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1. PROBLEM SET 1

Exercise 1.1.

(i) Prove that for any sets A, B and C' we have
AU(BNC)=(AUuB)N(AUCQC), AN(BUC)=(ANB)U(ANCQC).

(ii) Let S be an index set and let A4 be a family of subsets of some set X. Let A := X\ A.
Prove De Morgan’s laws

(UAS> = 4, (ﬂAS> =4
ses seS seS seS

Proof of (i). Let P,@Q and R be statements. We use A to denote “and,” and we use V to
denote “or.” We begin with the following truth table
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TABLE 1. A Truth Table
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Now, let P be the statement “x € A)” let () be the statement “x € B,” and let R be
the statement “z € C.” By the construction of Table [I} the rows of the table exhaust the
23 = 8 possibilities for the location of z. So, since the fourth and fifth columns of Table
are identical, we conclude that PV (Q A R) = (PV Q) A (P V R). By definitions of P, @ and
R, weget AU(BNC)=(AUB)N(AUC). Also, since the sixth and seventh columns of
Table [1] are identical, we conclude that P A (QV R) = (P A Q) V (P A R). By definitions of
P,Q and R, we get AN(BUC)=(ANB)U(ANCQC). O

Proof of (ii). Let x € UgegAs. Then x € UzegAs if and only if there exists s’ € S such that
x € Ay. Let P be the statement x € U,egAs. The statement x € (UsegA,)© is therefore
the negation of P. The negation of the statement “there exists s’ € S such that x € Ay”
is “for all s € S, x ¢ A, So, v € (UsesA,) if and only if, for all s € S, x ¢ A,. That
is, € (UgesAs)” if and only if, for all s € S, x € A% That is, x € (UsesA;)¢ if and only
if, z € NsesAS. We have therefore proved the first required law. We now proceed with the
second law.

Let x € NgesAs. Then x € NyegAy if and only if for all s € S, x € A,. Let P be the
statement © € NgegA,. The statement € (Nyegds) is therefore the negation of P. The
negation of the statement “for all s € S, z € A,” is “there exists s’ € S such that x ¢ A"
So, © € (NsesAs)® if and only if there exists s € S with z ¢ Ay. That is, © € (NyegA,)" if
and only if there exists ' € S with € AS. That is, x € (NsesAs) if and only if 2 € Ugeg AC.
We have therefore proved the second required law. O

Exercise 1.2. Show that the scalar product (-,-) on R" satisfies the parallelogram law or
polarization identity

@+ yl” + o —y|* = 2] + 2]y|”.
What does this identity mean for the parallelogram spanned by z and y, i.e. the parallelo-
gram with vertices 0, x,y and x + y?

Proof. Let x,y € R". Then
z+y’ +le -y’ =(e+y.z+y) + (& —yz—y)
= (z,2) + 2(z,y) + (. y) + (2, 9) + (¥, y) — 2(z,y)
= 2(z, ) + 2(y, y)
=2z +2y*.

Geometrically, this identity says that the sum of the squared lengths of the diagonals of a
parallelogram is equal to the sum of the squared lengths of the edges of the parallelogram. [J

Exercise 1.3.

(i) Prove that if A and B are closed, then AU B is also closed. Find an example that
shows that infinite unions of closed sets are not necessarily closed.
(ii) Prove that if for each s € S the set Ay is closed, then NycgA; is also closed.

Proof of (i). Let A, B be closed sets. By the definition of closedness, A° and B¢ are open.
From De Morgan’s law, (AU B)¢ = A°N B¢. We have therefore exhibited (AU B)¢ as a finite
intersection of open sets. Therefore, (AU B)° is open, and its complement A U B is closed,
as desired.



We now claim that (0,1) = U,>3[1/n,1 — (1/n)]. Let = € (0,1). Then there exists n € Z,
n > 3 such that 1/n < 2 < 1—(1/n). So, (0,1) C U,>3[1/n,1 — (1/n)]. Now, let = €
Up>3[1/n,1—(1/n)]. Then there exists n € N, n > 3 such that z € [1/n,1—(1/n)] C (0,1).
Therefore, U,>3[1/n,1 — (1/n)] C (0,1). Therefore (0,1) = U,>3[1/n,1 — (1/n)]. O

Proof of (ii). Let As be closed, s € S. Then A¢ is open for all s € S. From De Morgan’s
law, (Ngesds)® = UsesAS. Since an arbitrary union of open sets is open, we conclude that
(NsesAs)¢ is open. Therefore, its complement Nyeg Ay is closed, as desired. O

Exercise 1.4.

(i) Show that
fHANB) = AN fU(B),  fI(AUB)= (AU fH(B).
(ii) Show that
f(AUB) = f(A)Uf(B),  f(ANB)C f(A)Nf(B).

Find an example to show that, in general, f(A N B) is not equal to f(A) N f(B).
Show that if f is injective, then we have

fLANB) = f(A) N f(B).
Proof of (i). We first show that f~}(AN B) = f~1(4A) N f~/(B).

r€ Y ANB) < f(z) € ANB
< f(zr) € Aand f(z) € B
<« xc f(A)andr € f(B)
=€ (f71(A4)n(f1(B).

We now show that f~*(AUB) = f~1(A)U f~1(B).

v€fHAUB) < f(r)e AUB
< f(z) € Aor f(z) € B
= zec fH(Aorze f(B)
= ae (fTHA))UI(B).

Proof of (i1). We first show that f(AU B) = f(A) U f(B).
r € f(AUB) <= 3y € AU Bsuch that f(y) =«
<= dy € Aordy € Bsuch that f(y) =z
<z € f(A)orz € f(B)
<~z € f(A)U f(B).
We now prove that f(ANB) C f(A)Nf(B). Let x € f(ANDB). Then there exists y € ANB

such that f(y) =z. So,y € Aand y € B, and f(y) = x. Then z € f(A) and x € f(B), so
x € f(A)N f(B). Combining our implications, we conclude that f(AN B) C f(A) N f(B).
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We now construct a function f and two sets A, B such that f(ANB) # f(A)N f(B). Let
f: R — R with f(z) = 2% let A=[-1,0] and let B = [0, 1]. Then
FANB) = £(0) =04 [0,1] = 0,1] 1 [0,1] = £(4) " ()

Now, assume that f is injective. We show the reverse implication f(ANB) 2 f(A)Nf(B).
Let z € f(A) N f(B). Then x € f(A) and = € f(B). So, there exist y € A and y' € B such
that f(y) = z and f(y') = x. Since f is injective and f(y) = f(v'), we conclude that y = ¢/'.
Since y € A and y € B, we conclude that y € AN B. Since f(y) = x, we conclude that
x € f(AN B). Combining our implications, we conclude that f(ANB) D f(A)N f(B). O

Exercise 1.5.

(i) Let Ay, Ag, As, ... be subsets of some set X, and define

U::ﬁDAk, V::GﬁAk.

n=1k=n n=1k=n

Which one of U UV and V U U is true? Prove your claim.
(ii) Let (fx)ren be a sequence of functions on some set X, and let f be a function on X.
Show that the set of convergence C defined by

C:= {x € X: ]}Lrgofk(x) = f(a:)}

may be written as

[ e ol o]

c=NUN{rex: 1w - 1@<}

(=1 n=1k=n
Proof of (i). We show that V' C U, but in general, U # V. Observe
reN U, A<= VVn>1 zeUy2 A
<= Vn>1,dk >nsuch thatz € A
<= there exist infinitely many &£ > 1 such that x € Ay. ()

xeUp, Mi2, A <= dn > 1, such that z € N2, Ay
<= 3dn > 1, such that Vk > n,z € A;. (%)

Now, let z € V. From (xx), 3 n > 1 such that V £ > n, z € A;. In particular, there exist
infinitely many k& > n > 1 such that x € A;. Therefore, from (x), z € U. We conclude that
VCU.

However, in general, V' # U. For example, for k even, let Ay := [0, 1], and for k£ odd, let
Ag :=[=1,0). From (xx), V =, and from (), U = [—1,1]. So, in this case, U # V. O

Proof of (ii). Let Uy = U2y M2, {2z € X: [fu(z) — f(x)| < }. From (xx), x € Uy if and
only if: there exists n > 1 such that, for all & > n, |fr(x) — f(z)| < 1/¢. So, x € N2, if and
only if: for all £ > 1, there exists n > 1 such that, for all £ > n, |fi(z) — f(x)| < 1/¢. And
the latter condition is the definition of the statement limg_,o frx(2z) = f(x). We conclude
that C' = Ny2,Uy, as desired. O



Exercise 1.6. Prove that a sequence in R™ converges if and only if all of its components
converge.

Proof. Let x = (xy,...,2,) € R", ¢ > 0. Let By(z,e) := {y € R": |z —y| < ¢}, and let
Boo(z,¢) == {y € R": max;—;

-----

n 1/2 1/2 n
x| = <Z xf) < <ni£11axnxf) = \/ﬁiirllaxn|$i| <+n (Z 5312)
i=1 =1

1/2

These inequalities imply the following set containments
Bs(z,€) € Boo(2,8) € Ba(w,ev/n)  (x)

We now prove the forward implication of the exercise. Let z9) — 2 in R™ as j — oo.
Then 290 — z if and only if: ¥ ¢ > 0, 3 N € N such that, for all j > N, 1) € By(x,¢). So,
using (%), Ve > 0, 3 N € N such that, for all j > N, 29 € B, (z,¢). By the definition of
B(z,e),Vi=1,...,n,Ve>0,3 N € N such that, for all j > N, ]ml@ — ;| < e. That is,
each component of the sequence converges.

We now prove the reverse implication of the exercise. Suppose that, for all e =1,... n,
a:l(j) — x;as j — 0o. Then, Ve > 0,3 N(i) € Nsuch that, for all j > N (i), |x£j)—:1:i\ <e/\/n.
Define N’ := max;—y__, N(i). Then, Ve >0, 3 N = N’ € N such that, for all j > N,
|x§j) — x| <e/y/nVi=1,...,n By the definition of By (z,g), Ve >0, 3 N € N such
that, for all j > N, x € By (z,e/y/n). Using (x), Ve > 0,3 N € N such that, for all j > N,
x € By(x,¢). That is, 290 — x, as desired. O

Exercise 1.7. Given a set A, the closure A of A is defined as

A= ﬂ B.

BDA:
B closed

(i) Prove that A is closed. Hence, A is the smallest closed set containing A.

(ii) Show that
A = AU {limit points of A}.
(iii) Show that AUB = AUB and AN B C ZF_WE._
(iv) Find an example that shows that AN B # AN B in general.

Proof of (i). From De Morgan’s law, (A)° = Up>4. BeoeseaBS. Since each set B is closed,
(A)¢ is a union of open sets. That is, (A) is open, and therefore A is closed. O

Proof of (). From the definition of A, we know that A C A. So, to prove our desired
equality, it suffices to show that A\ A = {limit points of A} \ A.

We first show that A~ A C {limit points of A} \ A. Let z € A~ A. Suppose for the sake
of contradiction that x € ({limit points of A} \ A)¢ = {limit points of A}*U A. Since = ¢ A,
x € {limit points of A}¢. Then, by negating the definition of the limit points, there exists
r > 0 such that By(z,7) N (A~ {z}) = 0. Since v € AN A, v ¢ A. So, there exists r > 0
such that By(z,7) N A = (. Since By(x,7) is open, A C By(x,r)¢, and By(z,7)¢ is a closed
set. So, A C By(x,r)¢. In particular, ¢ A, a contradiction. We therefore conclude that
A~ A C {limit points of A} \ A.



We now show that A~ A D {limit points of A} . A. Let x be a limit point of A such
that x ¢ A. Since z is a limit point of A, for n € N, there exists z, € AN B(z,27")
with x, # x. We need to show that x € B. We argue by contradiction. Assume that
7 € (ANA) = (A)°UA. Since v ¢ A, x € (A)°. From De Morgan’s law, © € Up>4_B closed BC-
That is, there exists a closed B such that B O A and such that ¢ B. Since B is closed, B¢ is
open, so there exists € > 0 such that B(z,e)N B = (). But if we choose N such that 27V < ¢,
then zxy € AN B(z,27) C AN B(x,e). But since A C B, xy € B(z,e) C B® C A
The latter statement contradicts zy € A. We therefore conclude that z € A~ A, i.e.
A~ A D {limit points of A} \ A. O

Proof of (iii). We first show that AU B C AUB. From (ii), we know that AU B = AUBU
{limit points of AUB}. If z is a limit point of AUB, then ¥V r > 0, B(x,r)N((AUB)~{z}) #
0. So, ¥V n > 1, there exists x, € (B(z,27") ~ {z}) N (AU B). By taking a subsequence
of the sequence (Zn)nen, We may assume that either (z,,)jen € A or (2,,)jen € B. So,
either B(z,r) N (A~ {z}) # 0 for all > 0, or B(z,r) N (B~ {z}) # 0 for all r > 0. That
is, z is a limit point of A, or x is a limit point of B. So, from (i), z € AU B. That is,
{limit points of AU B} C AU B. Therefore, AUB = AU B U {limit points of A U B} C
AUBU (AU B) = AU B, proving our first containment.

We now show that AUB 2 AUB. Let #+ € AU B. From (ii), AUB = AUBU
{limit points of A} U {limit points of B}. Let x € {limit points of A} U {limit points of B}.
That is, x is a limit point of A, or z is a limit point of B. So, either B(z,r) N (A~ {z}) #0
for all » > 0, or B(xz,r) N (B~ {x}) # 0 for all » > 0. In either case, B(z,r) N ((AU
B) ~{z}) # 0 for all » > 0. So, z is a limit point of AU B. And from (ii), z € AU B.
That is, {limit points of A} U {limit points of B} C AU B. Therefore, AUB = AU B U
{limit points of A} U {limit points of A} C AU BU AUB = AU B, proving our second
containment.

We now show that AN B C ANB. From (ii), AN B = ANBU{limit points of ANB}. Since
AC Aand B C B, ANB C ANB. So, it suffices to show that {limit points of ANB} C ANB.
Let z be a limit point of AN B. Then V r > 0, B(z,7) N (AN B)~ {z}) # (. In particular,
for all » > 0, and B(x,r) N (B~ {z}) # 0, and for all » > 0, B(z,r) N (A~ {z}) # (). That
is, z is a limit point of A and z is a limit point of B. So, from (ii), z € A and € B. That
is, v € AN B. In conclusion, ANB C AN B. O

Proof of (). Let A :=1[0,1] N Q, and let B := [0,1] ~~ A. By the density of the rationals,
V€ [0,1 and for all » > 0, 3y € A with 0 < |y — 2| < r. Also, by the density of the
irrationals, V « € [0,1] and for all » > 0, 3y € A with 0 < |y —z| < r. So, from (ii),
[0,1] € B and [0,1] € A. Since [0,1] is closed and [0,1] 2 A, [0,1] 2 B, the definition of
the closure shows that [0,1] 2 A and [0,1] 2 B. Combining our containments shows that
A =B =[0,1], so that AN B = [0,1]. However, by construction, AN B = (), so by the
definition of AN B, AN B = {). In particular, ANB =1[0,1]#0=ANB. O

Exercise 1.8.

(i) Prove the following characterization of continuity. A function f is continuous at a
if and only if every sequence (74)ren that converges to a has a subsequence (zy,)jen
such that lim;_,. f(zx,) = f(a).



(ii) Suppose that f is a continuous, bijective function defined on a compact set A. Show
that f~! is also continuous.

(iii) Can you find an example of a continuous, bijective function f such that f~! is not
continuous?

Proof of (i). The forward implication follows directly from the limit point definition of conti-
nuity. We therefore prove the reverse implication. We first consider the case that f: R* — R
is our function. Assume that every sequence (xj)reny that converges to a has a subsequence
(7, )jen such that lim;_. f(zx,) = f(a). We prove by contradiction that f is continu-
ous. Assume for the sake of contradiction that f is not continuous. Then there exists
a € R™ and there exists a sequence (xy)geny such that xy — a as k — oo, and either
(1) img oo f(z1) # f(a), or (2) the limit limy_,o f(xx) does not exist. In either case, let
(71, )jen be the subsequence guaranteed by our assumption such that lim; .o f(zx,) = f(a).
In case (1), we have limy_,o f(21) = lim; o f(zx,) = f(a), a contradiction. In case (2), let
(ax)ken, (br)ken be subsequences of (z)ren such that limy_,o f(a) = limsup,_, . f(xx) and
such that limy_, f(bx) = liminf,_,o f(2%). By assumption, we can take subsequences of a,
and by, such that lim;_. f(ax;) = f(a) and such that lim; ,o f(bx,) = f(a). But then
limsup f(z) = lim f(ax) = lim f(ax,) = f(a) = lim f(by,) = lim f(by) = liminf f(zy).

k—00 k—o00 Jj—ro0 Jj—ro0 k—roc0 k—ro0
That is, limg_, f(zx) exists, a contradiction. So, in any case, we achieve a contradiction.
We conclude that f is in fact continuous, as desired.

We now note how to prove the general case, where our function is f: R” — R™. As before,
the forward implication follows directly from the limit point definition of continuity. We
therefore prove the reverse implication. Assume that every sequence (xy)gen that converges
to a has a subsequence (y,);en such that lim;_, f(z,) = f(a). We prove by contradiction
that f is continuous. Assume for the sake of contradiction that f is not continuous. Then
there exists a € R™ and there exists a sequence (zy)gen such that xp — a as k — oo,
and either (1) limg_,0o f(zx) # f(a), or (2) the limit limy_, f(2x) does not exist. Suppose
Case (1) occurs. From the contrapositive of Exercise , there exists some component
i€ {l,...,m} of the vectors f(xy) such that limy_,. f(zx); # f(a);. But then we repeat the
argument above for the function f;: R™ — R and Case (1), and we achieve a contradiction,
as above. Now, suppose Case (2) occurs. From the contrapositive of Exercise , there
exists some component i € {1,...,m} of the vectors f(zy) such that limy_,~ f(zx); does not
exist. But then we repeat the argument above for the function f;: R™ — R and Case (2),
and we achieve a contradiction, as above. The exercise is therefore concluded. O

Proof of (i1). Let f: A — Y be a continuous, bijective function defined on a compact set
A. Since f is bijective, f7!: Y — A is a well defined function. Let (y)ren be a sequence
in Y such that yp — y. From part (i), it suffices to show that there exists a subsequence
(Y, )jen such that lim; o f~'(yx,) = f~'(y). Let aj be the unique elements of A such that
f(ax) = yk, and let a be the unique element of A such that f(a) = y. Then (ag)ren is
a sequence in the compact set A, so there exists a subsequence (ag,)jen and some o’ € A
such that ay, — @' as j — oo. Since f is continuous, lim; , f(ar,) = f(a’). That is,
lim;_,o yx; = f(a'). However, since y, — y, we conclude that y = f(a’). And since y = f(a),
we conclude by bijectivity of f that a = a'. So, ay, — a as j — oo, ie. [~ y,) = f'(y)
as j — 00, as desired.



Proof of (iii). Define f: [0,1)U[2,3] — [0,2] so that f(z) =« forx € [0,1), and f(x) =x—1
for x € [2,3]. We first show that f is injective. Let x,y € [0,1)U[2, 3] such that f(z) = f(y).
We break into three cases. In the first case z,y € [0,1), so by the definition of f, we must
have z = y. In the second case, x,y € [2,3], so by the definition of f, z — 1 =y — 1, i.e.
x = y. In the third and final case, z € [0,1) and y € [2,3], s0o x = y — 1. But y € [2,3]
implies y — 1 € [1,2], so it cannot happen that x = y — 1, i.e. this third case cannot occur.
In conclusion, if f(z) = f(y), we must have x = y, so f is injective.

We now prove surjectivity of f. Let y € [0,2]. If y € [0,1), then let x = y, and note
that f(x) =y and z € [0,1). If y € [1,2], then let z = y + 1, and note that f(z) = y and
x € [2,3]. In conclusion, every y € [0,2] has an = € [0,1) U [2, 3] such that f(z) =y, so f is
surjective.

We now prove continuity of f. Let z, — z, z,,z € [0,1) U[2,3]. In particular, for
e = 1/2, there exists N such that k > N implies |z, — 2| < 1/2. So, by discarding finitely
many terms of the sequence (z,)nen, Wwe may assume that either (1) z,,z € [0,1) Vn € N
or (2) x,,x € [2,3] Vn € N. In case (1), f is continuous since f(z,) =z, = = f(z). In
case (2), f is continuous since f(x,) =z, — 1 — x —1 = f(z). Since all cases have been
exhausted, we conclude that f is continuous.

