Graduate Probability Steven Heilman

Please provide complete and well-written solutions to the following exercises.

Due April 19, at the beginning of class.

Homework 11

Exercise 1 (Binomial Option Pricing Model). Let u,d > 0. Let 0 < p < 1. Let Y},Y5,...
be independent random variables such that P(Y,, = logu) =: p and P(Y,, = logd) =1 —p
V' n > 1. Let Z, be a fixed constant. Let Z,, := Yy +---+Y,, and let V,, := e%» V¥V n > 1.
In general, Vj, Vi, ... will not be a martingale, but we can e.g. compute EV,,, by modifying
Vo, Vi, ... to be a martingale.

First, note that if n > 1, then Z,, has a binomial distribution, in the sense that
P(Z, = Xo+ilogu+ (n—1)logd) = (n)p’(l —p)" vV0<i<n.
0

For any n > 1, let F,, := 0(Yp,...,Y,). Define
ri=plu—d)—1+d.
Here we chose r so that p = 1:+;d. For any n > 0, define
X, =04+7r)"V,.
Show that Xy, X1, ... is a martingale with respect to Fy C F; C ---. Consequently,
(1+7)""ES, = ESy, Vn > 0.

Exercise 2. Let My, My, ... be a martingale with EM? < oo for all n > 0. Show that the
increments My — My, M3 — Ms, ... are orthogonal in the following sense. For any 7,5 > 1
with ¢ # j,

E(Miyy — M;)(Mj41 — M;) = 0.
This property is sometimes called orthogonality of martingale increments.

Exercise 3. Let X be a real-valued random variable on a probability space (2, F,P).
Assume E | X| < co. Let Fy € F; C ---F be o-algebras. For any n > 0, define X,, :=
E(X|F,). Show that Xy, Xj,... is a martingale. (Optional challenge question: For any
martingale ((X,)n>0, (Fn)n>0), is there a random variable X with E|X| < oo such that
X, = E(X|F,) for all n > 07)

Exercise 4. Let M, N be stopping times for a martingale ((X,)n>0, (Fn)n>0). Show that
max (M, N) and min(M, N) are stopping times. In particular, if n > 0 is fixed, then
max(M, n) and min(M,n) are stopping times

Exercise 5. Let Xy, X1,... and let Yy, Y], ... be submartingales adapted to the same fil-
tration Fy C F; C ---. Show that Xy + Yy, X7 + Y7, ... is a submartingale adapted to the
filtration Fy C F; C ---. Consequently, a sum of supermartingales is a supermartingale,
and a sum of martingales is a martingale (when they are adapted to the same filtration).
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Exercise 6.

(i) Let ((X,)n>0, (Fn)n>0) be a submartingale. Show that, almost surely, E(X,|F,,) >

X, for any n > m. Consequently, n — EX,, is nondecreasing.

(i) Let ((Xn)n>0, (Fn)n>0) be a supermartingale. Show that, almost surely, E(X,,|F,,) <
X, for any n > m. Consequently, n — EX,, is nonincreasing.

(iii) Let ((Xn)n>0, (Fn)n>0) be amartingale. Let ¢: R — R be convex. Assume E [¢(X,,)| <
oo for all n > 1. Show that ((¢(X,))n>0, (Fn)n>0) is a submartingale.

(iv) Let ((Xn)n>0, (Fn)n>0) be a submartingale. Let ¢: R — R be convex and nonde-
creasing. Assume E |¢(X,,)| < oo for all n > 1. Show that ((¢(X,))n>0, (Fn)n>0) 18
a submartingale.

Exercise 7 (Azuma’s Inequality). In this exercise, we prove a generalization of the Hoeffd-
ing inequality to martingales. Let ¢y, co,... > 0. Let ((X,)n>0, (Fn)n>0) be a martingale.
Assume that |X,, — X,, 1| < ¢, for all n > 1. Then for any ¢ > 0,

t2

P(|X, — Xo| > 1) <2 X<,

Prove this inequality using the following steps.

e Let a > 0. Show that Ee®Xn=%X0) = F[e(Xn-1=Xo)F(eXn=Xu-1)| F ],

e For any y € [—1, 1], show that e*"¥ < 1%6“” + lg—ye*"‘cn.

e Take the conditional expectation of this inequality when y = (X, — X,,_1)/¢cx.
e Now argue as in Hoeffding’s inequality.

Using Azuma’s inequality, deduce McDiarmid’s Inequality. Let Xi,..., X,, be indepen-
dent real-valued random variables. Let ¢qy,co,... > 0. Let f: R®™ — R be a measurable
function such that, for any 1 < m <n,

sup lf(z1, . vmn) — (21, B, T Tty - )| < e
Ty sTm—1,Tm Ty sTm41,5--,Zn ER

Then, for any t > 0,
P(|f(X1,...,Xn) —Ef(X1,...,X,)| > 1) <2 2Tl
(Note that a linear function f recovers Hoeffding’s inequality.)

£ goes to infinity as p — 1t.

So, one might guess that the L, maximal inequality does not hold when p = 1. (If so, this
justifies the need to prove a weaker statement when p = 1, i.e. Doob’s inequality.) Using the
simple random walk on Z, show that the L, maximal inequality does not hold when p = 1.
(Hint: use the probabilities for a simple random walk taking one value before another, as we
did in class after Wald’s equation was introduced.)

Exercise 8. In the L, maximal inequality, the constant

Exercise 9. Show that the second part of the L, maximal inequality cannot hold when
Xo, X1, ... 1s a submartingale. That is, for any n > 1, find a submartingale Xy, Xy, ... such
that, for any p > 1, |[maxo<m<n [Xpn|[|, > 0 but such that |[X,[|, = 0. (Hint: just consider
a non-random sequence of numbers.)



