Graduate Probability Steven Heilman

Please provide complete and well-written solutions to the following exercises.

Due April 26, at the beginning of class.

Homework 12

Exercise 1. Let x1,29,... be a sequence of real numbers. Show that total number of up-
crossings of the sequence across the interval [a, b] is finite for any a,b € R with a < b if and
only if the sequence xq, xs, ... converges to some x € [—00,00|. (Here the random variables
in the definition of up-crossing are chosen to be constant X,, := z,, for all m > 0.)

Exercise 2. Below, we will use Doob’s Up-crossing inequality to show that the Ula,b] is
finite almost surely for a nonnegative supermartingale. In this exercise, we derive Dubins’
up-crossing inequality, an improvement to Doob’s result that gives exponential decay of
P(Ula,b] > t).

Let ((X})ns0, (Fu)ns0) and ((X2)n>0, (Fn)n>0) be supermartingales and let N be a stopping
time such that X5 > X%.

(i) (Switching Principle) For any n > 0, define Y,, := X!lys, + X21y<,. Show
that ((Yn)n>0, (Fn)n>0) is a supermartingale. Show the same conclusion for 7, :=
Xolnzn + X2 nan.

That is, if we use N to “switch” from one supermartingale to another, the random
variables do not increase at the time of “switching”, then we still have a supermartin-

gale.

(ii) Let Xo, X,... be a supermartingale with X,, > 0 for all n > 0. Let a,b € R with
b>a>0. Let Ny := —1 and for any integer k£ > 1, define
Nop_1 1= mln{m > Nop_o: X, < CI,}, Ny, = mln{m > Nop_1: X, > b}

Define Vg, Vi, ... such that V,, := 1 for all 0 < n < Ny, and for any k£ > 1,

L (b/a)kfl(Xn/a) , if Nop_1 < n < Ny,
e (b/a)k , if Ngk <n< N2k+1.

Using the switching principle, show by induction on %k that for any integer & > 1,
Voan,s Vian,, - - - 1s a supermartingale.
(iii) (Dubins’ Inequality) Show that for any b > a > 0 and for any integer ¢ > 1,

P(Ula,b] > t) < (a/b)’Emin(Xy/a, 1).

Exercise 3. Let ¢y, cs, ... be positive constants such that >~ ¢, < co. Let Y7, Ys,... be
independent random variables such that ||Y,||. < ¢, and EY,, = 0 for all n > 1, and let
X, =Y +---+Y, forall n > 1 with Xy := 0. Show that Xy, Xi,... is a martingale
that converges in every L, space with 1 < p < oo. That is, show there exists a real-valued
random variable X such that lim, . [| X, — X]|, = 0.
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Exercise 4. Let H be a collection of random variables on a probability space (2, F,P).
Let Y: Q — [0,00) with EY < co. Assume that, for all X € H, |X| <Y. Show that H is
uniformly integrable. In particular, if H is any finite set of random variables in L, then H
is uniformly integrable.

Exercise 5. Let H be a collection of random variables on a probability space (€2, F,P).
Show that H is uniformly integrable if and only if the following two conditions hold.

(a) supx e BIX| < oc.
(b) For any & > 0, there exists 6 > 0 such that

sup{E |X|14: Ae F,P(A) <6, X € H} <e.

(Hint: when X € H is fixed, which A with P(A) < 0 maximizes E|X|147 Also, to show
the first item, let € = 1/2 in the definition of uniform integrability.)

Exercise 6. Let H be a collection of random variables on a probability space (2, F,P).
The analytic definition of uniform integrability is just the second item of the above exercise.
That is, H is uniformly integrable in the analytic sense if and only if condition (b) holds in
Exercise 5. In the case that P is non-atomic, show that if condition (b) holds in Exercise 5,
then condition (a) holds. In summary, if P is non-atomic, then the probabilistic and analytic
definitions of uniform integrability coincide. (We say that P is non-atomic if for any A € F
with P(A) > 0 there exists B € F with B C A such that P(A) > P(B) > 0. An atom for
P is a set A € F such that, for any B € F with B C A, if P(B) < P(A), then P(B) = 0.
In a non-atomic probability space, the following holds and you do not have to prove it: for
any A € F with P(A) > 0, and for any ¢t € R such that 0 < ¢ < P(A), there exists B € F
with B C A and P(B) =t.)