We now show that f~! is not continuous. Let y, = 1+ (—1)"/n. For n even, y, € [1,2],
and for n odd, y, € [0,1). From surjectivity of f, let x,, such that f(z,) = y,. Then for n
even, x, = 1 — 1/n, and for n odd, x,, = 2+ 1/n. In particular, the sequence (x,),en does
not converge. So, there exists a sequence y,, such that vy, — y, but lim,, o f~*(y,) does not
exist. That is, f~! is not continuous, as desired. O

Another proof of (iii). For a complex number z € C, let Re(z) denote the real part of z,
and let Im(z) denote the imaginary part of z. The set of complex numbers is identified
with the set R x R by the bijection z — (Re(z),Im(z)), and C is given the topology of
R x R. Also, define |z| := \/(Re(2))2+ (Im(2))2. Let S' := {z € C: |2|* = 1}. Let
f:1]0,27) — S be defined by f(t) = €. Since |¢!] = 1 for all t € R, we know that the
range of f is S' C C. Since each component of f(t) = (cos(t),sin(¢)) is continuous, f is a
continuous map. We now prove bijectivity of f. Suppose f(t) = f(t'), t,t" € [0,27). Then
=) = 1 and t — t' € (=2, 27). Since € = 1 only for z = 2kn, k € Z, we conclude
that t — ¢ = 0, i.e. t = /. Therefore f is injective. To see surjectivity of f, let z € S™.
Then (Re(z))? + (Im(z))? = 1. So, there exists t € [0,27) such that cos(t) = Re(z) and
sin(t) = Im(z). Therefore, f(t) = e = (cos(t) + isin(t)) = 2, as desired.

We have shown that f is a continuous bijective function. We now show that the inverse
map is not continuous. Let n > 1,n € Z. For n even, let x, = 1/n, and for n odd, let
xp =21 —1/n. For n > 1, let y,, :== f(x,). Then

lyn — 1|7 = |(cos(£1/n),sin(£1/n)) — (1,0)]* = (cos(1/n) — 1)® + sin?(1/n) < 2/n?.

Therefore, y, — (1,0) as n — oco. However, f~'(y,) = w, does not converge as n — oo.
If we restrict attention to even n, then x, — 0 as n — oo. But if we restrict attention to
odd n, then z, — 2xn. In particular, z, does not converge to any number. So, we have a
sequence ¥, such that y, — y, but lim, . f~'(y,) does not exist. We conclude that f~!is
not continuous, as desired. [l



2. PROBLEM SET 2
Exercise 2.1. Prove that a uniformly continuous function is continuous.

Proof. Let f: X — R" be uniformly continuous. Then, ¥V & > 0, 3 § = d(¢) > 0 such that,
Va,ye X,if 0 < |z —y| <d, then |f(z) — f(y)| < e. In particular, if we fix z € X, then V
e>0,30=0(c) >0 such that, Vy € X, if 0 < |z —y| <6, then |f(x) — f(y)| <e. That
is, f is continuous. 0

Exercise 2.2. Does the function

f(m,y):m

23 — P

have a limit as (x,y) — 07 If yes, give a limit. Answer the same question for the function

g(x,y)=<x+y3,fv+ 2:): 2)
T +y

Proof. We show that lim 0 f(z,y) = 0. Let 0 < e < 1. We need to find § > 0
such that 0 < |(z,y)| < ¢ implies that |f(z,y)| < e. We claim that § := ¢/10 suffices.
First, suppose (z,y) satisfies 0 < |(x,y)| < 4. Since |z| = (Jz[*)"/? < |(x,y)| < §, and
lyl = (Jy|H)Y? < |(z,y)| < 6, we know that |z| < & and |y| < 4.

We will consider two separate sets. Define

A= {(z,y) e RxR: Jy| > [x] /2,0 <[(z,y)] < 0}

Bi={(z,y) e RxR: [y| <[] /2,0 <|(z,y)] < 5}
Then AUB = {(z,y) € RxR: 0 < |(z,y)] < d}. Let (z,y) € A. Then, by the definition
of A, [yl > |z /8, s0 2 — y?| < |a’ + |y|* < 9]y[*. Also, [|& —y| +y?| > y* Moreover,
since (z,y) € A, |(z,y)| <9, so |y| < 0 < £/10. Combining these observations,
of —y*l 9yl
fla,y)| = < =
v e —yl+y* T 9

So, (z,y) € A implies that |f(x,y)| < e.

Now, let (x,y) € B. Then, by the reverse triangle inequality and the definition of B,
|z —y| > |z| — |y| > |z| /2. Therefore, ||z —y|+y*| > |z —y| > |x|/2. Also, by the
definition of B, |z® — | < |z|* + |y|* < (9/8) |z|*. Moreover, since (z,y) € B, |(z,y)| < 6,
so || < 6 < &/10. Combining these observations,

jo* =y _ 9a/’ 2_ 3
‘g(x7y)‘ - |x—y| +y2 < Z_l ’JI| < 3|$| < mg <e
In the last line, we used that ¢ < 1, so €2 < e. So, (z,y) € B implies that |f(z,y)| < e.

By combining the results for A and B, we conclude that, if (z,y) € AUB, i.e. if |(z,y)| < 6,
then |f(z,y)| < e, as desired. In conclusion, f is continuous at 0.

We now show that lim, ) 0,0y 9(2, y) does not exist. We argue by contradiction. Suppose
lims y)—(0,0) 9(7,y) = (a,b), (a,b) € R x R. For n € N, let (z,,¥,) such that z, = 27" and
Yn = Tn. Then (z,,y,) = (0,0) as n — oco. So, since lim gz 40,0 (2, y) exists, we must
have

9
9|y|§1—06<8.

lim g(z,,y,) = (a,b). (%)

n—oo



However,
2—n

o _ -n —-3n o—n
0w n) = slansan) = (274290274 g2

> — (2771 4 27371’2771 4 2n71)

Now, let N such that n > N implies 2°7! > b+ 1. Then 27" + 27! > 2n=1 > p 41 > 0.
So, it is impossible that lim,, o g(@n, yn) = (a,b), since n > N implies |g(xn, yn) — (a,b)| >
|27 +2"~1 —b| > 1. Since we have achieved a contradiction, we conclude that the limit
lim ;) (0,0) 9(,y) does not exist. O

Exercise 2.3. Find a continuous function f and an open set U such that f(U) is not open.

Proof. Let f(x) := sin(z), and let U := (—m, 7). We claim that f(U) = [—1,1]. Indeed,
f(r/2) =1, f(—n/2) = —1, f is continuous on [—7/2,7/2], so by the intermediate value
theorem, f[—n/2,7/2] D [—1,1]. Also, |f(x)| <1 for z € R, so f(U) C [-1,1]. Therefore,

~1,1] € fl-n/2,7/2] € f(U) € [1,1].
We conclude that f(U) = [—1,1], as desired. O

Exercise 2.4. A function f: D — R™ for D C R" is called Lipschitz continuous if there
exists a constant L such that

\f(z)— fly)| < Llx—y|, Vz,y€eD.
The constant L is called the Lipschitz constant of f.

(i) Prove that a Lipschitz continuous function is uniformly continuous.

(ii) Find an example of a uniformly continuous function that is not Lipschitz continuous.

(iii) Prove that the function x — |z| is a Lipschitz continuous function from R™ — R.

(iv) Prove that the function (x,y) — x+y is Lipschitz continuous function from R" xR" —
R™.

(v) Prove that the inner product (x,y) — (z,y) is a Lipschitz continuous function from

D x D to R, for any bounded domain D.

Proof of (i). Suppose f is Lipschitz continuous with constant L. We now show that f is uni-
formly continuous. Let € > 0. Then, define 6 = §(¢) :==¢/L. Andlet z,y € D. If |z — y| <4,
then the definition of Lipschitz continuity implies that |f(z) — f(y)| < L]z —y| < Ld < ¢,
where in the last line we used our definition of 4. In conclusion, f is uniformly continuous. [J

Proof of (ii). Let D := [0,1], and for € D let f(x) := /z. We first show that f is
uniformly continuous. Let € > 0. Then let § := £2/2. If |z — y| < § with z,y € [0,1], then
by concavity of f, and the definition of 9,

0 101 = V& - Vil =2 |5 <ovfo=al < VB e

So, f is uniformly continuous on D. However, f is not Lipschitz, since for x > 0,

|f(0)_f(13)‘/|0—$|:ﬁ/\x|=x71/2—>ooasx—>0.

10



Proof of (iii). We show that f(x) := |z| is Lipschitz with constant L = 1, i.e. ||z]| — |y|| <
|z —yl|, x,y € R™. However, this is just the reverse triangle inequality. For completeness, we
prove this inequality from the usual triangle inequality. From the usual triangle inequality,
yl = |z + (y —2)| < [z[+ [y —=[, so |y| — |z] < |y — x| Similarly, |z| = |y + (z —y)| <
ly| + |z — y|, so |z| — |y| < |xr — y|. Therefore,
|yl = || | = max([y| =[], |z] = |yl) < |y —=].
O

Proof of (iv). Let x,y,x1,y1, T2, y2 € R™. Let f(x,y) := x + y. We show that f is Lipschitz
with constant v/2, i.e.

|z1 +y1 — (22 +12)| < \/5](951,3/1) — (22, 12)| -

We first prove an inequality for real numbers a, b.

jal + [b] < V2(a® + 612 ()

o+ =2 (20 ‘b’)z

Observe

NI

2

1
Jal* + b[* \ * . 2
<2 — , by convexity of t — t°, t € R

—V3(a? + 1)V,
Now, we prove that f is Lipschitz continuous.
|1+ 91 — (v2 + o) = [(71 — 22) + (11 — v2)]
< |wy — x| + |y1 — y2| , by the triangle inequality on R"
< V2 (ja1— o+~ o) from (+)
= \/§|($1791) — (22, 2)]
[

Proof of (v). Let D C R" be a bounded set. So, there exists R > 0 such that D C Bg(0).
We prove that f(x,y) := (z,7) is Lipschitz with constant v/2R. Observe
|f(371,y1) - f(x27y2)| = ‘<$1,y1> - <$2,y2>‘
= [(z1,91) — (21, ¥2) + (21, 92) — (T2, 42|
= [{x1, Y1 — y2) — (T2 — 71, 72)|
< [x1,y1 — y2)| + [(x2 — z1,92)| , by the triangle inequality on R
< |x1] ly1 — yo| + |y2| |21 — 22| , by Cauchy-Schwarz
< R(Jy1 — y2| + |x1 — x2|) , by the definition of R
< V2R(ly = gol* + oy — )2 from (%)
- V2R (1, 51) — (22, 92)]-

11



O

Exercise 2.5. We say that f: D — R™ is a-Hélder continuous if there is a constant L such
that
|f(z) = f)| < Lz —y[*, Va,yeD.
(i) What does this condition mean for o = 1?7 What about o = 07
(ii) If @ > 0, prove that an a-Holder continuous function is uniformly continuous.
(iii) Prove that if D is bounded, o < 3, and if f is 5-Ho6lder continuous, then f is a-Holder
continuous.
(iv) Prove that if f is a-Hélder continuous for o > 1, then f is constant.

Proof of (i). If « = 1, then f is Lipschitz continuous with constant L. If « = 0, then f is a
bounded function, since for any z € D, |f(z)| < L+ |f(d)|, d € D fixed. O

Proof of (ii). Suppose f is a-Holder continuous of order o. We now show that f is uniformly
continuous. Let € > 0. Then, define § = §(¢) := (¢/L)"/*. And let 2,y € D. If |z — y| < 4,
then the definition of Holder continuity implies that |f(z) — f(y)| < L |z —y|* < Lé® < e,
where in the last line we used our definition of §. In conclusion, f is uniformly continuous. [J

Proof of (iii). Suppose f is p-Hélder continuous of order 5, and D is bounded. So, there
exists R > 0 such that D C Bg(0). We show that f is a-Hélder continuous. Let x,y € D.
By assumption, § — a > 0, so by the definition of R,
o —y”™ < (2] + 1y < @R (%)
Now, the definition of S-Hoélder continuity implies that

[f(@) = f) < Llz—yl” = Lz —y|" " = (L|z — y|"") |2 — y|"
< LQ2R)P |z —y|* , from (x)
In conclusion, f is a-Hoélder continuous. 0
Proof of (iv). Let a > 1. Let x,y € D. Fori =0,...,n, define z; := y+ (i/n)(x —y). Then
xo =y, and x,, = x, so by the triangle inequality,

n

Z (f(x:) = f(xi-1))

=1

|f(z) = fy)| = §Z|f(xi)_f(xi—l)|'

We now apply the Hélder continuity of f. Note that x; — z;_1 = (1/n)(z — y), so
@) = f@I S LY | —aia|* S LY n e —y| = Ln' o —y|
i=1 i=1

Since @« > 1, 1 — a < 0, and letting n — oo shows that |f(x) — f(y)] = 0, i.e. f is
constant. O

Exercise 2.6. A subset A CR" is dense if Vo € R" and V e > 0, AN B.(z) # 0.

(i) Prove that Q is dense in R.
(ii) Using (i), prove that Q" is dense in R"
(iii) Let f,g be continuous functions and let A be a dense set in R™. Prove that if
f(z) =g(x) Vz € A, then f(z) = g(x) Ve € R"™

12



Proof of (i). Let x € R and let ¢ > 0. Then B.(z) = {y € R: |y —z| < €}. From the
Archimedean property of the real numbers, there exists n € N such that 107 < . Write x
uniquely as an infinite decimal number without an infinite sequence of repeating 9’s. That

is, write © = apQm_1 - ag.bibobs - - -, where a;,b; € [0,9] NZ for all i. Then the number
Y "= U1 - - - Qg.b1bg - - - by, is Tational, and |z — y| < 107" < e. So, y € B.(z). Therefore,
Q is dense in R. O

Proof of (ii1). Let © = (21, ...,2,) € R" and let € > 0. From equation (%) in Exercise |1.6]
C:={yeR": max lz; — yi| <e/v/n} C B.(z) (1)

7777 n

Y= (Y1,...,Yn). Since y; € Q for i = 1,...,n, y € Q. Also, max;—1__n |z; — yi| < &/\/n.
So, y € C. And from (f), y € C C B.(x). Therefore, Q" is dense in R™. O

Proof of (iii). Let x € R™. Since A is dense, if m € N, then there exists y,, € A such that
|Ym — x| < 27™. By construction, y,, — x as m — oco. Then, using our assumption on f, g,
fWm) = g(ym) for all m € N, so

F@) = T fla) = Tim grn) = g(x).

Exercise 2.7. Define f: R — R by

)1 ifrzeQ
f@)_{o ifzrd Q.

Show that f does not have a limit at any point in R.

Proof. We first show that the set R \ Q is dense in R. Let ¢;, ¢, ... be a countable enu-
meration of the rationals. Let x € R and ¢ > 0. We want to find a y € R ~. Q such that
y € B.(z). Consider the union of open intervals

V= U (g —e27"/4,q, + 27" /4).
neN

The total length of the set V' is bounded by > >, 27"/2 = /2. But the length of B.(x)
is 2¢. So, there exists a y € B.(x) such that y € V. But Q C V by construction of V', so
VeCQQ=R~NQ,s0y e Ve CRNQ, as desired.

We now show that f does not have a limit in R. We argue by contradiction. Suppose
f has a limit at some point z € R. Then for ¢ = 1/3, there exists 6 > 0 such that, if
|z —y| < 6, then |f(z) — f(y)| < 1/3. From the density of the rationals in R (Exercise
ﬁ(i)), there exists y; € Q with |z — y;| < 0. Also, from the density of the irrationals in R
(proven above), there exists yo € R\ Q with |z — yo| < §. However, f(y;) =1 and f(y2) =0
by the definition of f. So, f(z) must satisfy |f(x) — 1| < 1/3, and |f(z) — 0| < 1/3. No real
number satisfies these two inequalities, i.e. we have achieved a contradiction. We conclude
that f does not have a limit in R. 0

Exercise 2.8. Using the one-dimensional Bolzano-Weierstrass theorem, prove that any
bounded sequence in R™ has a convergent subsequence.

13



Proof. Let (2"™),,en be a bounded sequence in R”. That is, there exists R > 0 such that
|z(™| < R for all m € N. Since (™ € R" write 2™ = (xgm),...,x%m)), xl(m) € R for
i=1,...,n. Now, for x = (z1,...,2,) € R,

n 1/2
max |z;| = ( max ]:z:i|2)1/2 < (Z |:1:1]2) = |z
1=1,....,n i=1,...,n Py

So, foralli =1,...,n, ’SEl(m)| < |ac(m)| < R. So, by applying Bolzano-Weierstrass for i = 1,

there exists a subsequence (xgm] ))jeN C R of the sequence (a:Y”))meN C R, and there exists

z1 € R such that g;Y”f) — x1 as m — oo. We label this subsequence so that (M) = 41,
Since we have taken a subsequence of the original sequence, we still have |x§] ’1)| < R for all
1 =1,...,n. Now, apply Bolzano-Weierstrass to the sequence (xgj’l))jeN C R. As before,
we have a subsequence (z0%));cy of the sequence (z9')),cy and some zo € R such that

xgm) — To as j — oo. Since we have taken a subsequence, we still have the property

1.2 . . . .
a:gj SN xr1 as j — oo. We continue this process n times. We get n nested subsequences

(D)jen 2 (@) jen 2 - 2 (@) jen.

Let z := (x1,...,1,), where z; is produced in the i" step of this process of taking subse-
quences. The final subsequence (z9™)) oy satisfies x?’”) —xjasj— oo, foralli=1,...,n.
The proof is therefore complete. 0

Exercise 2.9. Recall that a compact set A satisfies: for any open cover of A, there exists a
finite subcover of A.

(i) Find an example of a bounded set together with an open cover which has no finite
subcover.

(ii) Find an example of a closed set together with an open cover which has no finite
subcover

Proof of (i). Let A:=(—1,1), and forn >2,n € Nlet A, :=(-1+1/n,1 —1/n). We first
show that U2, A, = A. Since each A, satisfies 4,, C A, it follows that U ,A, C A. For
the reverse inclusion, let x € A. Then there exists € > 0 so that || < 1 —e. Let n € N
such that 1/n < e. Then |z| <1 —1/n,and A, ={y € R: |y| <1 —-1/n},sox € A,. In
particular, x € U2, A,,. Therefore, A C U ,A,,. We conclude that A = U2, A,.

We now that that this cover has no finite subcover. We argue by contradiction. Suppose a
finite subcover exists. That is, there exist natural numbers ny, ..., n; withn; <ng <--- <mn;
such that A C A, U---UA,, . Since N < M implies Ay C Ajps, we conclude that A C A, .
But the point x := 1 —1/(2n;) satisfies x ¢ A, but x € A. This statement contradicts the
inclusion A C A,,,. We conclude that this cover has no finite subcover. O

Proof of (i1). Let A:=R, and forn € N, let A, := (n—1,n+1). Recall that A is closed. We
first show that U,czA,, = A. Since each A, satisfies A, C A, it follows that U,czA, C A.
For the reverse inclusion, let € A. Then there exists n € Z such that |n —z| < 1. So,
x€(n—1,n+1)=A,. Inparticular, z € U,ezA,. Therefore, A C U,ezA,. We conclude
that A = UneZAn~

We now that that this cover has no finite subcover. We argue by contradiction. Suppose
a finite subcover exists. That is, there exist natural numbers n,...,n; such that A C
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Ap, U---UA,,. Let N := max;—;__;|n;|. By the definition of A,, we therefore have
ACA,U---UA,, C(-N-2 N—i—2) But the point x := N+3 satisfies © ¢ (—N—2, N+2),
but x € A. This statement contradicts the inclusion A C (=N — 2, N + 2). We conclude

that this cover has no finite subcover. O

Exercise 2.10. Let f be defined by

22| e~ lv/e*] yif x #£0
f@w=|W| vl
0 ,ifx =0
Prove that f is discontinuous at (0,0). Prove that f is continuous along any line passing
through the origin.

