Graduate Probability Steven Heilman

Please provide complete and well-written solutions to the following exercises.

Due January 25, at the beginning of class.

Homework 1

Exercise 1. This exercises gives a strategy for proving a property for a generated o-algebra.

Let A be a collection of subsets of a set €2, and let p(A) be a property of subsets A of €2, so
that p(A) is true or false for each A € €. Assume the following:

e p(0) is true.

e p(A) is true for all A € A.

o If A C ) is such that p(A) is true, then p(A°) is also true.

o If Ay, Ay, ... C Q are such that p(A;) is true for all ¢ > 1, then p(U°, A;) is true.

Show that p(A) is true for all A € o(A). (Hint: what can one say about {A C Q :
p(A)is true}?

Exercise 2. Let n > 1. Show that the Borel g-algebra on R™ is generated by sets of the
form A; x -+ x A, where A; C R is a Borel set for every 1 <1 < n.

Exercise 3. Let n,m > 1. Let f: R® — R™ be a continuous function. Show that f is
measurable (if R”, R™ each have the Borel o-algebra.)

Exercise 4. Let X;: Q — 51,...,X,,: @ — S, be measurable functions. Show that the
joint function (Xi,...,X,): @ — 5] x -+ x S, defined by

(X1, Xn)(w) = (X1 (w), ..., Xn(w)), VweQ
is measurable.

Exercise 5. Let pu be a measure on a measurable space (€2, F). Using the axioms for a
measure, show:

e (Monotonicity) If A C B are measurable, then p(A) < p(B).
e (Subadditivity) If A;, As, ... are measurable (but not necessarily disjoint), then

lL(UZozlAn> < Z ,U(An)-

e (Continuity from below) If A; € Ay C --- are measurable, then p(U,A4,) =
lim,, o0 p1(Ay).

e (Continuity from above) If Ay D Ay D --- are measurable and if u(A;) < oo, then
u(N2,Ay) = limy, 00 pt(Ay). Then, find a measurable space (§2, F) and measurable
subsets By 2 By O --- such that u(N%, B,,) # limy, o pu(By).
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Exercise 6. Let (€2, F) be a measurable space. Let [—o0o, oo] have the Borel o-algebra.

e Let X: Q — [—00,00]. Show that X is measurable if and only if the sets {w €
Q: X(w) <t} are measurable for all ¢ € [—o0, 00].

o Let X,Y: Q — [—00,00]. Show that X =Y if and only if {w € Q: X(w) < t} =
{weQ:Y(w) <t} forall t € [—00,00].

o Let Xy, Xs,...: Q — [—00,00] be measurable. Show that sup,,~; Xy, inf,>1 X,
lim sup,,,_, ., Xm, and liminf,, ., X,, are all measurable. -

Exercise 7. Let u be a probability measure on R, where R has the Borel o-algebra. (Then
i is a Stieltjes measure.) Define the distribution function F': R — [0, 1] associated to u
by

F(t) == p((—o0,t]) = p{z e R: —oo <z <t}), vVt e R.
Show the following properties of F

e F'is nondecreasing.
o lim;, ., F(t) =0 and lim;_,, F'(t) = 1.
e F'is right continuous, i.e. F(t) = lim,_,;+ F(s) for all t € R.

Exercise 8. Let F': R — [0, 1] satisfy the three properties from Exercise 7. Show that there
exists a random variable X on (0, 1) with the Borel o-algebra such that

Ft)=P(X <t), VteR.

Here P is Lebesgue measure on (0, 1). (Hint: consider X (¢) := sup{y € R: F(y) < t}. Then
X is an inverse of F.)

Exercise 9. Let X be a random variable with cumulative distribution function F: R —
[0,1]. Show:

o P(X <t)=lim, - F(s).
e P(X =t)=F(t) — limy_,;— F(s).

So, P(X =t) =0 for all ¢t € R if and only if F' is continuous.

Exercise 10. Let p be a probability measure on R"™, where R™ has the Borel o-algebra.
Define the distribution function F': R™ — [0, 1] associated to u by

F(tl,. .. ,tn) = /L((—OO,tl] X oo X (—oo,tn])
:M({<(L'1,,l‘n) eER": —oco<x; <t;, V1 SZS”}% Viti,...,t, € R.
Show the following properties of F"

e [ is nondecreasing. (F(ti,...,t,) < F(t},...,t,) whenever t; <t/ V 1 <i<n.)

o limy, 4 oo F(t1,...,t,) =0 and limy, 4, oo F(t1,...,tn) = 1.

e F is right continuous, i.e. F'(ti,...,t,) = Ums, o), 00+ F(s1,...,t,) for all
t1,...,t, € R, where the limit restricts that s; > t; V1 <i <n.

o If ti,O S ti,l V1 S 1 S n, then

Z (—L)ertdentnp iy o ) > 0.
(wl ----- wn)e{ovl}n



