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1. Question 1

Let N ≥ 1. We define the Fejér kernel FN : R/Z→ C to be the function

FN(x) :=
N∑

n=−N

(
1− |n|

N

)
e2πinx, ∀x ∈ R/Z.

Show that FN(x) is real valued and nonnegative ∀ N ≥ 1, ∀ x ∈ R/Z.
Solution.

FN =
1

N

N∑
`=−N

(N − |`|)e` =
1

N

N∑
`=−N

( ∑
−N+1≤j≤0≤k≤N−1: j+k=`

e`

)

=
1

N

N∑
`=−N

( ∑
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ejek

)
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1

N

N−1∑
k=0

ek
(N−1∑
j=0

ej
)

=
1

N

∣∣∣∣∣
N−1∑
n=0

en

∣∣∣∣∣
2

. (∗)

2. Question 2

Let f : R/Z→ C with ‖f‖1 :=
∫ 1

0
|f(x)| dx <∞. Show that

lim
n→±∞

f̂(n) = 0,

Solution. If ‖f‖2 <∞, then Plancherel’s Theorem says
∑

n∈Z |f̂(n)|2 <∞, so limn→±∞ f̂(n) =

0. In particular, if f is continuous, then f is bounded, so ‖f‖2 <∞, hence limn→±∞ f̂(n) = 0.
Let ε > 0. By e.g. the Weierstrass approximation theorem, let g : R/Z→ C be a continuous
function such that ‖f − g‖1 < ε. Note that

|f̂(n)− ĝ(n)| =
∣∣∣∣∫ 1

0

(f(x)− g(x))e−2πinxdx

∣∣∣∣ ≤ ‖f − g‖1 < ε.

So,

lim sup
n→±∞

|f̂(n)| ≤ lim sup
n→±∞

|ĝ(n)|+ ε = ε.

Since ε > 0 is arbitrary, we conclude that lim supn→±∞ |f̂(n)| = 0, as desired.

3. Question 3

Let {Zn}n∈Z be WN(0, 1). Consider the MA(1) process {Xn}n∈Z defined by

Xn = Zn − 3Zn−1, ∀n ∈ Z.

• Show that this process is not invertible (with respect to {Zn}n∈Z).

• Find polynomials φ̃, ψ̃ and find σ̃ > 0, {Z̃n}n∈Z that are WN(0, σ̃2) such that

φ̃(S)Xn = θ̃(S)Z̃n, ∀n ∈ Z,

and such that {Xn}n∈Z is invertible (with respect to {Z̃n}n∈Z.)
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Solution. We have θ(1/3) = 0. So, this process it not invertible by Proposition 7.17 in
the notes. (Invertibility means θ must have no zeros in the unit disc.) By repeating the
argument of Theorem 7.19 in the notes, we define

Z̃n := (1− S/3)−1(1− 3S)Zn = (1− S/3)−1Xn =
∞∑
j=0

(S/3)jXn =
∞∑
j=0

3−jXn−j, ∀n ∈ Z.

It then follows from Theorem 7.19 that {Xn}n∈Z is invertible (with respect to {Z̃n}n∈Z. So,

the polynomials we use are φ̃(z) := φ(z) = 1 and θ̃(z) = (1− z/3) for all z ∈ C.

4. Question 4

Let p, q be positive integers. Let {Xn}n∈Z be a real-valued ARMA(p, q) process. Assume
that φ(z) 6= 0 on {z ∈ C : |z| = 1}. Show that the autocovariance function γ : Z → R
satisfies ∑

n∈Z

|γ(n)| <∞.

Solution. Theorem 7.14 in the notes says that there exist constants {cn}n∈Z with
∑

j∈Z |cj| <
∞ such that Xn =

∑
j∈Z cjZn−j for all n ∈ Z. (The sum converges in L2 by Proposition 7.5

in the notes.) From Proposition 7.7 in the notes, γ satisfies

γ(n) =
∑
j,k∈Z

cjckγZ(n− j + k) = σ2
∑
j∈Z

cjcj−n, ∀n ∈ Z.

So,
∑

n∈Z |γ(n)| ≤ σ2(
∑

j∈Z cj)
2 <∞.
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