Proof. We first show that f is discontinuous at (0,0). For n € N| let =, := 27", and let
Yn = 22. Then (z,,,y,) — (0,0) as n — oo. Then

T}Lngo f(@n, yn) = e # 0= f(0,0).

Therefore, f(x,y) is discontinuous at (0,0).

We now show that f is continuous along any line passing through the origin. Since
f(z,y) = 0 along the line x = 0, f is continuous on this line. Now, consider any other line,
i.e. let A € R and consider the set Ay 1= {(z,y) € R x R: y = Az}. Let (x,,y,) € Ay such
that (z,,y,) — (0,0) as n — oo with (x,,y,) # (0,0). Then y, = Az, for all n € N, so
Yn/22 = Ax;;t. Since (zn,y,) — (0,0) as n — 0o, @, — 0 as n — oo, by Exercise [L.6] So,

lim f(x,,y,) = hm Pr— e = lim M le ™ = lim re " =0 = £(0,0).
n—00 t—0 r—00

We conclude that f is continuous along any line through the origin. 0
Exercise 2.11. Define f: R — R such that

I 0 , if z is irrational
xTr) =
1/q ,if x =p/q with p € Z and ¢ € Z>, having no common divisor.

Prove that f is continuous at every irrational point and discontinuous at every rational point.

Proof. We first show that f is discontinuous at every rational point. In Exercise 2.7, we
showed that R \ Q is dense in R. So, given any rational number x, there exists a sequence
(@n)neny € RN Q such that z,, — x. However, by the definition of f, f(z,) = 0, but f(x) # 0.
Therefore, lim,, o f(z,) =0 # f(z), so f is not continuous at x.

We now show that f is continuous at every irrational point. Let x € R\ Q. Let € > 0.
We need to find 6 > 0 such that, if |y — x| < §, then |f(z) — f(y)| < e. Since x € R\ Q,
f(x)=0. So,ify e R\ Q, f(y) =0, and |f(z) — f(y)| = 0 < e. So, to prove continuity at
x, it suffices to only consider y € Q. Let g € Z>;. Consider the set

A, ={2 € Q: 3Ip € Z such that = = p/q}.

Then A, = {...,—3/¢,—2/¢,—1/¢,0,1/q,2/q,3/q,...}. Define f: R — R so that f(z) =
x/q. Then A, = f(Z). Let R > 2 so that |z| < R, and let T' € N such that 1/7 < e. Then

the following set is finite
D= <U A ) N Byr(0).
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Since D is a finite set and D C Q, we know that x ¢ D, so there exists a § > 0 such
that D N Bs(z) = 0 and such that Bs(xz) C Bag(0). For example, we could take § :=
mingep [z — d| /2. In summary, Bs(z) C (B2r(0) \ D).

Now, combining the definitions of 7', D and f, we have f(y) < e for all y € Byg(0) \ D.
Since Bs(xz) C (B2gr(0) \ D), we have f(y) < e for y € Bs(x). Since f(zx) = 0, we have
shown that, if |y — 2| < 6, then |f(z) — f(y)| = |f(y)| = f(y) < e. That is, we have shown
that f is continuous at every irrational point, as desired. 0

3. PROBLEM SET 3

Exercise 3.1. Show that the following functions are differentiable, and compute their dif-
ferentials.
3

i) f(r,y,2) = zi?n i) flx,y) = 3/\/x“ry lfa:y;é()())

2% —y’z
Proof of (i). To prove that f is differentiable, it suffices to show that each component of f
is continuously differentiable. That is, it suffices to show that each partial derivative of each
component exists and is continuous. The first the third component of f are polynomials,
so these components have continuous partial derivatives. And the second component of f
is a product of a polynomial and the infinitely differentiable sin function. So the second
component also has continuous partial derivatives. Since each component has continuous
partial derivatives, we conclude that f is differentiable. [l

Proof of (ii). To prove that f is differentiable on R? \ {(0,0)}, it suffices to show that
each partial derivative exists and is continuous on R? . {(0,0)}. For (x,y) # (0,0), f is a
composition of continuously differentiable functions, so the partial derivatives of f exist and
are continuously differentiable. It therefore remains to show that f is differentiable at (0, 0).

Let h = (hy, hy) € R% h # (0,0), let L(h) := 0 and observe

IﬂWHw—ﬂm—LMH_«ﬁéﬁ_LM)_ I (4 R

= = = |h

i i R R Ea
So, limy o |f(0+h) — f(0) — L(h)| /|| = 0, and f is differentiable at (0,0). We have
therefore shown that f is differentiable everywhere. O

Exercise 3.2. Suppose f: R" — R is differentiable and homogeneous of degree o € R, i.e.
f(tx) =t*f(x) for all x € R™ and ¢ > 0. Prove that f'(z)x = af(x).

Proof. Let z € R™ and let g: R — R"™ be defined by ¢(t) := tx. Write g = (g1, .., 9gn), S0 that
gi(z): R - R, 7 € {1,...,n}. Specifically, for z = (z1,...,x,) € R", we have g;(t) = tx;.
For i € {1,...,n}, we have dg;/0t = x;, i.e. ¢'(t) = x. So, each partial derivative of each
component of g is continuously differentiable. Therefore, g is differentiable. We now apply
the chain rule to the composition f(g(t)). Observe, (d/dt)(f(g(t))) = f'(g(t))d'(t) = f'(tz)x.
Then, by differentiating the identity f(tz) = t*f(x) with respect to t, we get

f'(tx)x = at* ' f(x).

Substituting t = 1 completes the exercise. 0
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Exercise 3.3. Prove that a continuously differentiable function on R” is Lipschitz continuous
on any compact subset of R".

Proof. Let A be a compact subset of R™. Since A is compact, there exists R > 0 such
that A C Bg(0). Since f is continuously differentiable, the function = — |V f(z)| is a
composition of continuous functions. So, since Bg(0) is compact, there exists 7" > 0 such
that |V f(x)] < T for all x € Br(0). Let z,y € A with x # y, and let v := y — x. Write
f: R" — R, and define g: [0,1] — R by g(t) := f((1 —t)x + ty) = f(x + tv). Then g is
continuously differentiable, since for A € [0, 1],

flz+tv+ Av) — f(z + o) i ¢
t t—0

By the Mean Value Theorem, there exists A € (0, 1) such that g(1) — g(0) = ¢'(\). So, from
(%), there exists A € (0, 1) such that

fy) = f(z) = Dy f(z + Av).

By convexity of Br(0), z,y € A C Bg(0) implies that = + Av = Ay + (1 — Az € Bg(0). So,
from Cauchy-Schwarz, the bound V z € Bg(0), |V f(z)| < T, and the definition of v,

[f () = f(@)] = Do f(z + Av)| = (V[ (z + dv),0)| < [V f(z+ o) Jo]| <T o] =Ty — x|
U

Dyf(x + Mv) = Pn%

Remark 3.4. It is possible to have a differentiable function on a compact set that is not
Lipschitz continuous. Consider f(x) = 2*2cos(1/z) on (0,1] with f(0) = 0. Then f is
defined on [0, 1], and f is differentiable, but the derivative of f becomes arbitrarily large as
x — 0, so one can show that the quantity |f(x) — f(y)|/ |z — y| also becomes arbitrarily
large, by choosing suitable x,y that converge to 0. Therefore, f is not Lipschitz.

Exercise 3.5.

(i) Let f: R™ — R be differentiable, and let y be a differentiable path such that f(y(t))
is constant. Prove that V f(vy(t)) is orthogonal to +/(t) for all t.

(ii) Suppose f: R™ — R is differentiable at a € R". The rate of growth of f in the
direction v € R™ is given by the directional derivative D, f(a). Show that the di-
rection of maximal growth, i.e. the unit vector v for which D, f(a) is maximal, is
V() [V f(a).

(iii) Interpret (i) and (ii) in terms of the following scenario: you are hiking in mountainous
terrain, and f(z,y) represents the height of the terrain. If you are in possession of a
map that includes contour lines, how should you walk if you want to reach a nearby
summit as quickly as possible? Illustrate your argument using a sketch.

Proof of (i). Let ¢ € R such that f(y(t)) = c¢. Since f,v are differentiable, we differentiate
the identity f(v(¢)) = ¢ with respect to ¢, and use the chain rule to get

(Vf(4(1)),7' (1)) = 0.
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Proof of (ii). Recall that D,f(a) = (Vf(a),v). Let v € R™ with |v] = 1. From Cauchy-
Schwarz,

Do f(a)l = [(Vf(a),v)] <[V f(a)l o] = [V[(a)].
It now suffices to find v with |v] = 1 such that D, f(a) = |Vf(a)|. If Vf(a) =0, let v be
any unit vector. If Vf(a) # 0, let v :=V f(a)/|Vf(a)|. Then
(Vf(a),v) = (Vf(a),Vf(a))/* =V f(a)|.
U

Proof of (iii). If we want to walk to a nearby summit as quickly as possible we should walk
uphill, perpendicular to the level sets of f, and hopefully we will not get stuck at a saddle
point. 0]

Janb

Exercise 3.6. Recall that a path is a continuous, piecewise continuously differentiable map
v: la,b] — R™. That is, there is a partition a = a9 < a; < --- < a = b such that v is
continuous differentiable on (a;, a;41) for each i = 0,...,k— 1. Recall also that a 1-form A is
a continuous map from R™ to the space of 1 X n matrices (i.e. the dual vectors). The path
integral of A\ along v was defined as

[r=] NGO (it

Finally, recall that the reversal of v: [0,1] — R"™ was defined by (—7v)(t) := v(1 —t), and
the join of two paths 1,7, [0,1] — R™ satisfying v;1(1) = 72(0) was defined as the path
(71 @ 72): [0,2] = R given by

) m() if £ € [0, 1]
(& )(t) = {72(75 ~1) ifte (1,2

//\_—/A, and / )\_//\Jr//\.
-y Y Y172 Y1 72

Proof. We first prove that f—w A= — fy A Let 0 =ap < a; < --- < ax =1 be a partition
of [0,1] such that ~ is continuously differentiable on (a;,a;+1) for i = 0,...,k — 1. Since

Prove that
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(— 7)(15) = (1 —t), we know that (—) is continuously differentiable on (1 — a;41,1 — a;) for
1=20,...,k—1. Now,

/1 - (1 =) (v(1 —1t))dt = /1 - Av(1—=1))(—' (1 —t))dt , by the chain rule

ai+1 —Qi4+1

:/ l A(v(t))Y'(t)dt , changing variables

ai+1

—— [ e

So,
/ A= Z / A1 = 1) (4(1 — 1))dt = — Z / A1) ()t = — / A

We now prove that f%% A\ = fw A+ fw M Let 0=ay <a; <---<a, =1 be a partition
of [0,1] such that ~; is continuously differentiable on (a;,a;1) for i = 0,...,k — 1. Let
0=0by <by <---<b; =1 be a partition of [0,1] such that v, is continuously differentiable

n (bj,bj41) for j =0,...,¢—1. By the definition of v; &, the curve y; &1, is continuously
differentiable on (a;,a;4+1) for i =0,...,k—1,and on (1 +b;,1 + b;j4;) for j =0,...,¢ — 1.
Also, by the definition of v; @ ¥

/éiﬂ Ay @ 72(t) (1 © 72(t)) dt = /.ai+1 An(#)(n(?))dt,

1+bj41 bjt1
/ Ay @ 2(8)) (1 B a(t))dt = / A(a(t)) (ra(t))dt.

1+b; j
Therefore,
k=1 gy -1 14+bj41
[ =% [T amenmymennrisy [ A0 0w non)
7172 0 /@i 0 1+

i=
k—1 ) -1

— Z /.az+1 A (8)(n(8)dt + Z /b_j+1 A(2() (2(t))'dt
:/A+/A

Exercise 3.7. Let f: R® — R be differentiable with f(0) = 0. Prove that there exist
continuous ¢;: R® — R, ¢ =1,...,n such that

= Z 7;gi ()

Proof. Let x € R". For ¢ € [0,1], define g(t) := f(tz). In Exercise [3.2, we showed that g
is differentiable, and the chain rule applies, i.e. ¢'(t) = f'(tz)x. Since f’ is continuous, we

O
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conclude that ¢’ is continuous. So, g is continuously differentiable, and the Fundamental
Theorem of Calculus may be applied to g. Applying this theorem together with f ( ) =

) = 1) = £0) = 91) = 900) = [ g't)at = / (f/(t2), 2)dt — le

)dt.

0 8.1'1

It remains to show that for each i = 1,...,n, the function h(x) := 01 %(tm)dt is continuous.

For t fixed, each function 0f(tx)/0z; is continuous as a function of x, so the Riemann sum

koopilk
i) =Y gt eim =3 [7 ik

=1 i—1)/k Ox;

is a continuous function of x.
Let A C R™ be any compact set. To prove that A is continuous, it suffices to show that h;
converges uniformly to h on A. We therefore now show the required uniform convergence.

Let ¢ > 0. The function H(z,t) := %(tm) is uniformly continuous on A x [0, 1], since it
is continuous on the compact set A x [0 1]. In particular, there exists 6 > 0 such that, if
|ty — to| <, then sup,c 4 |H(z,t1) — H(z,t2)| <e. Now, if k> 1/ and x € A, we get
ik of
h k dt
) (5L~ L)
ko rik of of
< (zj/k) — 5 (tx)| di
;/(j—n/k O O
ko opilk
-y / \H(z, j/k) — H(x,1)| dt
j=17G=-1D/k
k
< Zg/k , using 1/k < 0
=e.
We conclude that hy converges uniformly to h on A, as desired. 0

Exercise 3.8. In this problem we work in R2. Define the 1-forms

pla,y) = (0,2), v(r,y) = (=y,0), Az,y):=(1/2)(-y,z).

(i) Let v be the path that traces the boundary of a disk of radius r once in the coun-
terclockwise direction. Compute fw i, fw v and f,y A. Do the same when v traces the
boundary of a rectangle with side lengths a and b. What do you observe?

(ii) Let v be an arbitrary closed path. Prove that [ u= [ v= [ A.

(iii) In general, if 7 is a closed path that traces the boundary of an arbitrary region A in
the counterclockwise direction, then any of the above integrals gives the area of A.

Proof of (i). Let v(t) := r(cos(2nt),sin(2xt)). Then +/(t) = 2wr(— sin(2xt), cos(27t)). Ob-

serve

/,u = /0 ((0, 7 cos(2mt)), 2mr(— sin(27t), cos(2nt)))dt = 271'7“2/0 cos®(2mt)dt = mr?.
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1

/l/ :/ ((—rsin(27t),0), 27r(— sin(27t), cos(27t)))dt = 27r7"2/ sin?(2mt)dt = 7.

0

/)\ —/ (1/2)r(—sin(27t), cos(27t)), 271 (— sin(27t), cos(2t)))dt

=7r / (sin?(27t) + sin’(27t))dt = 7r°.
0

Now, define
(a/2,(b/2)(8t — 1)) ,ift €[0,1/4]
o(t) = ((a/2)(3—8t),b/2) ,ifte[1/4,1/2]
") (—a/2,(b/2)(5 —8t) ,ifte[1/2,3/4]
((a/2)(8t —7),—b/2) ,ift € [3/4,1]
Then

1/4 1/2
/u:/o ((0,a/2),(0,4b)>dt—|—/ ((0, (a/2)(3 — 8t)), (—4a,0))dt

1/4

3/4 1
+ / ((0,—a/2), (0, —4b))dt + / ((0,(a/2)(8t — 7)), (4a,0))dt

1/2 3/4
= (1/4)(2ab) + 0+ (1/4)(2ab) + 0 = ab.

/y_/ —(b/2)(8t — 1),0), (0,4b)>dt+/1/2<(—b/2,0),(—4a,0)>dt
1/4

3/4
+ / ((—(b/2)(5 —8t),0), (0, —4b))dt + / ((b/2,0), (4a,0))dt

1/2 3/4
=0+ (1/4)2ab+ 0 + (1/4)2ab = ab.

//\_ / —(b/2)(8t — 1), 0/2), (0, 4b))dt+%/l/2<(—b/2, (a/2)(3 — 8¢)), (—4a, 0))dt

1/4
1 1
+ 5/1/2 ((—=b/2(5 — 8t), —a/2), (0, —4b))dt + 5/3/4((5/2, (a/2)(8t — 7)), (4a,0))dt
= (1/8)(2ab) + (1/8)(2ab) + (1/8)(2ab) + (1/8)(2ab) = ab.

So, it seems that the integral over the boundary of u, v, or A always gives the area of the
enclosed figure. O

Proof of (ii). Define f(x,y) := zy. Then f is continuously differentiable, and df = (y, x), so
1= v+df. Let v be an arbitrary closed path. From the Fundamental Theorem of Calculus,
f7 df = 0. So, using the equality u = v + df, we have

/WN:/W(qudf):/vujL/vdf:/vy.



For the second equality, note that A = (1/2)(p + v), so using this equality and ()
/ —(1/2) /w (1/2) /V_/

Proof of (iii). Suppose we have a triangle T' in R? with vertices (0,0), (x,y) and (x4 Az, y+
Ay). Also, assume that the vectors (z,y) and (z + Ax,y + Ay) have a cross product with
positive z-component. That is, assume that (z,y,0) x (z + Az,y + Ay, 0) has a positive z
component. Then from the cross product formula for the area of a triangle, we have

O

Area(T) — % (2,,0) % (z + Az, y + Ay, 0)] = % 2y + Ay) — y(x + Az)]
= LAy —yAr). (4

Let v: [0,1] — R? be a parametrization of the boundary A of A. Since v is piecewise
continuously differentiable, the function ¢ — |y/(t)] is a piecewise composition of continuous
functions, so it is piecewise continuously differentiable. Since [0, 1] is compact, we conclude
that there exists C' < oo such that |7/(t)] < C for t € [0,1]. Also, since 7 is continuous,
there exists D < oo such that |y(¢)| < D for ¢t € [0,1].

Let ag = 0 < a; < -+ < ax = 1 so that ~ is continuously differentiable on (a;, a;y1) for
i=0,....,k—1. Fixi€{0,...,k—1}, and fix t € [a;,a;41). Let j € {0,..., N}, and define
tj == a; + (ait1 — a;)(j/N). Then

N

@it1 ti
A= A (t)dt = 5(=n2(t)n 1(t)75(1))dt. ok
[y(ai aien) /a (v(£))/(t)dt Z/t] 2( Yo ()1 (8) + 71 (t)v5(t))dt ()

J=0

Let T; be the triangle formed by 0, v(¢;) and y(¢,41). Since v travels in the counterclockwise
direction, the z component of the cross product (v(¢;),0) x (y(¢;j4+1),0) is positive. Then

/t.j“ %(_72@)% () + 71 (£)v5(t))dt

_ /t J+1 %(—w(tj)%(t) + 71 () () dt + O(C(t 1 — t;) |y(tj1) — ~(t)])

= % [=72(t3) (v (1) = 7)) + () (2(tjn) — 72(25))]
+ O(C(tj41 — t;) |y(tj+1) —v(t;)|) , by the Fundamental Theorem of Calculus
= Area(Ty) + O(Cltj1 — 1) (ty1) — 1(1)]) from (+)
= Area(T;) + O(C*(tj41 — t;)*) , by the Mean Value Theorem
= Area(T}) + O(C*(a;s1 — a;)?/N?) , by the definition of ¢,

Then, from (xx),
N
/ A= (Z Area(’_]})) +0(C*(aip1 — a;)?/N) (% % ).
y(ai,ait1) =0
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Using (% x %), we will be done if we can show that Z;V:o Area(T}) converges as N — oo to
the area of A between ~(a;) and ~y(a;41). Let A; denote the sectorial region of A between
v(a;) and y(a;+1), and let A;; denote the sectorial region of A between 7(t;) and v(t;11).
Since || < C, if s,t € (t;,tj41), then |y(s) —v(t)| < |s —¢|C. So, since v travels in the
counter-clockwise direction, A;; is contained in the triangle with vertices

0, (1+ Ctja =)/ () Dv(t), and (1 + Ctja — 1)/ 7 (t542) )y (E540)-

Also, A;; contains the triangle with vertices
0, min(1 — C(tj1 — ¢;)/ [v(t;)]0)v(¢;), and min(1 — C 41 — t5)/ [ (E541)], 0)7(E541)-

Therefore, the error between the area of A;; and the area of Tj is given by the area of a
sector of arc length |y(¢;41) — v(¢;)| and radius varying between |y(t;)| + C(tj41 — t;) and
’”y(t])’ - C(tj+1 — t]) That iS,
Avea(Ty) — O(DC(t511 — ) Iy(tie1) — (1)) < Area(Ay)
< Area(T;) + O(DC(tj1 — t5) [ (t541) — (25)])-
Applying the Mean Value Theorem and the definition of the ¢;,
Area(T;) — O(C*D/N?) < Area(Ay;) < Area(T)) + O(C?*D/N?).

