiond]

1. QUESTION 1
Let N > 1. We define the Fejér kernel Fy: R/Z — C to be the function

N
Fn(z) = Z (1 - %) e Ve eR/Z.

n=—N

Show that Fy(z) is real valued and nonnegative V. N > 1,V x € R/Z.
Solution.
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2. QUESTION 2

Let f: R/Z — C with || f|, == [, |f(z) |d:10<oo Show that
lim f( ) =

n—+oo

Solution. If || f||, < oo, then Plancherel’s Theorem says > _, ]]/”\(n)\Q < 00, 80 limy, 4o f\(n) =

0. In particular, if f is continuous, then f is bounded, so || f||, < oo, hence lim,,_, 1 ]?(n) =0.
Let € > 0. By e.g. the Weierstrass approximation theorem, let g: R/Z — C be a continuous
function such that ||f — g||; < e. Note that

Fn) — (n)| = / (f(z) - glx))e 2 meda| < |1 - gll, <e.

So,
limsup | f(n)| < limsup |§(n)| + ¢ = .

n—=too n—r+o0
Since € > 0 is arbitrary, we conclude that limsup,,_,, . |f(n)| =0, as desired.
3. QUESTION 3

Let {Z,}nez be WN(0,1). Consider the MA(1) process {X,, }nez defined by
X, =Zn—3%, 1, VneZ

e Show that this process is not invertible (with respect to {Z, }nez).
e Find polynomials ¢, ¢ and find & > 0, {Z, }nez that are WN(0,52) such that

S Xn =0(S)Z,, VneZ,
and such that {X, },cz is invertible (with respect to {Zy, nez.)
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Solution. We have 0(1/3) = 0. So, this process it not invertible by Proposition 7.17 in
the notes. (Invertibility means 6 must have no zeros in the unit disc.) By repeating the
argument of Theorem 7.19 in the notes, we define

Zn=(1—=5/3"11-358)2, = (1—5/3)7'X, = i(S/S)an = igﬂ'xﬂj, VneZ.

It then follows from Theorem 7.19 that { X, }nez is invertible (with respect to {Z, }nez. So,

the polynomials we use are ¢(z) := ¢(z) = 1 and 6(z) = (1 — z/3) for all z € C.
4. QUESTION 4

Let p, g be positive integers. Let { X, } ez be a real-valued ARMA (p, ¢) process. Assume
that ¢(z) # 0 on {z € C: |z|] = 1}. Show that the autocovariance function v: Z — R

satisfies
> (n)] < o

neZ
Solution. Theorem 7.14 in the notes says that there exist constants {c, }nez with >, [c;| <
oo such that X, = Zjez ¢jZn—; for all n € Z. (The sum converges in L, by Proposition 7.5
in the notes.) From Proposition 7.7 in the notes, v satisfies

v(n) =Y coyzin—j+k) =0 ¢icjm,  YneZ

JkEZ JEZ
80, 3 nez V()] < 0% (3 ez ¢)* < 00,
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