Exercise 7. Show that condition (a) of Exercise 5 is not sufficient to prove uniform inte-
grability. In fact, the unit ball {X € L;: ||X]||; < 1} of L; is not uniformly integrable, in
general. More specifically, find a set of random variables X7, X5, ... on a probability space
(Q, F,P) with ||X,]||; <1 for all n > 1, but such that the collection H := {X;, Xs,...}
is not uniformly integrable. (Hint: let Q := {1,2,3,...} with the probability measure P
defined by P({n}) := 27" for all n > 1, and choose the X,, to have disjoint supports.)

Now, let p > 1. Show that the unit ball {X € L,: [|X]|, <1} of L, is uniformly integrable.

Exercise 8. Let Xi,X5,...: Q@ — R be i.i.d. random variables with E|X;| < oo. Then
% converges in L; to EX}.

(Hint: From the Strong Law, we already know that % converges almost surely to
EX;. So, conclude using the Vitali Convergence Theorem.)

Exercise 9 (Galton-Watson Process). Let (§,)in>1 be i.i.d. nonnegative integer-valued
random variables. Let Z, := 1 and for any n > 0 define

7 Sinp1 T+ Ezmm i Z, >0
n+l -— .
0 ,if Z, = 0.

Then Zy, Z1, ... is an example of a branching process, known as the Galton-Watson process.
The intuition is that Z,, is the number of individuals in the n!* generation of a family tree,
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and at each time step, each person has a certain number of offspring. Galton and Watson
originally used this process to model the occurrence of last names in human family trees, to
see why some names become common while others become extinct.

Vn>0,let Fi=0(m:i>1,1<m<n), and let u := E& ;. Assume u € (0, 00).

e Show that Zy, Z,/u, Zo/1i?, . . . is a martingale with respect to Fo, F1, . ... (Hint: write
E(Zy|Fo) = 302 E(Znsi 12,1 F).)

o If 4 < 1, show that P(Z, > 0 for infinitely many n > 0) = 0. Therefore, Z,/u"
converges to 0 almost surely as n — oo. Also, show that the expected total population
EY > ,Z, is finite. That is, extinction occurs as n — oo if the average number of
offspring is less than 1 for each individual.

o If p=1, and P(& 1 = 1) < 1, show that Zy, Zy, ... converges almost surely to 0.

Exercise 10. Explain why the following example does not contradict Doob’s Optional Stop-
ping Theorem.

Let Xy, Xq,... be the simple random walk on Z. Note that EXy; = 0 and Xy, X1,... is a
martingale. Let N := min{n > 1: X, = 1} be the return time to 1. Then N is a stopping
time and Xy =1, so EXy =1 # 0= EX,.

Exercise 11 (Gambler’s Ruin). We can now finally answer the question posed in our in-
troduction to the Gambler’s Ruin Problem. Let 0 < p < 1. Let 0 < a < yg < b with
a,yo,b € Z. Let Y1,Y5, ... be independent random variables such that P(Y,, = 1) =: p and
P(Y,=—-1)=1-p=:qVn>1 LetYy:=1yo Let Z, = Yo+ --+Y,, and let X,, := (q/p)?"
V' n > 0. For any n > 0, let F,, := o(Yy,...,Y,). We showed in class that Xg, X1,... is a
martingale with respect to Fo C Fy C ---. Let T'=min{n > 1: Z, € {a,b}}. That is, T is
the first time the random walk Zj, Z1, ... hits either a or b.

e Compute ¢ := P(Yr = a), using Doob’s Optional Stopping Theorem, when p # 1/2.

e Compute ET using Doob’s Optional Stopping Theorem, when p # 1/2. (Hint: Z, —
02p—1),21 — (2p—1),...is a martingale.)

e Compute Emin{n > 1: Z,, = a} when p < 1/2. (Hint: let b — o0.)

e Compute ¢ when p = 1/2 using the martingale Z,, 71, . . ..

e Compute ET when p = 1/2. (Hint: if yo = 0, then Z2 —0, Z? —1, ... is a martingale.)