Summing over j = 1,..., N, we have
N
> " Area(T)) = Area(4;) + O(CD/N).
j=0

Combining this equality with (x * %) and letting N — oo finishes the proof. OJ

Proof of (iii) that we may learn later. From Stokes’ Theorem and the arithmetic of differen-
tial forms,

1 1
/)\:/ )\:/d)\:/—d(—ydm—i—xdy):—/—dy/\dx—l—dw/\dy
v 0A A A2 2 Ja

1

:—/dx/\dy—i—dx/\dy:/dxdy:Area(A)
2 Ja A

O

Exercise 3.9. In R3 it is convenient to use spherical coordinates (r, 0, ¢) € [0, 00) x [0, 7] X
0,27). The coordinate map is (z,y,z)" = T(r,0, ) where

rsin 6 cos ¢
T(r,0,¢):= | rsinfsin¢o

rcosf

(i) Give a geometric interpretation of the parameters r, 6 and ¢.

(ii) Compute 7". Show that the columns of 7" are orthogonal. Interpret this result
geometrically using a sketch.

(iii) Let f be differentiable on R? and define g := f o T. The function g represents the
function f expressed in spherical coordinates. Compute all partial derivatives of g
in terms of the partial derivatives of f. Find dg/0r and 0g/00 for the functions
flz,y,2) =2+ y*+ 2% and f(z,y,2) =2 —v.
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Proof of (i). The parameter 7 is the distance of (z,y, z) from the origin, since z2+y*+2% = r2.

The parameter 6 is the angle between (z,y, z) and (0,0, 1), since 22 + y*> = r%sin’#6 and
2% = r?cos®f. The parameter ¢ is the angle between (z,y,0) and (1,0, 0), since z does not

depend on ¢ and (z,v,0)/|(x,y,0)| = (cos ¢,sin ¢, 0), for r # 0. O
Proof of (ii). Write T(r,0,¢) = (T, Ty, T3) with T;: R* — R for s = 1,2,3. Then

oT, 9Ty  OT: . . .
S 98 oo sinfcos¢ rcosfcos¢p —rsinfsing

o, o, Of

| 22 diz Oia | i i i i

T = T sin 810n @ 7rcos 9'81161) ¢ rsinfcos¢
oIy 9T 913 oS —7rsin
ar 90 99 0

Write T" = (v1, v, v3), 80 that v; is the i column of 7" for i = 1,2,3. Then
(v1,v9) = 1 cos §sin O(cos® ¢ + sin® @) — r cos § sin 6 = 0.
(v1,v3) = —rsin® @ sin ¢ cos ¢ + 7 sin? @ sin ¢ cos ¢ = 0.

(vg,v3) = —1? sin @ cos @ sin ¢ cos ¢ + 72 sin § cos O sin ¢ cos ¢ = 0.

So, the columns of 7" are orthogonal.

<

O

Proof of (iii). Write f: R® — R, T: [0,00) x [0, 7] x [0,27) — R3, so that foT: [0,00) x
[0, 7] x [0,27) — R. From the chain rule,

0 0 0
J(10,0) = ['(T(r.0, )T (r,0, ) = (a—£<T<r, 0,00), 5 (100,00, 2L (71,6, ¢>>) T
So,
% =(f" v) = g—i(T(r, 0,¢))sinf cos ¢ + g—gi(T(r, 0, ¢))sinfsin ¢ + 38_553<T(T7 6,¢)) cosd.
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% = (f" v) = g—i(T(r,G,@)r cos 6 cos ¢ + %(T(r,&,qﬁ))r cos 0 sin ¢
+ %(T(T’ 0,0))(—rsind).
g—i = (f' v3) = g—i(T(r,Q,gb))(—r sin fsin ¢) + g—xfz(T(r,H,gb))r sin 6 cos ¢.
Let f(z,y,z) = 22 + y* + 2%. From our above formulas,
99

i 2(7 sin @ cos ¢) sin 6 cos ¢ + 2(r sin 0 sin ¢) sin 6 sin ¢ + 2(r cos @) cos 0

= 2rsin? 6 + 2r cos? 6 = 2r.

% = 2(rsind cos ¢)r cos O cos ¢ + 2(r sin @ sin ¢)r cos @ sin ¢ + 2(r cos 0)(—r sin )

= 2r2sinfcosh — 2r?sinf cosf = 0.

Now, let f(x,y,z) = x —y. From our above formulas,

? =sinfcos ¢ + (—1)sinfsin ¢ + 0 = sinf(cos ¢ — sin ).
r

% =rcosfcoso+ (—1)rcosfsing + 0 = rcosf(cos ¢ — sin ¢).

Exercise 3.10. Let f: R" — R be a polynomial in n variables, i.e. there exist ax, %, € R
such that

flzy, ... x,) = Z Uy oy T,

Prove that f is differentiable.

Proof. Tt suffices to prove that each partial derivative of f exists and is continuous. Since
f is a finite sum of monomials, it then suffices to show that a monomial has continuous
partial derivatives. However, the partial derivative of a monomial is another monomial.
Since a monomial is continuous, we have therefore shown that any monomial is continuously
differentiable, as desired. O

Exercise 3.11. Let U := {A € R™": A is an invertible matrix}.
(i) Show that U is an open subset of R"*".
(i) Prove that the map f: U — U defined by f(A) := A~! is differentiable with
Dfa(B) = —-A"'BA™.

Proof of (i). Write the matrix A as A = (a;;j)1<ij<n. Let S, be the set of permutations on
n elements, and let sign(o) denote the sign of a permutation o € S,. That is, if we write
o as a composition of m transpositions, then sign(c) = (—1)™. By the definition of the
determinant,

det(A) = Z SIgN(0)A16(1)020(2) * * * Gno(n)-

O'ESn
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That is, det is a polynomial in the entries of A. So, det is a continuous function on R™"*" to
R. And if V is open, then det™*(V) is open. Let V := (—o00,0) U (0,00). Then V is open,

and det™' (V) = U is open, as desired. O
Proof of (ii). Let A € U. Let G;; denote the (n — 1) x (n — 1) matrix formed by re-
moving the i row and j™ column from A. Let C' = (c¢;j)1<ij<n be defined by c¢;; =

(det(A))~'(—=1)" det(G;;). Cramer’s rule says that C' = f(A) = A™'. That is, each com-
ponent of C'is a polynomial in A, divided by a polynomial in A, i.e. C' is a rational function
of A. Since f is defined where det(A) # 0, we conclude that f is differentiable on A.

Let A € U. From (i), there exists ¢ > 0 such that B.(4) C U. Let B’ € B.(A) = {B €
R™™: 3 i jen i — bi;|> < €2}. Let B be any n x n matrix. Then |A — (A +tB)| =t |B,
so there exists § > 0 such that if t € [0, 6], then A+tB € B.(A) C U, i.e. A+tB is invertible
and in the domain of f. Now, (A +tB)f(A+tB) =1 for all t € [0,4]. So, applying the
product rule to this identity,

0= %|t:0[(A +tB)f(A+tB)] = A%It:of(z‘l +tB) + Bf(A).

That is, A(d/d#)|of(A+tB) = —Bf(A) = —BA™, so (d/dt)|s—of (A +tB) = —A"'BA~.
O

Exercise 3.12.

(i) Prove that det: R™*™ is differentiable. If A is invertible, prove that the differential
of det at A is given by

Ddeta(B) = Tr(A™'B) det(A).

(ii) For any n x n matrix A we define the exponential by the formula
exp(A) =) A"
k=0

Prove that this series converges absolutely, componentwise.
(iii) Show that exp(tA)exp(sA) = exp((t + s)A).
(iv) Prove that exp(At) is differentiable in ¢ with derivative

d
7 exp(At) = Aexp(At).

(v) By (iii), exp(tA) is invertible for all ¢, since exp(—tA) is then the inverse of exp(tA).
Use (i) to show that

%det(exp(t/l)) = Tr(A) det(exp(tA)).
Solve the differential equation to conclude that
det(exp(A)) = exp(TrA).

This problem is an example of how analysis can be used to derive identities in linear
algebra.
(vi) It is not hard to see that exp: R™" — R™*" is differentiable. Find its differential.
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Proof of (i). As shown in Exercise [3.11fi), det(A) is a polynomial in the entries of A. So,
from Exercise [3.10} det is differentiable. We now compute the derivative of det(A) at A = 1.
We begin with a claim. Let o € S,, be a permutation such that o # id. Then there exist
k.t e {l,...,n} with k # ¢ such that o(k) # k and o(¢) # (.

We prove this claim by contradiction. Assume that the claim does not hold. Then there
isao €S, o#idand at most one k € {1,...,n} such that (k) # k. But then o(i) =i
fori € {1,...,n} ~ {k}, and since o is a bijection, o(k) ¢ {1,...,n} ~ {k}, i.e. o(k) = k.
Since we have achieved a contradiction, we conclude that our claim holds.

We now begin to prove the exercise. Let B = (b;;)1<i j<n be an n x n matrix. Then the
matrix 1 4 tb has diagonal entries 1 4+ tb;, i = 1,...,n, and all other entries are first degree
monomials in ¢. So, when we take the determinant of 1 4 ¢b, the term given by the diagonal
is [[i;(1 + tb;;), whereas all other terms in the sum definition of the determinant have a ¢
term of degree at least 2. Specifically, we have

det + tB Z Slgn ﬁ 1+ tB za i)
i=1

UGSn
H 1 -+ tbu Z Sign ﬁ 14 tB w %)
=1 0ESh,0#id i=1

Now, if o # id, we use the Claim to write

n

[T+ tB)ioty = (1 + tB)koqy (L + tB)ioiey [ [ (1 +tB)ios

i=1 ik L
= tBro k)t Buo(s) H (1+tB)iow) = O(t?).
ik,
Therefore,
ihzo det(l +tB) = i‘t:() ﬁ(l +tbu) = ib” H(l +tbjj)|t=0
dt dt i=1 i=1 i

Now, let A be any matrix. Using (%), we get

% det(A+tB) = % det((AA™) (A +tB)) = det(A)% det(1 +tA™'B) = det(A)Tr(A™'B).

O

PTOOf Of (ZZ) Write A = (aij)lgi’jgn, and write Ak = ((ak)ij>1gi7jgn for k € N. Let M :=
maxi<; j<n |a;;]. Fix k € N, 1 <4,j <n. We prove by induction on k that !(ak)ij| < Mbnk-1,
The case k = 1 follows by the definition of M, so we now prove the inductive step. Assume
that |(a*);;| < M*nF~t. Then A¥! = A*A, and by the definition of the matrix product,

n

(@) =) (a")iray;.

r=1
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So, from the triangle inequality, the inductive hypothesis, and the definition of M,

(ak+1)ij| < Z |(ak)ir

Since the inductive hypothesis is complete, we conclude that, for all £k € N, and for all
1<id,j <n,

|ay;| < nMFnFTM = MFRk.

| (ak)ij ‘ S Mknkil.
Let exp(A);; denote the i, j component of exp(A). Using the definition of exp(A), we then
have by the triangle inequality and our inductive bound

|eXp(A)1]| = ZE( )Z] _Zk_ zgl _Zk'Mk F=1 = M /TL<OO
k=0 k=0
We conclude that exp(A) converges absolutely. 0

Proof of (iii). Since the series defining exp(tA) converges absolutely, we can rearrange terms
in its infinite summation.

1 AT r l
exp(tA) exp(sA) = Z ﬁt A Z]'SJAJ Z Z _';t s7 A
r=0 j=0 =0 r+j5=¢
oo /L 1 1 0 4 /)
— _ tkse—kAZ — - tksz_k AZ
;; k(€ —k)! ;E'% k(0 —E)!
SRS EYARVER S oY
:ZEZtS . Azzﬁ(t—i-s)A
=0 " k=0 =0
= exp((t + 5)A)

[l

Proof of (iv). From part (ii), we showed that the componentwise radius of convergence of
exp(At) is infinite. Therefore, the differential of the map t — exp(tA) can be found by
differentiating the infinite series definition of exp(tA) term by term. That is,

1d

d
et A kAk k— 1Ak -1 _ A A).
pm exp(tA) = 2 k:' dt Z k'kt exp(tA)

O

Proof of (v). Since det and exp are differentiable, the composition ¢ — det(exp(tA)) is dif-
ferentiable. Then, applying the chain rule, (iii), and then (i),

%det(exp(tA)) = det'(exp(tA)) (% eXp(tA)) = det/(exp(tA))(Aexp(tA))
= Dexp(ra) det(Aexp(tA)) = Tr(exp(—tA)Aexp(tA)) det(exp(tA)) = Tr(A) det(exp(tA)).

Re-writing this expression,

%log(det(exp(zﬁfl))) — Tr(A).
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Integrating ¢ from 0 to 1 and applying the Fundamental Theorem of Calculus, we get
log(det(exp(A))) = Tr(A). That is,

det(exp(A)) = exp(Tr(A)).
U

Proof of (vi). Let k € N and let A, B € R™". Consider (A +tB)* as a polynomial in t. The
first degree term is of the form Z?;& AJBA%=D=J_ Therefore,

k-1

k—1
%|t=o(A+tB)’“ = —\t 0 (tZAJBA(’“ - ) =Y AIBAKD
=0

So, justifying the term by term differentiation as in (iv),
d d =1 . 1d
Jili=o exp(A+tB) = — g Z (A+1tB) Z g leo(A 4 B)*

o0

>~ 1 1 oo
:kzk_ZAJBA“H g<k+1)!;AJBAk (%)

We now wish to present the differential in a more simplified form. We begin with the
following claim. For j,/ € N we have

L iy
je
(1 —t)dt = ———r. ok
/0 ( ) (J+ L+ 1) (x%)
To prove (xx), integrate by parts ¢ times to get
L 14 t A Ly 05!
/t](l—t)fdt:,— AR o S —— /t]”“dt:,—j.
0 J+1J G+0" ) (j+0+1)

From (x), and (*%), and using absolute convergence to justify the rearrangement of terms,

yt oexp(A +tB) = Z Z ———A/BA’
k=0 j+¢= k +€+1
00 1
=>" Y / '_ﬂtw (1—t) Alat
k=0 j+i=k

— /1 <§: %tjA]) B (i%(l - t)ZAZ) dt
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4. PROBLEM SET 4

Exercise 4.1. Let f be C**! in a neighborhood of @ € R™. In class, we saw that f can be
expressed using its Taylor series as

fla+ h) = Py(h) + Ri(h),
where

1

G 1@

1
Pih) =" ADif(@). Rulh) =
r=0
Here ¢ is in the segment between a and a + h.
(i) Find the Taylor polynomial of degree 2 (i.e. Py(h)) for the function f(z,y) =
sin(zy)e” at a = (0,0).
(ii) Find the Taylor polynomial of degree 3 (i.e. Ps(h)) for the function f(x,y) = 2V at

=(L1).
(iii) Find the Taylor series (i.e. limy_ o Py(h)) for the function f(z,y) = /1 + 22 + y?
at a = (0,0).
Proof of (i). Let x,y € R. Then
0 0
8_£ — sin(zy)(2z)e” + y cos(zy)e” 8_3]: = 2 cos(zy)e”
0*f

5.2 =Y cos(zy) (2z)e” + sin(zy)2e” + sin(zy)4z’e” — y?sin(zy)e® + ycos(zy)(2z)e®
x

2 2
% = —2? sin(xy)e‘”Q, Gaaf = Cos(xy)e$2 — zysin(zy)e
Y oy

22

+ 227 cos(zy)e”

Note that f € C%. Let h = (hy, ho) € R Then, at (x,y) = (0,0),
of of

Py(h) = ﬂ0m+m0<om+ma<om
0% f o*f o*f
+ = hfa 5(0,0) + = hga - (0, 0)+h1h28 5 (0,0)
= hihs.
O
Proof of (i1). Let x,y > 0. Then
ﬁ _ y—1 ﬁ Y
8:17 - y:E I ay =T log($)7
O’ f _ y—2 >*f _ Y 2 o'f A y—1
Tz yly —1) , a2 = 2Y(log(z))?, Bty — Y2 log(x) + z¥~,
o3 o3
8_1:]; =yly — 1)(y —2)2¥3, 8y8£2 =(y—1D)av 2 +ya¥ 2 +y(y — Da¥ ?log(z),
a3f y—1 2 — a3f
- 1 22911 I ¥ (log(x))?®
s = g oga)? + 20 og(a), 5L~ av(10g(0)
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Note that f € C3. Now,

0 0
Py(h) = f(1, 1)+h13f<1 1)+h26—£(1 1)
O f % f O%f
+ h?a S(1,1) + h§8 S (1, 1)+h1h28 8y(1,1)
O f O f Pf O f
3 2 + 2 3
+6h 19, —5(1,1) + tha 29y (1,1)+2h1h28 9y 5 (1, 1)+6h 25, +5(1,1)

=1+ hy + hihy + (1/2)R3ha.
O

Proof of (iii). Let g(r) := /T +r = (1+7)"/2. Note that g(0) = 1, ¢’(0) = 1/2, and ¢"(0) =
(1/2)(=1/2). We claim that ¢ (r) = (1/2)(=1/2)(=3/2) --- (—(2k — 3)/2)(1 4 r)~k=1/2
for kK > 1. This claim follows by induction. So, the Taylor polynomial of g is given by

Z ! H (3 QZ) = 1),

Since the Taylor coefficients are un1f0rmly bounded, the radius of convergence of this series
is at least 1. We now show that g(r) = f(r) for |r| < 1. Since f converges absolutely for
|r| < 1, we can differentiate the series term by term to get

=Yl (57) -SRI (57

k=1 = =1
Therefore,
<k S 139 > (32
A+0)f) = F) +rf) =3 5 ( 2 )”Z —1'H< )
k=0 =1 =1 1
1 Oork 3—2
=5+ Xl 2 -nT (57)
R AN
:EZ_'H( ) =3
Now,

)/ V1+r] = ——(1+T) Er) + (L) T2 ()
= (L+7)2[=(1/2)f(r) + (L + ) f'(r)] = 0.

So, f(r)/v/1+ 1 is constant. Since f(0) = 1, we conclude that f(r) = v/1+ 7.
Since f(r) = v/I+r for |r| < 1, we can substitute 7 = 22 + 2 into the definition of f to

get the Taylor series for the function /1 + 22 + y? near (z,y) = (0,0).

> ()

k=0
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Exercise 4.2. Locate the critical points and extrema of the functions
(@) flr,y)=2"+y* +3wy, (i) flz,y,2) =2 +y" +2° = 2uyz.

Proof of (i). f is a polynomial, so f € C*°, and our theorems for locating extrema apply.

Note that
(32?4 3y

Assume that Vf(z,y) = (0,0). Then 2> = —y and y*> = —z. Squaring the first term,
2t =y? = —x. If £ #0, then 2°> = —1, i.e. # = —1, and then since 4> = —x = 1, we have
y==+1. If y = 1, then 22 # —y, so we conclude that (z,y) = (=1, —1), for z # 0. If z = 0,
then y = 0. So, we have exactly two critical points: (z,y) = (—1,—1) and (z,y) = (0,0).
Now, observe that, for (z,y) = (0,0), we have

o 2L\ (6 3\ _ (0 3

o 2r =3 6y)  \3 0)°

OyOzx Oy?
The eigenvalues A of this matrix satisfy A> — 9 = 0, so that A = £3. That is, the critical
point is indeterminate. And indeed, along the line y = 0, we have f(z,y) = 3, so that f is

neither a local max or min.
Now, observe that, for (z,y) = (—1,—1), we have

o ZL\ _(6x 3\ _ (-6 3

o’f  2°f 3 6y 3 —6)°

Oydxr  Oy?
The eigenvalues A of this matrix satisfy A2 + 12\ + 27 = 0, so that A = —3, —9. That is, the
critical point is a local maximum. O

Proof of (ii). f is a polynomial, so f € C*, and our theorems for locating extrema apply.
Then

2x — 2yz
Vf(l’,y,Z) = 2y—2ZL‘Z
2z — 2xy

Assume that V f(z,y) = (0,0). Then x = yz, y = zz and z = zy. Note that if any of =,y or
z is zero, then z = y = z = 0. So, note that (x,y,2) = (0,0,0) is a critical point, and now
assume that x # 0,y # 0,z # 0. Substituting the first equation into the second, we have
y = yz2, so 22 = 1. Similarly, 22 = 1 and y? = 1. Also, multiplying the first equation by
x, the second by y and the third by z, we have 1 = 22 = y? = 22 = xyz. That is, if one of
x,y, z is —1, then exactly two of z,y, z are —1. We therefore have the critical points (1,1, 1),
(1,—1,-1), (=1,1,—1) and (=1, —1,1). We now check the matrix of second derivatives.

92f  92f  9f

? 85/261 86,22890 2 -2z — 2y

f f f — | = _

0x0y 8_%12 020y | © 2z 2 2z | . (*)
92f  9%f  9%f -2y —2x 2

0x0z  Oyoz 0z2
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For the critical point (0,0,0), this matrix is 2 times the identity matrix, so f has a local
minimum at (0,0,0). For the critical point (1,1, 1), the matrix (*) is
2 -2 =2
-2 2 =2
-2 -2 2
This matrix has eigenvalues 4,4 and —2. So, this critical point is indeterminate.
For the critical point (1, —1,—1), the matrix (x) is

2 2 2
2 2 =2
2 =2 2

This matrix has eigenvalues 4,4 and —2. So, this critical point is indeterminate. Similarly, by
permutation symmetry of the variables x, y, z, the critical points (—1,1, —1) and (—1,—1,1)

are also indeterminate. U
Exercise 4.3. (i) In class we proved that Riy(h) = O(|h"*"), so that for f € C*! we
have

fla+h) = Pe(h) + O(|n|*"").
In some applications, we want to make the weaker assumption f € C*. Prove using
Taylor’s theorem, that if f € C*, then

fla+h) = P(h) + o(|h[").

(ii) Use (i) to prove the following stronger version of the criterion for locating extrema
that we proved in class. Suppose f is C? in a neighborhood of a € R”, and that a is
a critical point of f. Then

/" (a) positive definite  ais a local minimum of f
f"(a) negative definite ~ ais a local maximum of f
f"(a)indefinite  ais neither a local maximum or a local minimum.

Proof of (i). Let h = (hq,...,h,) € R". We first claim that
hy-- hn = O([R["). (1)
To see this, let i € {1,...,n}, and note that |h;| = \/hi < /37 hi = |h|. So, [k -+ hy| <

|h|", proving (i).
Since f € C*, we know from class, or from Question that

fla+h) = Pa(h) + Ria(h), (%)

where
=1y 1
Peoa(h) = 2_; SDif(a),  Ria(h) = DR (E)
for some £ in the segment between a and a + h. Note that
k! ; ;
Dyf(€) = Dy +--+h, Do) f(O) = Y Whil ol Dy, - Dy f(6). (k)
Jittin=k 7 "
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Let j1,...,jn € Zso such that j; + -+ j, = k. Since f € C*, D, --- D;, f(£) is continuous
in £. Since £ is in the segment between a and a + h, we therefore have
Dj, -+ D, f(§) = Dj, -~ Dj, f(a) + o(1).

Substituting this equation into (x*) and using (1) gives

DEf©) = 3 b hi[Dy - Dy, f(a) + o(1)] = DEF(a) + o |AIF).

...
hitetgamk U

So, combining this equation with (x) gives

Fla h) = Peos(h) + 7 DEF(@) + o(1hl*) = Py(h) + o).

Proof of (ii). Let h = (hq,...,h,) € R" and define

1 n

ij=1
Since a is a critical point of f, the first degree part of the Taylor polynomial is zero. That
is, f(a+h) = f(a) +q(h) + Ra(h). Since f € C?, part (i) shows that

fla+h) = fa) =q(h) +o(|h[*). (%)
We now consider the three cases for the behavior of ¢q. Let vq,...,v, € R™ be an orthonormal
set of eigenvectors of the symmetric matrix f”(a) = (D;D; f(a))1<i j<n, andlet Ay, ... A, € R
be the corresponding eigenvalues. Since vy, ..., v, is an orthonormal basis of R", there exists
c1,...,c, € R such that
h =civy + -+ cpu,.

By the orthonormality of the basis vy, ..., v,,
q(h) = EXN + -+ AN (xx)
Now, suppose f”(a) is positive definite. Then A\; > 0 for each i € {1,...,n}, so
q(h) > (& +---+ ¢ ) mm Ai = |h] mln Ai

----------

Combining this inequality with (x),
fla+h) = f(a) > | min A;+o(|h]").

Let € > 0. Then, there exists § > 0 such that, for all 0 < |h| < d, the term o(|h|*) satisfies
o(|h|?) < |h]> mini—; ., A;/2. So, for 0 < |h| <6,

-----

fla+h)— f(a) > |h| mm Ai > 0.

.....

That is, f(a) is a local minimum.
Now, suppose f”(a) is negative definite. Then \; < 0 for each i € {1,...,n}, so

qh) < (B +--- 4+ ) max. i = |h] _max Ai-

----------
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Combining this inequality with (x),
fla+h) = fla) < |A° max A;+of|h]").

Let € > 0. Then, there exists § > 0 such that, for all 0 < |h| < J, the term o(|h|*) satisfies
o(|h?) < |h|* |maxi—y_n Ai| /2. So, for 0 < |h| < 4,

-----

f(a+h)—f(a)§%|h| max )\, < 0.

.....

That is, f(a) is a local maximum.
Now, suppose f”(a) is indefinite. Then there exist i,j € {1,...,n} such that \; > 0 and

>\j < 0. SO,
q(civi) = i\, q(cjh;) = c?)\j.
Combining this with (x),

fla+cv) — fla) = A+ ollel”),  fla+cuy) — fla) = N+ ol|e;[).

Let € > 0. Then, there exists § > 0 such that, for all 0 < |h| < 8, the terms o(|¢;|?) and
o(|¢;]?) in both equalities are bounded by |h|* min(|\| , |\;])/2. So, for 0 < || < 6,

fla+cw) — fla) > %chi S0, flateu) - fla)< %chj <0

That is, f(a) is neither a local maximum or minimum at a. O

Exercise 4.4. Let A, B C R" be open, and suppose that f: A — B exists such that both
f and f~! are C'. Prove that f’(a) is an invertible matrix for all a € A, and that for all
a € A with b:= f(a) we have

(7)) = (f'(a) ™.
Proof. Applying the chain rule to the equality (f o f~1)(b) = b, we have

PO (b) =id.

That is, f'(a)(f~!)'(b) = id. Since the matrix (f~1)(b) inverts f’(a), we have shown that
f'(a) is invertible. (Recall that, for square matrices A, B if AB = id, then BAB = B, so
BA = id also. That is, to find the inverse of a square matrix, it suffices to find a one-sided
inverse of that matrix.) Since f’(a)(f~!)'(b) = id, we have shown (f~')'(b) = (f'(a))™*. O

Exercise 4.5. Prove that the function f(z) := |z| is differentiable on R™ \ {0} and find
Vf(x).

Proof. Let x € R"~ {0} and let 7 € (0,00). Let g: (
let h: R"~ {0} — (0,00) so that h(x) = h(z1,...,z,
Note that g, h are differentiable, so f: R" ~ {0} — (
Also by the chain rule, we have

Vi(z) =g (h(x)h (z) =

,00) — (0,00) so that g(r) := /r, and
= x3+4---+22. Then f(z) = g(h(z)).
,00) is differentiable by the chain rule.
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Exercise 4.6. The Laplacian A is defined by
Af(a):=Trf"(a) = > D}f(a).
i=1

This object appears in essentially every equation describing a law of nature, such as heat
conduction, motion of waves, motion of quantum-mechanical particles, electric and magnetic
fields, and Brownian motion.

(i) Prove that A is invariant under rotations in the following sense. Let vy, ..., v, be an
orthonormal basis of R™. Then, for all f € C*(R"),

Af:ZDgif.

(ii) Let f,g € C?. Prove that
A(fg) = gAf +2(Vf,Vg) + fAg.

(ili) Let n = 2 and consider the polar coordinates defined in class:

T:[0,00) x [0,27) = B2, T(r,0) = (TCOSQ) .

rsind

Express A in polar coordinates. More precisely, let f € C?*(R?) and define g := foT.
Show that for » > 0 we have

@NT0) = Do+ i+ 1D.g) (10),

(iv) Suppose that f: R™ — R is invariant under rotations in the sense that f(z) = g(|z|)
for some g € C%(0,00). Prove that

n—1

Af() = o (al) + "L/ (1.
(v) Let
n 1 ||
Y [0,00) X R" — R, W(t,x) = 73 CXP (——) .
Using (iii) show that
Dup(t, z) = AY(t, x) (t>0,z eR").

Here A is the Laplacian in the variables x1,...,z,. This equation is called the heat
equation and its solutions, such as 1/, model the diffusion of heat through a conducting
medium. The solution 1 given above corresponds to a single heat source at z = 0
when t = 0, which diffuses through space as time t increases.

(vi) Let ¢ > 0 and fix a unit vector v € R" and f € C*(R). Show that

P: RxR" = R, W(t,z) = f({x,v) — ct)
satisfies the wave equation

Dip(t,x) = EAY(t, x).
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As above, the Laplacian A only acts on zy,...,z,. As its name implies, solutions v
of the wave equation describe the motion of waves (e.g. sound, light) through space;
the speed of the waves (speed of sound or light) is c.

Proof of (i). Let ey, ..., e, denote the standard basis of R". Let @) be an orthogonal matrix
such that Qe; = v;. For each i € {1,... n} write v; = ¢j1e; + -+ + ¢ipen. Then

Dif(a) = (caD1+ -+ cinDn)? Z cijcin DDy f(a) = v f"(a)v;

1<j5,k<n

So, using the identity Tr(AB) = Tr(BA),

Z e; ["(a)e; = Tr(f"(a)) = Te(QQ" f"(a)) = Tx(Q" f"(a) Z e; Q" f"(a)Qe;

=1

= Z Qe,)" "(a)Qe; = Zva" = D} fla)
=1

O
Proof of (ii). From the product rule,
Di(fg) = fDig + gD;f.
Using the product rule again,
D(fg) = fD}g+ DifDig + gD} f + Dif Dig.
So, summing from ¢ = 1,...,n gives
=Y Di(f9)=1) Dig+2) DifDig+gy Dif = fAg+gAf+2(Vf V).
i=1 i=1 i=1 i=1
O

Proof of (#i). Since f € C* and T € C'*™, we can use the chain rule to compute the second
derivatives of g. Observe

)t g—JyC(T(r, MY = L. 0))cost + g—i( (r.6)) sin .
) et g;(T(r, MY = e o)) (-rsino) + %(T(r, 6))r cos 6.
% _ (ggi(T(r 9))) cosf + <8r g‘;j(T(r e))> sinf
g?; (T, 0) 2 cost+ ;zg (T, 0) 22 cost
+ %(T(r 9))2?7{ in6 + 8;gy(T(r, 0))g—fcos9
gz( T(r, 0)) cos? 0 + 2 ggy(m, 6)) sin 0 cos 6 + ;f( T(r, 0)) sin? 6.
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% _ (%%(T(r, 9))) (—rsind) + (aae ‘;f< r, 9))) rcosf
+

+g—£(T(r, 0))(—r cos6) g—Jyv( (r,0))rsinf
0 0 o
= 8_a:JQC<T(T’ 9))8—2(—7“ sind) + /

0? O 9 5
+ Oa:gy(T(T 9))%7“ cos 6 + 8_£(T(T’ 0))(—rcosf) + a—]yc(T(r, 0))rsin 0

o) 0? 9]
920y (T(r, 9»8_?( rsind) + 8—£(T(r 9))6—39/7“0059

o

=7 —=(T(r,0))r*sin? 6 — 2 el (T(r,0))r?sin 6 cos 6 + ﬁ(T(T, 0))r? cos® 0

0xy oy?
3f

of .
895( (r,0))(—rcos@) + a—y(T('/’, 0))rsin 6.

So,
2 1 2 1
D:g+ —Deg + —Drg

82f
a 2

0*f , 0*f

—=(T(r,0)) cos® 0 + 2(93:8@/ (T'(r,0))sinf cosf + a—yQ(T(r, 0))sin” 6

62f 2 0*f : o*f 2
8 +5(T(r,0))sin” 6 — 28:U(3y (T'(r,0))sinf cos 6 + a—yz(T(r, 0)) cos™

4 22 (e ) cos + 220 (0(r,0))sind — 2L (T(r,6)) cos — 2L (7(r ) sin

r ox r Oy r ox r Jy
_Pf *f
= 92 —=(T(r,0))(sin® 6 + cos® ) + 0y 5 (T(r,0))(sin? @ + cos” )

= (AN(T(r,0))

Proof of (iv). We use Question [4.5]
Dif(x) = Dig(l=)) = ¢/ (=)

E]
2] =i { 5 T z|? — 22 z?
Wﬂwyw>(——jil) + ool = g e )
=3t 5te) = e S ) = ) )

O

Proof of (v). Let g(r) :=t™"?exp(—r?/(4t)). For t > 0, note that g € C*>°. Also, for t > 0,
1 € C*°. Then

g'(r) = —(r/2)t" "2 exp(—r®/(4t))
g"(r) = (r* /4t~ I exp(—r? [ (41)) — (1/2)t7 D2 exp(—1r?/ (41))
Dyp(t,x) =t (|2|” /4) exp(— |al” /(48)) + (=n/2)t” "D exp(— [af* /(41))
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So, using (iv),

Ab(t, ) = ¢ (J2f) + 2Ly (1))

a2l |z|” 1 |z|” (n—1) |z
= o2 CP\ T | T e P T | T iz P T

2 2 2
= |$| ex — |ZL‘ — " ex — ﬁ
At (n+4)/2 P 4 2t(n+2)/2 P 4t

- Dtdj(tv !L’)

S B

O

Proof of (vi). Since f € C?, we have ) € C?. Let v = (vy,...,v,) € R" with |v] = 1. Then

Dttt ) = S (-2l (@) —et), D2,

Oasjé?:vk v} = ).

Dﬂl)(t, l’) = ]z_; a_x]<<x7 ’U> - Ct)v j;l al'jaxk - Ct)
Using that |v| =1,
AY(t,x) =Y DXt z) = v) — ct) = DX)(t, x).
C w( .I’) c ; zr(/)( C Z ax]a.fk C) t/l/]( l’)

O

Exercise 4.7. It is of fundamental importance for many arguments in analysis that there
exists a C'*° function which is positive inside the unit ball and zero outside. An example is

2 .
exp(l/(jz|” —1 if |z] <1
flz) = /(e = 1)) izl <1

0 if |z| >1
Prove that f € C*(R"™).
Proof. Let for r € (—1,1), let g(r) := exp(1/(r — 1)). Note that ¢'(r) = —(1/(r — 1)*)g(r).
We prove by induction on k € Zs( that there exists a rational function hg(r) of the form
hie(r) = ap(r)/(r — 1), where ai(r) is a polynomial in 7, such that

g™ (r) = hi(r)g(r).
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Let k > 1 and assume that ¢ (r) = [ag(r)/(r — 1)*']g(r). Then, from the product rule,

g = RO = a4 20
r—1D2al(r) — ap(r)2F(r — 1)2 1 ax(r
oV w0l
e - B

. arp1(r)
= Wg(ﬂ-
Note that ax,1(r) as defined here is a polynomial. So, with the inductive step completed,
our claim is proven. Directly from the claim, g € C*(—1/2,1). Now, let F(r) := g(r) for
Ir] <1, and F(r) := 0 for |r| > 1. We will show that F' € C*°(—1/2,00). It remains to show
that F(*)(1) exists for all K € N and F®)(r) is continuous at r = 1 for all k¥ € N.
From our claim, observe
o) e o

rligl— g (T) ak(l) rl—lgl_ (T - 1)2k r—1- (T - ].)2k ak(l) tllgte

=0.

Also, given the existence of ¢®*)(1) = 0, we have

) () — o) (1 (k)

g* (1) = lim g(r) =97 (1) = lim go(r) =ap(1) lim e
r—1- r—1 r—1- r—1 t—00

So, we conclude that ¢*)(1) = 0 exists and F®*(r) is continuous at r» = 1 for all k& € N.

That is, ' € 0®(—1/2,00). Finally, for z € R”, note that f(z) = F(|z|*), i.e. f is the

composition of two C* functions. So, by the chain rule, f € C*°(R"), as desired. O

2,

Exercise 4.8. A linear transformation A: R® — R™ is called conformal if there is a number
p > 0 such that ATA = pl.

(i) Prove that a conformal transformation preserves angles in the sense that, for any
nonzero v, w € R", the vectors Av, Aw are also nonzero and the angle between v and
w is the same as the angle between Av and Aw.

(ii) Prove that a linear map that preserves angles in the sense given in (i) is conformal.
(Combining this result with (i), we deduce that a linear map is conformal if and only
if it preserves angles.)

(iii) A mapping f € C'(A4;R™), where A C R" is called conformal at a € A if f'(a) is
conformal. Let v; and 75 be two C' curves in R" that intersect, i.e. v;(0) = 75(0).
Suppose that f is conformal at this point of intersection. Prove that the angle
between the tangents of 7, and 7, at time 0 is the same as the angle between the
tangents of f o~ and f o, at time 0.

(iv) The stereographic projection is a projection used to map the unit sphere in R™*! to
R™. Tt is defined as follows. Let

S™i={u e R": |u| =1}

be the unit sphere, and let p := (0,...,0,1)T be the “north pole” of the sphere. For
r € R, let £(x) be the line in R™™ that passes through the two points (x,0) and
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p. Draw a sketch of R™™! along with S™ and ¢(z). Show that ¢(x) intersects S™ at a
unique point, which we denote by S(x). Show also that S is a bijection between R"
and S™ \ {p}. S is called the stereographic projection. Prove that

1 2x
S() = —— |
@) = TP (Ia:|2 - 1)

Finally, prove that S is conformal. This fact is of great interest to cartographers:
using S we may represent the surface of the earth on a flat piece of paper in such a
way that all angles are preserved. The downside is that areas are not preserved; in
fact, that is no projection that preserves both angles and areas (this is a mathematical
theorem). We understand this theorem intuitively, since we cannot flatten a paper
sphere without tearing the paper. The stereographic projection is accurate near the
“south pole” (0,...,0,—1)T, and becomes increasingly distorted as one approaches
the north pole p.

Proof of (i). Let v,w € R™, v,w # 0. Then
(Av, Aw) = (Av)T (Aw) = vT AT Aw = v pw = p{v, w). (%)

Setting v = w, (x) says that |Av|> = p|v|*. So, if v # 0, then p > 0 implies that p|v]* > 0,
so |Av[> > 0, i.e. Av # 0. Now, using (%) and the identity |Av|* = p|v|*,

ww)  plow)  (Av, Aw)
ollwl Pl yplw]  [Av|[Aw]
That is, the angle between v, w is the same as the angle between Av, Aw. 0

Proof of (i1). Suppose A preserves angles. That is, given v,w € R™ v,w # 0, we have
Av, Aw # 0, and

(Av, Aw)  (v,w) ()

| Av| [Aw|  |v] jw]
Let eq,...,e, be the standard basis of R”. Let v = e;,w = e;, i,j € {1,...,n}, i # j.
Then () says that (Ae;, Ae;) = 0. Since Ae; # 0 for i € {1,...,n}, we know that the set
Aeq, ..., Ae, is an orthogonal set of nonzero vectors. Also, note that

( > (Ae;, Aej) el AT Ae;
€;,€5) = = .

T |Aei] A |Aes] Al
So, the matrix ATA has zero entries away from the diagonal, and nonzero entries along
the diagonal. More specifically, the i** diagonal entry of ATA is |Aei|2. So, it remains to
show that |Ae;| = |Ae;| for i,j € {1,...,n}, i # j. Let t € [0,1], let v := e; and let
w = e/t +e;1/T—t. Then, |v| = |w| = 1, and using (), we have

(v,w) =Vt (Av, Aw)  (Ae;,VtAe;) Vi | Ae;|?

P Ao A T A jAe] - YV Ae]jAw]
So,
|Ae;|” = |Aw|® = |AesVt + Ae;/T— 12 = t|Aes|* + (1 — t) |Ae, .
Plugging in ¢t = 0 shows that |Ae;|* = |Ae;|?, as desired. O
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Proof of (iii). Let i,j € {1,2}. From the chain rule, (f ov;) = f'(7:)7i. So,
((f ©7)'(0), (f ©7;)'(0))
= (f'(3) (0)7/(0)" (' (13)(0)75(0)) = % (0)" (f (4 (0)))" (' (73)(0)7;(0))
= 7(0)" (f (3:(0))) " (' (7:)(0);(0)) = p7i(0)";(0))
So, using the cases ¢ = j and ¢ # j separately,
(1100),%(0)) _ — p(1(0),7%(0))  _ {(f om)'(0), (f ©42)'(0))
OO Ve 0)VeaO)]  [(f o) O)(f o) (0)

]Rn

Proof of (). Let x = (xq,...,x,) € R". Let w(z) denote the orthogonal projection of S(z)
onto R". That is, if S(z) = (y1,...,Yns1) € R" then w(z) := (y1,...,Yn,0). Note that
we consider R™ as a subset of R"! via the inclusion R” = R™ x {0} C R""!. We first show
that ¢(z) intersects S™ at a unique point. The line ¢(z) is either parallel to the hyperplane
R™, or ¢(x) intersects R™ at precisely one point. Since ¢(z) intersects R"™ by the definition
of £(x), we know that ¢(z) is not parallel to R™. Also, the line ¢(x) is either tangent to the
sphere S™, or /(x) intersects S™ at exactly two points. Since ¢(z) is not parallel to R™, and
p € {(x), we conclude that ¢(z) is not tangent to the sphere S™. So, ¢(z) intersects S™ in
exactly two points. Since ¢(x) intersects p € S™, there exists a unique point S(z) # p such
that £(z) intersects S™ at S(z).

We now show that S: R™ — S™ \ {p} is a bijection. We first show that S is injective. Let
x #y, z,y € R". We want to show that S(z) # S(y). The lines ¢(z) and ¢(y) intersect at p.
Also, two distinct Euclidean lines can intersect in at most one point. So, since ¢(x) intersects
S(z) and £(y) intersects S(y), we must have S(z) # S(y), as desired. We now show that S
is surjective. Let s € S™ . {p}. Let £ be the unique line that contains p and s. Since s # p,
the line ¢ is not tangent to S™ at p. Therefore, the line ¢ is not parallel to the hyperplane
R". Therefore, there exists a unique x € R" such that ¢ intersects x. Since ¢ also intersects
s and p, we conclude that ¢(x) N (S™ \ {p}) = s, so that S(z) = s. That is, S is surjective.
In conclusion, S is bijective.

Let h(z) denote the orthogonal projection of S(x) onto p. So, if S(x) = (y1,...,Ynt1) €
R™"! then h(x) := (0,...,0,y,+1). Since p is orthogonal to R™, the Pythagorean Theorem
says that |w(x)[> 4 |h(z)]* = |S(z)]* = 1. Note that |S(z)| = 1 by assumption. Note that
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the right triangle with edges = and p is similar to the right triangle with edges w(z) and
p — h(x). Therefore, |z| /1 = |w(z)|/|p — h(x)|. In summary, using that |h(x)| = |(p, h(z))|

w(@)| = |z|[p—h(@)],  |w@)* + [(p, h(2))" = 1.
By substitution, |z|* |p — k(x)|* + |(p, h(x))|* = 1. Expanding the inner product,
(1= 2(p, h(x)) + |P(@)[") + (1 = [{p, h(2))]) — 1)?
(1= (p. h(2)))* + ((1 = [{p, h(2))]) — 1)
)

So, (|z|* + 1)(1 = (p, h(2)))* — 2(1 — (p, h(z))) = 0. Since (p, h(z)) < 1, we can divide by
1 — (p, h(z)) to get (Jz|> +1)(1 — (p, h(z))) = 2, so that

1= |af
= [af*

By the definition of w(z), we know that w(z) is a constant multiple of z. Since |w(z)|* =

jf* [p = A(@)* = |2* (1 = (p, h(2)))*, and 1 — (p, h(x)) = 2/(|a[* + 1) by (*), s0
2
w(z) = Wm (%)

Combining (%) and (xx),

21’1
@y_ 1 | 7
w(z
S(x) = = .
(@) (h(az)) sl
T,
—1+faf’
We now compute the (n + 1) x n matrix S’(z).
2(|z>+1)—4a? —4z10) —dxixs —4dx12n
(lz|*+1)2 (|$| +1)? (lzI*+1)2 (lz|"+1)?
— 4z 39 2(|z? +1) 43 dwows —dzaw,
(lzI*+1)2 (Jz|*+1)2 (lz|*+1)2 (lz|"+1)?
—4zixp 74902:13” L. . 2(|m|2+1)—4m%
(lz]*+1)2 (|1“| +1)? (Jz|*+1)?
4y _dzy e e B
(lz|*+1)2 (Jz|*+1)2 (Jz|*+1)?
Let vy, ..., v, denote the columns of S’(z). Observe

(Jof* + D)*(vi,vi) = 1627 Y a? + 1627 + 16) + 4(|z[* + 1)* — 1627 (|x|* + 1)
J#i
= 1622(|z|* + 1) + 4(|z> + 1) — 1622 (|z> + 1)
= (|2 + 1) (1627 + 4(|z* + 1) — 1627)
= 4(J2)* + 1)
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Also, for i,5 € {1,...,n} with i # j,
(J2I* + 1)*(vi, v;)

= —8(|z|* + Dayz; + 16232, — 8(|z|* + 1)z, + 162,27 + x7; Z x} + 1632,
Y

= —8(|z” + Dayz; — 8(|z|* 4+ Daz; + 1622 Z:)ci + 16225

k=1
= —8(|z|* + Dayz; — (|2 + Daga; + 162,2;(|2|° + 1)
= 0.
So, combining these observations,
4
S'(x)TS (x) = —5——id.
S E@S'0) = o

5. PROBLEM SET 5

Exercise 5.1.

(i) Show that the mappings
f(z,y) = (" +e¥,e” —¢¥), g(x,y) := (e* cosy, ” siny)

are locally invertible around each point of R2.
(ii) Show that the equations

sin(y + z) + log(zz?) = 0, e+ r2=0
implicitly define (y, z) near (1,1), as an explicit function of z near —1.

Proof of (i). Let (z,y) € R?% Since f and g are the composition of C! functions, f and g
are C''. Now,

ey

/ o e’ _ o,y
det f'(x,y) = det (egc —ey> = —2¢e"e’ < 0.
det ¢'(z,y) = det (echsy _5 smy) =¥ > 0.
e“siny  e”cosy

So, f and ¢’ are invertible for all (z,y) € R% Since f, g are also C'!, we conclude that f,g
are locally invertible around each point of R?, by the Inverse Function Theorem. 0]

Proof of (ii). Define the open set
D :={(z,y,2) € R*: 9/10 < y,2 < 11/10,-11/10 < x < —9/10}.
Define the mapping f: D — R? by
f(a,y,2) = (sin(y + @) + log(2a?), e + 22) = (fi(2,y,2), fa(2,y, 2)).
Note that f is the composition of C' functions, so f € C*(D). Also,

dor (G700 GRI0%) e (UL V) —aeoty-ba) et sn )
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Since |y — 1] < 1/10 and |z + 1| < 1/10, we have |[y+z| = [r—1+2+1] < 1/5, so
cos(y + ) > 0. Since 9/10 < z < 11/10, we get 10/9 > 1/z > 10/11. So, combining these
facts, the quantity in (x) is negative. So, the Implicit Function Theorem says that z = z(z)
and y = y(x) such that f(z,y(x),2(z)) = (0,0) for z in a neighborhood of —1 and (y, z) in
a neighborhood of (1,1). O
Exercise 5.2. Consider the system of equations

P ruyt+e’ =0

27 +u? —uv = 5.
Show that (u,v) may be solved in terms of (z, y) in a neighborhood of the point (z,y) = (2, 5).
Show that the mapping (z,y) — (u,v) is C! and compute its derivative at (x,y) = (2,5).
Proof. Let (z,y) = (2,5). Then the system of equations becomes 5u + ¢” + 4 = 0 and
4+u?—uv =>5. So, u = (1/5)(—e’ —4), and substituting this into the second equation gives

100 + €*” + 16 4 8" 4 bve” 4 20v = 125.
Simplifying this equation, we have
e + 8e” + 5ve’ + 20v = 9.

The function on the left is strictly increasing in v, so there exists a unique v satisfying this
equation. Observe that v = 0 satisfies this equation, so v = 0 is the unique solution of
this equation. Then, since u = (1/4)(—e" — 4), we must have u = —1. Define a function
F:R* - R? by
F(z,y,u,v) = (Fi(z,y,u,v), F2(x,y,u,v)) = (2> + uy + €*, 22 + u* — uv).
OF)/0u OF/0vY _ Yy e’ \ v B
det (GFQ/(?u OF, /0 = det o — v —u) = —uy — (2Qu—v)e' =5+2=7>0.

That is, this determinant term is positive. Also, F is the composition of C! functions, so F’
is C1. Therefore, the Implicit Function Theorem says that there exists an open set W C R?
with (2,5) € W such that uv = u(x,y) and v = v(x,y) for (z,y) € W, and there exists
an open set V C R* such that (2,5,—1,0) € V, and F(z,y,u(z,y),v(z,y)) = (0,5) for
(z,y,u,v) € V. Moreover, u = u(z,y) and v = v(z,y) are in C*(WW).

We now compute the derivatives of u,v. Let s := (u,v) and let z := (z,y). In the set V,

F(z,5(2)) = (0,5).
So, applying the chain rule, we have
D,F(z,8) + DsF(z,5)s'(z) = 0.

Since D F(z, s) is invertible, we conclude that, when (z,y,u,v) = (2,5, —1,0), we have

z’<s>=—[DSF<z7s)]—lsz<z,s>:<2uy_v f;>_1 (2;" 3):( B }) (;‘ ‘01>.
[l

Exercise 5.3. Let A be an m x n matrix. We define the matrixz norm of A by
[|Al| :== sup {|Azx|: |z| < 1}.
(i) Prove that for all z € R™, we have |Az| < ||A]| |x].
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(ii) Prove that ||-|| is a norm, i.e. that it satisfies the following axioms:
(1) ||aAl|l = |a]||A]| for all a € R;
(2) [[A+ BI[ < [[A[| +[|BI];
(3) if [|A|| = 0 then A = 0.
(iii) Prove that ||AB|| < ||A||||B]|, where A is a k x m matrix and B an m X n matrix.
(iv) Since the space of m x n matrices may be identified with R™*" the norm or distance
defined in class reads

Al =

(This is sometimes called the Hilbert-Schmidt norm.) Prove that
1Al < 1A

Conclude that if A(x) is a continuous matrix-valued function, and if z — y, then
|A(z) = A(y)|[ = 0.

Proof of (i). Let x € R". If x = 0, then |Az| =0 < 0 = ||A]||z|. So, the desired inequality
holds for x = 0. Now, let  # 0. Then, by the definition of ||A||, and using that |z/ |z|| = 1,

X

P
||

jz]| = || < [a] || Al
|z]

|Az| = ‘A

U

Proof of (ii). Let A be a matrix. Let z € R™ with |z| < 1, and let a € R. Then |aAz| =
la| |Az|. So, taking the supremum of both sides of this equality over {z € R": |z| < 1}, we
get property (1). We now prove property (2). Let x € R™ with |z| < 1. From the triangle
inequality,
(A + B)a| < |Azx| + |Bx| < |Az| + sup |By| = [Az| + || B| -
ly|<1
Now, taking the supremum of both sides over the set {z € R": |z| < 1} gives (2).
We now prove property (3). We first show that
Al = sup [(Az,y)[. (%)
z€R" yeR™
|z[<1,]y|<1

If A =0, then both sides are equal to zero. So, to prove (x), we may assume that A # 0.
Let z € R",y € R™ with |z| < 1,]y| < 1. From Cauchy-Schwarz and (i),

[{Az, y) < [Az[ |y < || Al [=] |y| < [|All.
Therefore, we get one part of ().

sup  [(Az,y)| < [|A]].
zeR" yeR™:
lz|<1,|y[<1

We now prove the reverse inequality. Since A # 0, there exists © # 0 with Ax # 0. Let
y = Ax/|Az|. Then

Ax
" TAa]

Az|?
=ty

(42,3)] = |14
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So, taking the supremum over z with |z| < 1 shows the other part of (x).

Al = sup  [{(Az,y)| < sup [(Az,y)|.
zeR™: |z|<1 z€R™,yeR™ :
|z|<1L,[y|<1

We can now conclude the proof. Suppose ||A|| = 0. By (%), [(Aej,e;)| = 0 for all
je{l,...,n}, i€ {l,...,m}. That is, each entry of A is zero. So A = 0, as desired. O

Proof of (ii1). If B = 0, then ||B|| = 0 from (ii), and AB = 0, so ||AB|| = ||Al||||B]|| = 0.
So, we may assume that B # 0. Then there exists x € R® with « # 0 and Bz # 0. Then

|ABx| =

Bx
A=
| Bzl
If Bx = 0, then the left side of (%) is zero, and (x) still holds. That is, (%) holds for all
x € R™. Finally, taking the supremum of both sides of (%) over the set {x € R": |z| < 1}
shows that ||AB]| < ||A]| ||B]|. O

Proof of (iv). Let vq,...,v, € R™ be the rows of A, and let x € R™ with |z| < 1. Then,
using Cauchy-Schwarz,

m m
Az| = | 1w o) P < | D [l ool = |«
i=1 =1

So, taking the supremum of both sides of this inequality over the set {x € R™: |z| < 1}
shows that ||A]| < |A|.

Suppose x — y, that is |z —y| — 0, and suppose that A is a continuous matrix valued
function. That is, as + — y, we have |A(x) — A(y)| — 0. Then, using our inequality of
norms, we have

|Bz| < [[A[l[Bzx| < [[A[[[|B][[z].  (*)

PIPIE?

i=1 j=1

1A(z) = A()l] < JA(z) = A(y)[ = 0 as x—=y

Exercise 5.4.

(i) Show that the rectangular box of maximal area that can be inscribed in the unit
circle is a square.
(ii) Let a,b,c > 0. Find the dimensions of the box of maximal volume, whose edges are
parallel to the coordinate axes, which can be inscribed in the ellipsoid
72 2 2
2 + :Z—2 + ) =1.
Proof of (i). Let R be a rectangular box inside the unit circle, S' := {z € R?: |z| = 1}. Let
p: R? — R? be a rotation. Since p(S') = S, and since the area of R is equal to the area of
pR, we may choose a rotation p such that the edges of pR are aligned with the coordinate
axes, and such that pR is still contained in S'. Let A > 1 and let §: R> — R? be the
dilation defined by d)(x) := Ax. We now show that the rectangle must intersect S'. The
area of 0y R exceeds that of R, and also 6, R is a rectangle. If R does not intersect S', then
there exists A > 1 such that 6, R has larger area than R, and 0, R also does not intersect
S1. To see this, note that R and S!' are compact, so if RN S' = 0, then the infinimum
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e:=inf{lx —y|: z € R,y € S'} > 0 is attained at some z € R and y € S*. That is, there
exists € > 0 such that |z —y| > & > 0 for all z € R and for all y € S*.

So, for the purpose of finding the largest area rectangle inside of S*, we may assume that
R intersects S!. Similarly, by applying translations and dilations separately in the z and y
axes, we may assume that all four vertices of R intersect S*.

Suppose the rectangle R has vertices at the coordinates (x,y), (—z,y), (—z, —y), (z, —y) €
R? where z > 0,y > 0. Then the area of the rectangle is (2z)(2y) = 4xy. Also, since the
vertices intersect S', we have z? +y*> = 1, i.e. y = v/1 — 2. To find the maximum area
rectangle, we therefore maximize the function f(z) := 4zv1—22 for 0 < = < 1. Since
f(0) = f(1) = 0, it suffices to maximize f for € (0,1). Since f € C'(0,1), in order to
maximize f on (0, 1) it suffices to check value of f at the critical points of f. Note that

da(—x) —42% +4(1 — 2?)
() = —= +4V1 — 22 = )
Py ==t Vi
If f/(x) =0, then —222 +1 =0, i.e.  =+/2/2. Since f(0) = f(1) =0, f(v/2/2) > 0, and
v/2/2 is the only critical point of f, we conclude that f has a unique maximum at 2 = v/2/2.
If x = 1/2/2, then y = v/2/2. So, the maximum area rectangle R exists, and it is a square
of side length V2. O

Proof of (i1). Let B C R3 be a box with edges parallel to the coordinate axes. As in part
(i), by applying appropriate translations and dilations to B, we may assume that all corners
of B intersect the ellipsoid.

Suppose the box B has vertices at the coordinates (+z, 4y, +2) € R3, where z,y,2 > 0.
Then the area of the box is 8xyz. Also, since the vertices intersect the ellipsoid, we have
2?/a® + y?/b* + 2?/c* = 1. To find the maximum area box, we therefore maximize the
function f(z,y,2) := xyz with the constraint g(z,y, z) = x?/a®* + y?/b* + 2%/c* — 1 = 0,
with z,y, 2z, > 0. Let

D :={(z,y,2) €ER*: >0,y >0,z > 0}.
Note that f € C*(D), g € C*(D), and

Yz 2z /a*
Vfi=1=zz], Vg = | 2y/v?
Ty 2z/c?

Since Vg # 0 on D, the Lagrange Multiplier Theorem applies (Theorem I1.5.5 in Edwards).
So, suppose (z,y,z) € D is a critical point of f with respect to the constraint g(p) = 0.
Let A € R such that Vf = AVg. This system of equations says

yz = \2x/a?, 1z = A2y /b%, ry = \2z/c%

Since Vf # 0 on D, we may assume that A # 0. Substituting the first equation into the
second gives (yza?/(2\))z = 2A\y/b?, so 2% = 4X\?/(a?*b?). So, z = 2|A| /(ab). Substituting
the second equation into the third gives (z20%/(2\))z = 2Xz/c?, so & = 2 || /(bc). Similarly,
y = 2|A| /(ac). Plugging these equalities for x,y, z into the condition g(z,y,z) = 0 shows
that 120? = a?b?c?, so 2v/3 |A| = abe. So, the only critical point we have found in D is

(z,y,2) = (a/V3,b/V/3,¢/V3).
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On the boundary of D, f = 0. Also, f(a/v/3,b/v/3,¢/v/3) = abc33? > 0. So, we have
found the unique maximum of f, since f € C''(D), and by applying the Lagrange Multiplier
Theorem. The box of maximal volume with edges parallel to the coordinate axes therefore
has dimensions 2a/\/§, 2b/\/§, 2c/\/§. O

Exercise 5.5. Suppose that we have a probability distribution on the set {1,...,n}, i.e. a
sequence p = (p1,...,p,) of probabilities in the set P,, where

P, = {pG (0,1)": zn:pi: 1}.

A fundamental quantity for a probability distribution p is its entropy
S(p) === pilogp:.
i=1

(We extend the function xlogx to 0 by continuity, so that 0log0 := 0.) The entropy of p
measures the disorder or lack of information in p.

(i) Using Lagrange multipliers, find the critical point p of S on the set P,,. Compute the
value of S at p.
(ii) Prove that S reaches its maximum on P, at p.
(iii) In applications to statistical physics, each point of {1,...,n} represents a state of a
physical system with a given energy E;. The energy of the probability distribution p
is defined as

H(p) := szEz
=1

We now want to maximize the entropy S(p) over the set P,, subject to the additional
constraint H(p) = E for some fixed E. (The energy of the system is fixed.) We require
E to satisfy min,—y _, E; < F < max;—;__, E;, since otherwise there may not exist
a p € P, satisfying H(p) = E. By the method of Lagrange multipliers, prove that
the unique critical point p of S in P, N H~*({E'}) satisfies

.....

1

n
D, = Ee’BE", Z = ZG’BEJ',
j=1

for some parameter [ chosen so that H(p) = E. This distribution is called the
canonical or Gibbs distribution. The parameter 5 has the physical meaning of inverse
temperature: T'=1/0.

(iv) Prove that S reaches its maximum on P, N H~'({E}) at p from (iii).

Proof of (i). We optimize S subject to the constraint g(p) := (3., pi) — 1 = 0. Note that
S € Cl((0,1)"), g € C'((0,1)"), and

—1 —logp 1

VS(p) = : , Vglp)=|:
—1 —logp, 1
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Since Vg # 0 on P, the Lagrange Multiplier Theorem applies (Theorem I1.5.5 in Edwards)ﬂ.
Suppose p € P, is a critical point of S with respect to the constraint g(p) = 0. Let A € R
such that Vf(p) = AVg(p). This system of equations says

—1—logp, =A,...,—1—logp, = A\

So, for i,j € {1,...,n}, p; = p;. Since g(p) = 0 = 3., p;) — 1 = np;, — 1 for all
i€ {l,...,n}, we conclude that p, = 1/n for all i € {1,...,n}. That is, we have found only
one critical point p of S on P,,. Now,

S() = S(1/n,...,1/n) =3 —(1/n)log(1/n) = —log(1/n) = log(n),
i=1
So, for n > 2, S(1/n,...,1/n) > 0. In the case n = 1, the set P, is empty, so the problem
is vacuous in this case. 0

Proof of (ii). We now show that P is a local maximum. Note that S € C?*(P,,), 8*S/dp;0p; =
0 for i # j, and 9*S/dp? = —1/p;, i € {1,...,n}. So, for p € P,, the matrix of second
derivatives is negative definite. Now, let h € R" such that g(p + h) = 0. Note that g is
linear, so g(p+ h) = g(p) + g(h) = g(h) = 0. From Taylor’s Theorem,

S(h) = 5@) + (h —p)DrS(p) + %(h ~P)DiS(@)(h—p) +o(h—B["). (%)

Since p is a critical point of S subject to the constraint ¢(p) = 0, and ¢(p + th) =
g(p) +tg(h) = 0 for all t € [0,1], we conclude that D,S(p) = 0. Also, since DiS(p) is
negative definite, there exists ¢ > 0 such that (h — p)D2S(p)(h — p) < —c|h — p|*, where ¢
does not depend on h. So, from (%),

S(h) = S(p) < —clh —pI" +ol|h — 7).
That is, there exists a sufficiently small neighborhood V' of p such that h € V implies
S(h) = S(p) < —(¢/2)|h — p|*. Since ¢ does not depend on h, this inequality shows that 7 is
a local maximum of S with respect to the constraint g(p) = 0.

Now, the set {p € [0,1]": g(p) = 0} = P, is compact, so there exists a global maximum of
S on this set. Note that S is the sum of strictly concave functions, so S is strictly concave.
However, we have found a local maximum of S on P,, so the global maximum of S must
occur on P, C P,. To see this, we argue by contradiction. Let p’ € P, ~ P, such that
S(p') > S(p). Let A € (0,1). Then strict concavity shows that

S(AP+ (1= A)p) > AS(p) + (1 = A)S(p') = S(p).
Letting A — 1, the point A\p + (1 — \)p’ converges to p. Also, since g(p) = =1+ >\, pi,
gAD+ (1 =XN)p') = Xg(@) + (1 — N)g(p') = 0. Moreover, since p € P,, A\p+ (1 — \)p' € P,.
However, S(Ap + (1 — A\)p’) > S(p), so P is not a local maximum of S on P,,.

Since we have achieved a contradiction, we conclude that the global maximum of S on P,
must occur on P,. Finally, since we have only found one critical point p of S on P,, and it
is a local maximum, and since no other point in P, is a local maximum, we conclude that p
is also a global maximum of S on P,. U

1Strict1y speaking, the theorems in Edwards begin with the assumption that there exists a local maximum
or local minimum of S subject to the constraint ¢ = 0. However, the theorems hold, and their proofs are
identical, if we only assume that there exists a critical point of S subject to the constraint g = 0.
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Proof of (iii). Suppose n > 3. Define g: R"® — R?, by

9(p) == <(Zp> -1, (ZPE> —E> =: (g1(p), 92(p))-

We optimize S subject to the constraint g(p) = (0,0). Note that S € C*((0,1)",R), g €
C1((0,1)", R?), and

—1 —logpy 1 Ey

VS(p) = : ., Va)=1:], Vel =
—1 —logp, 1 E,
Suppose p € P, is a critical point of S with respect to the constraint g(p) = 0.

We first discuss the constraint condition g(p) = (0,0). Note that p satisfies g(p) = (0,0) if
and only if p lies in the intersection of the two hyperplanes {p: g1(p) = 0} and {p: g2(p) = 0}.
In order for our optimization problem to be nontrivial, we need the intersection of these two
hyperplanes to be nontrivial, and we need the set {p € (0,1)": g(p) = (0,0)} to be nonempty.
Since min;—y _, E; < F < max;—; __, F;, there exists p € P, such that H(p) = E, i.e. there
exists p € (0, 1)™ such that g(p) = (0,0). To see this, reorder the numbers E, ..., E, so that

EFi<E<---<E;<E<E<--<E,.

In particular, (1/5) 37, F; < E < (1/(n — j)) > iejp1 Ei- So, 3t € (0,1) such that

p=! iE 41t iE .
I\Z n—Jj i=j+1

(ZeZ) +i:§ <Z ei> € (0,1)".
)

i=j+1
Note that )", r; = 1 and H(r) = E, so g(r) = 0. In conclusion, the set {p € (0,1)": g(p) =
(0,0)} is nonempty.

Also, since min;—; n Fi, it cannot occur that E; = E; for all 4,5 €
{1,...,n}. Therefore, Vg;(p) and Vgy(p) are linearly independent. So, the Lagrange Mul-
tiplier Theorem applies (Theorem I1.5.8 in Edwards). Let A;, A\ € R such that VS(p) =
MV g1(P) + AaVge (D). This system of equations says that, for all i € {1,...,n},

—1 —logp; = A1 + A Ei. (%)
Multiplying both sides by p, shows that —p, —p, logp;, = Mp; + A2p,; F;. Then, by summation,
and by applying the constraint g(p) = (0, 0),

n n

—1+5(p) = Z(—]_?i — Dilogp;) = Z()\lpi + AP Ei) = At + A E.

i=1 i=1

Now, define

,,,,,

Substituting this equality into (x), we get that for all ¢ € {1,...,n},
That is, —logp, = S(P) + \2(E; — E), so
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Summing (k%) over 4,

n n n
1= E Z_jz — E e_AQEieAZEe_S(ﬁ) — e/\zEe—S(ﬁ) E G_Ain.

Substituting this equality into (xx), we get that, for all : € {1,...,n},
oM
pi= TR ()
So, a critical point of S must satisfy (1), for all i € {1,...,n}.

Note that, from our application of Lagrange Multipliers, we do not yet know that the
critical point P satisfies p € P,. So, we now show that p € P,,. From (I), note that p; # 0.
If p; > 1 for some i € {1,...,n}, then e *2F > S e~%Fi which cannot occur. So,
0<p;<lforallie{l,...,n}. Alsofrom (f), > I ,p; =1. That is, p € P,.

We now show that the constant Ay is unique. It suffices to show that there is a unique
Ao € R such that H(p) = E. That is, it suffices to show there is a unique § € R such that
S Eie PR =FY" e PFi Define f: R — R by

f(B) = Zl_nl—_BE.-
Dimg € 0P
Note that
lim f(f) = min EF; < E< max E; = lim f(8).
B—00 i i B——o0

1=1,...,n i=1,...n

So, to find our unique 8 such that f(f8) = F, it suffices to show that f'(8) < 0. Observe

o~ (i e (S, BRe 95 + (Lo, Bre¥2)?
T (S, e |

To show that f/(5) < 0, it therefore suffices to show that

> iy Bie PP i Dy Bie O
> iy e PE - e PP
Using (1), we therefore need to show that

n 2 n
(Z Ei@) < Z E?p;.
i=1 i=1

This inequality follows from the strict convexity of the map t — %, t € R, 0 < p, < 1,
and Z?:l p; = 1. Also, in order to get the strict inequality, we need to use min;—; _, F; <
max;—1, ., £;. This inequality is also known as Jensen’s inequality.

In conclusion, the constant Ay = [ is unique in (f). That is, there exist exactly one critical
point of S on P, N H*({E}).

So, the case n > 3 of the problem is concluded. It remains to check the cases n = 1
and n = 2. If n =1, P, is empty, so the problem is vacuous in this case. If n = 2, then
P1+D, =1,0 < ppy,pps, < 1, and p, Ey + pyFs = E. The constraints g(p) = (0,0) give
the equations of two lines in R?. Since Vg; and Vg, are linearly independent, these lines
intersect in a single point. So, there is only one point p such that g(p) = 0. So p is trivially
a critical point of S subject to g(p) = 0. Since n = 2, there exists A\;, A2 € R such that (x)
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holds, by linear algebra. The rest of the argument proceeds as above, so the conclusion of
the problem holds in the case n = 2. 0

Proof of (iv). We now note that the critical point p is a local maximum of S on {p €
Pn: g(p) =0} = P, N HY(E). The argument is identical to that given in part (ii). We now
note that a global maximum of S on P, N H~(E) exists in P,. The argument is identical
to that given in part (ii). Since we have only found one critical point p of S on P, N H '(E)
from part (iii), we conclude that p is the unique global maximum of S on P, N H~Y(E). O

Exercise 5.6.

(i) Let p1,...,pn be positive real numbers satisfying p; + - -+ + p, = 1, and define the
functions

p(x) ==pivs + - A ppwn — 1,  flx)=al--abn
Define the subset
M :={x e R": p(z) =0 and x; > 0 for all i}.
Show that f(z) > 0 in M and f(x) = 0 in M ~ M. Conclude that f has a global
maximum in M.
(ii) Find the global maximum of f in M using Lagrange multipliers. Conclude that
f(z) <1in M.
(iii) Use (ii) to prove the inequality
aft---abm < prag + -+ Pply

where ay, ..., a, are positive real numbers. In the special case p; = 1/n for all 7, this
inequality reduces to the famous fact that the geometric mean is less then or equal
to the arithmetic mean.

Proof of (1). Let x € M. Since z; > 0 and p; > 0 for all i € {1,...,n}, we get f(z) > 0. We
first show that the set M is compact. Let € M, and define p := (p1,...,p,) € R™. Since
x €M, (x,p) = 1. Since x; > 0 and p; > 0 for all i € {1,...,n}, we have

1= [z,p)| = Z%‘Pj > Tip;.
=1

So, x; < 1/p; < 1/(min;—y__,p;) < oo foralli € {1,...,n}, and therefore

max r < — < Q.
i=1,...n min;=1,...nPj

So, M is contained in the compact set {x € R*: Vi € {1,...,n},0 <z; < 1/min;—y__,p;}.
Since M is a closed set contained in another compact set, we conclude that M is compact.
We now show that

M~ M={zeR": ¢(x)=0,2;, >0Vj e {l,...,n},
and 37 € {1,...,n}such that x; = 0}. (%)

Let # € M~ M. Then there exists 1*) — 2 as k — oo with 2®) € M. Then z = (z1,...,2,)
is in the compact set M. Since ¢ is continuous, ¢(x) = limg_, @(z*¥)) = 0. Also, since the
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coordinate projections are continuous, x; > limy_, x,(;k) >0. Ifz; >0forallie{1,...,n},
then z € M. Since x ¢ M, We conclude that x; = 0 for some i € {1,...,n}, so that x is
in the right side of (x). We now show the other containment. Let x in the right side of (x).

For k € Z~, define
11

Since z; > 0 for ¢ € {1,...,n}, we have yfk) >0 forie{l,...,n}. Also, since p(z) =0 and
o(1/(np1),...,1/(np,)) = 0, and since p(z) = (z,p) — 1, we conclude that

p(y™) = (1= 1/k)p(2) + (1/k)p(1/(npy), ..., 1/ (npn)) = 0.
Finally, y*) — x as k — 00, so 2 € M ~ M. In conclusion, (%) holds. o
We can now conclude this part of the Exercise. From (x), we must have f =0 on M ~ M.

Also, since M is compact, f is continuous, and f > 0 on M, we conclude that there exists a
global maximum of f on M. 0

Proof of (ii). From part (i), it suffices to maximize f on M and ignore M ~. M. Define
9(z) = p(z) — 1
We maximize f with respect to the constraint g(z) = 0. Note that, with this constraint, an

application of Lagrange Multipliers could find a maximum of f outside of M. Note also that
f € CYM) and g € C*(M). Now,

pra kR g D1
Vi(r) = : , Vy(z)=
oy - ahe n

Since Vg # 0, the Lagrange Multiplier Theorem applies (Theorem I1.5.5 in Edwards). Let
x be a critical point of f subject to the constraint g(z) = 0.
Then there exists A € R such that V f(z) = AVg(z). Therefore, for i € {1,...,n},

4 ;
zt H:v? =\
J#i
That is, z; = f(x). So, Y i wpi = Y iy pif (x) = f(x). Since p(z) = 0 = (z,p) — 1, we
have Y7 xip; = (x,p) = 1, so f(x) = 1. Since z; = f(z) = 1, and ¢(1,...,1) = 0, we
conclude that (1,...,1) € M. Since the application of Lagrange Multipliers has only found
one critical point of f, part (i) implies that (1,...,1) is the global maximum of f on M, so
f(z) <1forxe M. O

Proof of (iii). Let ay,...,a, > 0. Define

. (a1,...,a,) —
api + -+ AnPp
By the definition of z, (z,p) =1, so ¢(x) = 0. Also, z; >0 foralli e (1,...,n),sox € M.
From part (ii), f(z) < 1. Using the definitions of z and f(x), and the equality >, p; = 1,

we see that the inequality f(z) < 1 says that

P1_ .. P
ay a;’

< 1.
ap1+ -+ appn
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To conclude, multiply both sides of this inequality by (a, p). O

Exercise 5.7. This problem is a digression on linear algebra and block matrices. Let A be
an n X n matrix, B an n X m matrix, C' an m X n matrix, and D an m x m matrix. We can
put all of these matrices into a block matrix

(@ 5)

A 0
det (0 Im> = det(A).

(ii) Using (i) and the fact that det(XY') = det(X) det(Y), prove that

(i) Prove that

0 D

I, B\
det(0 Im) = 1.

(iv) Suppose that D is invertible. Prove that

I, —BD™'\ (A B I, 0\ [(A-BD'C 0
0 I, C D)\-D'C I,] — 0 D)

(v) Suppose that D is invertible. By combining, (i) — (iv), prove that

det <A 0) — det(A) det(D) .

(iii) Prove that

A B _
det (C’ D) = det(A — BD7'C) det(D).

(A special case of this formula was used in class in the proof of the implicit function
theorem.)
(vi) Now that you're all warmed up with block matrices, use the identity

I, B L, O . I, O I, B
wl(fe w) e )l = wl(e n) (e 2)
to prove
det(I, + BC) = det(I,, + CB).

This is one of the most useful identities in linear algebra, and its proof without block
matrices is much harder.

Proof of (i). Let o € S, 1m, and let M = 61 ]O )

o(i) # i. By the definition of M, we then have M;,;y = 0. Now, let S/, be the set of 0 € S,
with (i) = for n +1 < i < n+ m. Then there exists a bijection ¢: S/ — S,, defined by

. Let i with n+1 <7 < n+m. Suppose

o(a)(1,...,n)=0c(l,...,n,n+1,....,n+m).
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Moreover, sign(¢(c)) = sign(o). Therefore,

n+m n+m
det M = Z sign(o) H Mo = Z sign (o) H Mo (j)
0ESn+m j=1 0ESntm: o(i)=t, j=1
Vn+1<i<n+m
=Y " sign(o) [[ Moy = D _ sign(o H jo (i)
o€Ss), Jj=1 oESh
= Z sign(o ﬁ Ajoij) = det(A).
ocESnh Jj=1

Proof of (i1). We first suppose that det(A) # 0. Define
(A O (AP0
e (20) e (40
Using part (i),

det(D) = det(M H) = det(M)det(H) = det(M) det(A™') = det(M)(det(A))*.

So, det(M) = det(A) det(D), as desired.

Now, assume that det(A) = 0. Let R be an n X n matrix that is a composition of row
operations on A such that RA has a zero row. Specifically, we choose row operation matrices
Ry, ..., R; to be upper triangular with ones along their diagonal. Note that det(R;) # 0 for
ie{l,...,7}. We then compose these matrices together to get R := R;R;_;--- RyR;. Then

det(R) = [T’_, det(R;) # 0. So, define

(R 0
e (2 1),

Since RA has a zero row, KM has a zero row, and so det(K M) = 0. Then, using part (i),

0 = det (RA O) — det(K M) = det(K) det(M) = det(R) det(M).

0 D
Since det(R) # 0, we conclude that det(M) = 0. Since det(D) = 0, we conclude that
det(M) = det(A) det(D), as desired. O

Proof of (iii). Let 0 € S,1m. Assume that there exist 1 <i<mnandn+1<j<n+m
such that (i) = j. We claim that there exists 1 <7 <n and n+1 < j' < n -+ m such that
o(j) = i'. We argue by contradiction. Assume that, for all n +1 < k < n 4+ m we have
o(k) e{n+1,n+2,...,n+m}. Since o is injective, there must be somen+1 <k <n+m
such that a(k) =7, by the pigeonhole principle. But (i) = j and ¢ # k, so we have violated
injectivity of o. Since we have achieved a contradiction, the claim is proven.

We now prove the required result. Define

(I, B
e (b B,
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Let 0 € Sp1m. Assume that there exist 1 <i <mnand n+1 < j < n-+m such that (i) = j.
From the claim, there exist 1 < i <mn and n+1 < j* < n+m such that o(;’) =4'. That is,
Mjiy(jry = 0. Therefore,

n+m n+m
det(M) = Z Sign(O') H M,L (i) = Z Sign(a) H Mw’(z)
0ESh+m =1 oESh+m 1=1

o(j)<n,¥1<j<n

Let 0 € S,im such that o(j) < n for all 1 < j < n. Then [[;_; Miy;) = 0, unless
o(j) = jfor all 1 < j < n. Also, since o(j) € {1,...,n} for all 1 < j < n, we have
o:{1,....,n} = {l,....n},and o: {n+1,....,.n+m} - {n+1,....,n+m}. And then
H:L:t:j-l Moy = 0, unless o(j) = j for all n +1 < j < n +m. So, the only nonzero term in
the determinant comes from o = id. That is,

n+m n ntm
det(M) = Z sign(o) H Mgy = Z sign(o) H Moy H Mo ir)
U€S7L+7n i=1 Uesn+7u i=1 t'=n+1
o(j)<n,¥1<j<n o(j)<n,¥1<j<n
n+m

=[] =1
i=1

0
Proof of (iv).
I, —BD™! A B I, 0\ (A—-BD'C 0 I, 0
0 I, C D -D7'C I,) C D -D7C I,
_(A-BD'C 0
— 0 D)
O
Proof of (v).
_ -1
det(A — BD'C) det(D) = det <A POECOY oy (i)
I, —BD™! A B I, 0 .
—ae (675 )(E B) (ome 0] e
I, —BD™! A B I, 0
:det<0 I )det (C’ D)det <—D‘1C Im>
A B I, 0
= det (C D) det (—D_IC I , by (iii)
A B I, (-D7'C)T A B
—det(c D)det(o ( I )>—det(c D) , by (iii).
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Proof of (vi). Define

(A B , (BT DT w._ (D C
M._(O D), M._<AT CT), M._(B A).

We begin with a claim. We claim that
det M = det M". (1)

To get this equality, we first perform m cyclic permutations on the columns of the block
matrix, and we then perform n cyclic permutations on the rows of the block matrix. For
0,7 € Spym With 7 a cyclic permutation, i.e. 7(i) :=i+1fori e {1,...,n+m — 1}, and
T(n +m) =1, we use the identity

sign(o (7)) = sign(o)sign(r) = sign(o)(—1)""""1.

This identity follows since 7 can be written as a product of n +m — 1 transpositions. Now,

n+m n+m
A B 1 m(n+m— : m
det (C D) = Z sign(o) 11 Moy = (—1) (n+m—1) Z sign(a (™)) 11 Mg

UGSn+m Ueanrm
n+m
= (—l)m(n+m_1) Z sign(cr) H Mw(T—m(i))
UESn+m =1
= (—1)mFm=D) et (D C) = (—1)m+m=1) det (AT C’T) (%)
Also,
BT DT . pu / (n+m—1)n : n fa !
det AT T | = Z sign(o) H Mgy = (1) Z sign(o(7")) H Mig ;)
0ESn+m =1 0ESh+m =1
n+m
= (—1)mtm=bn Z sign() H M{U(rn(i))
UESner =1
T T
— (_1)(n+m—1)n det (gT iT) _ (_1)(n+m—1)n det (g i) ’ (**)

Note that n(n +m — 1) + m(n+m — 1) = (n +m)(n +m — 1), which is an even number,
since it is the product of two consecutive integers. So, (—1)™n+m=1(_1)m+m=1) — 1 And
() combined with () therefore proves our Claim (1).

With this claim completed, we can now finish the exercise.

det(I, + BC) = det (I" +OBG ]B) by (v)

“oel (% 2) (6 )] =enl(E ) (% £)

/I, B \ . [CB+I, 0
_det(o CB+Im)_det< B [n) , by (1)

=det(l,, + CB) , by (v).
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Exercise 5.8. Recall that Newton’s method is an algorithm for finding zeros of a function
f. It consists in iterating the map

p(z) =z — (f'(2)"" f(z).
Thus, we start with some given zy and define x; := p(zo), 2 := @(x1), etc.

(i) Suppose you are trying to find /a for some a > 0. This amounts to finding the
positive zero of the function f(z) = 2% — a. Derive an algorithm for finding \/a using
Newton’s method. You should recover the Babylonian method given in class.

The rest of this problem is devoted to an analysis of the convergence of Newton’s method.
For simplicity, we work in one dimension, i.e. we set n = 1. Without loss of generality, we
assume that the zero of f we are interested in is at the origin: f(0) = 0. We shall show
that, assuming f’(0) is invertible and f is C*? in a neighborhood of 0, the sequence (zj)ren
converges to 0 provided z; is close enough to 0.

Let R >0 and K > 1 and suppose that

Vee[-RR: K'<|[f(@)<K, |[f'(¥)] < K. (2)

(ii) We begin by estimating |z41 — x| in terms of |z — xx_1|. Suppose that xy, x4 €
[—R, R]. Prove that

K? 9
[T = ae] < - fok — @
(iii) Prove that |z; — x| < K? |xq].
(iv) Prove that if
20| < —; K4
for some ¢ € (0,1), then |zpp — 5] < K227Fe2" < ¢(e/2)FK 2. Conclude that if
xy € [—r,r] and
1 2
r< — R>e| —+4+— 3
= (K4 ¥ Kg) | 3)

then the sequence (z)ren converges in [—R, R|. Show that this limit is a fixed point
of ¢, and hence 0.

(v) Show that there exist 0 < r < R such that (2)) and (3] are satisfied. This shows that
Newton’s method will find the zero of f at 0 provided one starts sufficiently close to
it (in this case in the interval [—r,7]).

Proof of (i). Let f(z) := x® —a, a > 0. Note that f(y/a) = a —a = 0. So, to find \/a, we
want to find a zero of f, via Newton’s method. Let g = x € R. For i € Z-o, Newton’s
Method says that we should define

f () ?—a 1 a
ZT; =T — =T — ==\ — — .
i Fi(x:) 2w 2

U

Proof of (ii). Since f € C?|—R, R|, Taylor’s Theorem applies at x = z;_;. Let z € [~ R, R].
Then there exists £ € [—R, R] such that

@1 +y) = f(re1) +yf (@) + (1/2)y° ' (€). (*)
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So, using the definition of ¢ and xy, and using (),

flxg—1)
(mw f (ffk . @;;_1))

Flaxor) - f&zz L f (1) + <1/2>( flm0 )" pre)

f'()
SO (S O e
2/ (k) (f’(xk_l)) B 2f’(g;k)( R Tre1)”

Note also that f' # 0 on [—R, R] by our assumptions, so we can freely divide by f’, since
T, Tr—1 € [—R, R]. Now, using the above equality and our derivative bounds,

2

1 _ K
[Tp1 — ] < 5 sup N W) ok — 2 |” < > |z, — za |
Se[_RvRLye[_RvR]

O

Proof of (iii). As in part (i), f € C?*[—R, R] and f" # 0 on [—R, R], so we apply Taylor’s
Theorem at x = 0. Let z € [-R, R|. Then 3¢ € [—-R, R] such that f(z) = z f'({). Therefore,

flao) | _ | ()
Flo) |~ )

|l°1 - l’o| =

‘§K2|ZEQ|

O

Proof of (iv). We prove by induction on k that |zj4; — x| < K~227%¢2" for some 0 < ¢ < 1.
Since |zg| < eK ™4, part (iii) and K > 1 show that |z; — 2| < eK ™2 So, we now prove the
inductive step. Let k > 0 such that |z, — 24| < K~227%2". Now, by part (ii),

2

K’Z
2 —4o— k+1 —26—2k— k+1 i, k+1
|.',Uk+2 - xk+1| S 7 |$k+1 — 1’k| S 7 K 42 2k€2 =K 22 2k 152 S K 22 (k+1)82 '

The inductive step is complete, so the claim is complete. Also, note that k + 1 < 2%, so
|Tpr1 — x| < K227k < K 2e(g/2)".

Now, let g € [-r,7], r < eK™ R > (K% + 2K~2). Then |z5] < eK™*, so the
claim above implies that |zg1 — 21| < e(e/2)*K~2. We deduce from this condition that the
sequence {zy}r>o is Cauchy. Let m,n > 0 with m > n. Then

m— m—1

e/2)"
S s — )| £ 3 s -l < Y ele/2p K2 = ke G gy
k=n k=n

— = 1—¢/2
So, the sequence {zy }x>o is Cauchy, since the last quantity in (%) becomes arbitrarily small
as n — 00. Then, there exists x such that z, — = as k — oco. Taking n = 0 in (%), and
using that 0 < ¢ < 1, we have |x,,, — x| < K~?2¢. Therefore,

— x| =

2| < |z — m0| + |70| < |T0| + lim |, — 0] <Kt +2eK2< R.
m—0oQ
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That is, {zy}r>0 converges to a point © € [—R, R|, and x), € [-R, R] for all £ > 0. Since
K= <|f'(y)| < K forally € [-R,R], f'(y) # 0 for all y € [-R, R]. So, p(x) and ¢(zy)

are defined for all £ > 0. Moreover, ¢ is a composition of continuous functions, so
e(x) = lim ¢(xg) = lim g = 2.
k—o00 k—o0

So, z = = — f(z)/f'(x), and f(z)/f'(x) = 0, so f(z) = 0. Since f € C'[—R, R] and
K' < |f'(y)] £ K for all y € [—R, R], the Intermediate Value Theorem implies that
fli=r,g) is equal to zero only at the point y = 0. We therefore conclude that = = 0. U

Proof of (v). Since f'(0) # 0 and f’ is continuous in a neighborhood of the origin, there
exists R’ > 0 and k > 1 such that, for all y € [-R, R], k' < |f'(y)| < k. Also, since f is
C? in a neighborhood of the origin, there exists R > 0 and K > 1 such that R < R’ and
K > k such that | f"(y)| < K for ally € [-R, R]. Since R < R and K > k, we conclude that
K <|f'(y)| < K for all y € [-R, R]. Now, let € > 0 small such that R > ¢(K~* + 2K %),
choose any r with r < e K~*, and choose any zy with |zo| < eK~%. O

Exercise 5.9. Prove that if f € C* satisfies the assumptions of the inverse function theorem,
then the local inverse f~! is also C*. Formulate and prove a similar statement for the implicit
function theorem.

Proof. Let U,V be open sets such that f~': V — U. Define the set
GL(n,R) :={A € R"": det(A) # 0}.

Define ¢: GL(n,R) — GL(n,R) by t(A) := A1, Recall that D(f~1)(z) = [D(f)(f " (x))]".
That is, D(f~1)(x) is the composition of three functions: f~!(z), followed by D(f), followed
by ¢. We know from the Inverse Function Theorem that F'~! € C*(V'). We want to show that
f~t e Ck(V). We argue by induction. Assume that f~! € C(V) for some 1 < j < k. Then
fLeCi(V), D(f) € CI(U) since j < k and f € C*(U), and + € C*(GL(n,R); GL(n,R)),
since ¢ is a rational function whose denominator is the determinant function. The latter
fact was found using Cramer’s rule in Exercise M(u) So, from our composition formula
D(f~YH(x) = [D(f)(f~'(x))], we conclude that D(f~1) € CI(U), since each of the three
compositions are C7. Since D(f~') € C7(U), we conclude that f~' € C7*}(U). The induc-
tive step is therefore complete. We conclude that f~! € C*(U), as desired. O

Theorem 5.10. Let z,a € R™, by € R", x = (x1,...,Zm), ¥y = (Y1,---,Yn). Let
G: R™™ — R™ be C* in a neighborhood of (a,b). Assume that G(a,b) = 0. Assume also

Il e R

and W C R™™ open such that a € U, (a,b) € W, and there exists h: U — R™ that is C*
such that y = h(x) solves G(x,y) =0 for (z,y) € W.

Proof. Define f(z,y) := (z,G(x,y)), f: R™™™ — R™" Then f(a,b) = (a,0). Also,
I, 0
/ — . .
f - (g_acc;;(a’ b>> 1<i<n <gzcjjz (CL, b)> 1<i<n

1<j<m 155<n

Using Claim (}) of Exercise [5.7((vi), and using the result of Exercise [5.7|(vi),

8G; 3G,
L(a,b . L(a,b A ;
det f" = det (ayj ( ))HEZ <8% ( )> 'SEn | = det (gG (a,b)> i

1<j<m
0 1,

A

IA

y .
/ 15j<n
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So, using our assumption, det f’ # 0. Also, by the definition of f, and using that G is
C*, we know that f is also C* in a neighborhood of (a,b). So, using our modified version of
the Inverse Function Theorem (modeled after Theorem I11.3.3 in Edwards), 3 W,V C R™*"
open such that (a,b) € W, (a,0) € V, and 3 g: V — W, g € C* such that g(a,0) = (a,b),
and g = f~' Let U := VN (R™ x {0}), U C R™. Since (a,0) € V, we have (a,0) € U.
Write g(z,y) =: (A(z,v), B(z,y)), A(z,y) € R™, B(z,y) € R". Then for (z,y) € V,

(x,y) = f9(z,9)) = [(Alz,y), B(z,y)) = (A(z,y), G(A(z,y), B(2,y)))
Therefore, A(z,y) = x, and so
9(z,y) = (z, B(z,y)).
For x € U, let h(z) := B(x,0). Then

(l’,O) = f(g(xa 0)) = f($’ B(l’,O)) = (ZE,G(ZE,B(x,O)))

Therefore,
0 = G(z, B(z,0)) = G(z, h(x)).

So, we have shown that x € U implies that G(z,h(x)) = 0. We now prove the converse.
Suppose G(z,y) = 0 for (z,y) € W. Then f(x,y) = (z,G(z,y)) = (z,0), so

(z,y) = g(f(z,9)) = 9(,0) = (z, B(x,0)) = (z, h(x)).
Therefore, y = h(z). And g(x,0) = (z, h(z)). O

6. PROBLEM SET 6

Recall that a subset M C R” is called a k-dimensional C*-manifold if every p € M has an
open neighborhood U with p € U, and there exists a diffeomorphism ¥ € C*(U;R") from U
onto V := ¥ (U) such that

YU NM)=VnRx{0}).
Recall that in class we saw two ways of generating a manifold.
(a) Using a graph (Ezample 15). Let W C RF be open and let g € C*(W;R"*). Then
the graph of g, defined as
M = G(g) == {(z,9(x)): x € W},

is a k-dimensional C* manifold.

(b) As the preimage of a reqular value (Ezample 16). Let ¢ € CYU;R™*) for some
open set U C R™. Then the set M := ¢ 1(0) is a k-dimensional C* manifold if 0 is a
regular value of ¢, i.e. if rank(¢'(p)) = n — k for all p € M.

Exercise 6.1. In class we saw that the tangent space of a graph M = G(g) as in (a) is given
by T,M = &' (z)R*, where ®(z) := (x,g(x)) and p = ®(z). Consider the special case k = 1
and n = 2, and verify that this expression for 7T,M coincides with the expression for the
tangent line, translated to pass through the origin, of the graph y = g(z) that you learned
in high school or in calculus.

Proof. Suppose n =2,k =1. Then g: R — R and ®: R — R? with ®'(z) = (1,¢'(z)). And
' (2)R* = {(t,td'(x)) e R*: t € R}.
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Recall that the tangent line of g at the point x is given by the formula (y—g(z)) = ¢'(z)(t—x),
where y,t € R are variables. If we translate this line to pass through the origin, it then has
the formula y = ¢/(z)t. So, this line consists of all points (¢, ¢’(z)t) with ¢t € R, as desired. O

Exercise 6.2. Find the tangent space of the graph of the function g(x,y) := 2 + y? cos(z).
Proof. Let (z,y) € R?. Let ®(x,y) := (x,y,9(z,y)). Then g: R? - R, &: R? — R?, so
' (z,y): R? - R3, and
1 0
TiwayGlg) = ' (z,y)R* = 0 1 R?
22 — y?sin(x) 2y cos(z)

(a,b,a(2x — y*sin(z)) + b(2y cos(z))) € R*: (a,b) € R?}
(a,b,c) € R*: (2 — y?sin(x))a + (2y cos(z))b — ¢ = 0}.

O
Exercise 6.3. Let M := »!(0) be the preimage of a regular value of p € C', as in (b)
above. Prove the following fact that was mentioned in class: the tangent space T),M is

T,M = Nullspace(¢'(p)).

Proof. Tt is assumed in the problem that 0 is a regular value of . That is, if ¢: U — R**
with U C R", then rank(¢'(p)) =n —k for all p € M. Let p € M, and write p = (a,b) with
a € R* b € R"*. Note that ¢/(p) is an (n — k) x n matrix. Since ¢'(p) has rank n — k, we
may assume, after permuting the coordinates if necessary, that the columns k+1,k+2,...,n
of ¢'(p) have nonzero determinant. That is, we may assume that

det ((P'(p)lsiSn—k> # 0.

k+1<j<n
So, since ¢ € C1(U), the Implicit Function Theorem gives V' C R* and W C R" open such
that a € V, p = (a,b) € W, g: V — R* g € CY(V;R" %), and such that y = g(x) solves
o(z,y) =0 for (z,y) € W, z € R¥, y € R"*. That is, in a neighborhood of p, M is equal

to {(z,g(x)): z € V}.
Let x € V and define ®(z) := (z,g(x)), ®: R*¥ — R™. Then ®'(a): R* — R", and

M = /(a)RF = (g,[(l;)) RF. (%)
)g(a)) = (a,b) =p

= 0. Applying the chain rule,

3

Here p = ®(a), since ®(a) = (a,
Let (z,y) € W. Then ¢(®P(x)
P (@)@ (x) =0.  (¥x)
Let v € T,M. Then there exists z € R* such that ®(a)z = v. But then, from (*x),
' (@(a)) 2 (a)z = 0= ¢'(®(a))v.
So, v € Nullspace(¢'(®(a))) = Nullspace(¢'(p)), since p = ®(a). That is, we have shown
T,M C Nullspace(¢'(p)). ()

Now, ¢/(p) is an (n — k) x n matrix of rank n — k. So, its nullspace has dimension at most k.
On the other hand, from (%), 7, M has dimension at least k. Since 7, M and Nullspace(¢'(p))
are then linear subspaces of the same dimension via (1), we see that (I) is an equality. O
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Exercise 6.4. A torus is a doughnut-shaped surface in R? that can be constructed as follows.
Let @ > b > 0 and consider the circle C of radius a in the zy-plane. By definition, the torus
T, is the set of points (z,y, z) € R? that lie at a distance b from the circle C.

(i) Draw a sketch of T;,;, and prove that it is a 2-dimensional C'*° manifold.
(ii) Find the tangent space of T, at a point p = (x,y, 2) € Ty

Proof of (i). Let (z,y,2) € R® and define r := /22 + y2. Then r is the distance from the
point (z,y,0) to the origin. Let (z,y, z) € T,,. Consider the closed ball

By(r,y,2) = {(c,d,e) € R*: |(x,y,2) — (c,d,e)| < b}.

Since (z,y,2) € Tup, Bp(x,y,z) intersects C in at least one point. We now show that
By(z,y, 2) intersects C in exactly one point. For (c,d) € R?, define the function f(c,d) :=
(c—z)?+ (d—y)*+ 2% We minimize f subject to the constraint g(c,d) := c* +d* — b* = 0.
That is, with the point (x,y,2) € T, fixed, we minimize the distance of (x,y,2) from a
variable point (¢,d) € C. Note that r # 0, since r = 0 implies that © = y = 0, so the
distance from (z,y, z) to C exceeds a. But this distance must be less than a, so r # 0.

Since C is compact, a minimum of f exists on C. Let (¢, d) denote this minimum. Using
Lagrange Multipliers, we have Vf = (2(z — ¢),2(y — d)), Vg = (2¢,2d,0), and there exists
A > 0 such that Vf(c,d) = AVyg(c,d). That is, (z —¢) = A¢, (y —d) = Ad. So, (z,y) =
(A+1)(¢,d). That is, (z,y) and (c,d) are parallel. Since (x,y,z) € R* and C C R? x {0},
there exist only two vectors in C such that (x,y,0) and (¢, d, 0) are parallel. Namely, we have
(¢,d,0) = (a/r)(z,y,0), and (¢,d,0) = —(a/r)(z,y,0). Note that

|(G/T)($7yv O) - (l‘,y, Z)|2 = 22 + a27 |—((Z/7")(Q§',y, O) - (:Ev Y, Z)l = ZQ + (CL + r)z'

Since r > 0, the point (x,y,z) achieves its minimum distance from C at the point

(a/r)(x,y,0). At this point, we have
’(:Ev Y, Z) - (CL/T)(LE, Y, 0)’2 = b2'
That is,
V= (@*+y1—a/r)?+22=(r—a)?+22=r"+a*—2ra+ 2%
So, r? + 2% + a® — b* = 2ra, and (r? + 2% + a® — b*)? = 4r?a?, so that
(®+y* + 2+ a —62) = 4a*(z* + y?).
Now, define ¢: R® — R by
p(z,y,2) = (2 +y* + 2° + a® = 1°)* — 4a®(2® + o).
To conclude, we want to show that Vi # 0 for (x,y, z) with ¢(x,y, z) = 0. Observe
2(x% + y* + 2% + a® — b?)(27) — 8a’x
Vo(z,y,2) = | 2(2® + y* + 2% + a®> — b*)(2y) — 8a’y
2(x% + y? + 22 + a® — 1*)(22)

Since a > b, the third term of V(x,y, z) is zero if and only if z = 0. So, we now argue by

contradiction, and assume that z = 0 and V(z,y, z) = 0. Then the first and second terms
of Vip(z,y, z) are zero, so

z[4(2* + ¥ + a® — b?)]/(8a%) =z, y[d(2® + y* + a® — b%)]/(8a?) =
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Since r > 0, at least one of z,y is nonzero. So,

(2% +y* +a® — b?) = 2a°.
Since ¢(r,y,2) = 0 and z = 0, we conclude that 4a* = 4a*r?, so r = a. But r = a implies
that (z,y,z) € C, since z = 0. However, (z,y, z) has positive distance b > 0 from C. We

have finally arrived at a contradiction. We conclude that ¢'(z,y,2) # 0 if ¢(z,y,z) = 0.
Since p € C*°(R?), we conclude that ¢~ 1(0) = T, is a C*° manifold. O

Proof of (ii). Let p = (z,y, 2) and let M := ¢~1(0) = T,. Using Exercise[6.3]
T,M = Nullspace(¢'(p)) = {(z1, 22, 23) € R3: (21,9, 23), Vo(p)) =0}

T 222 + y* + 22 + a® — b?)(27) — 8a’x
= ¢ (@1, 72, 73) € R?: o |, | 222+ 2P+ 22+ a* = 1?)(2y) —8a’y | ) =0
T3 2(x* + y? + 22 + a® — ?)(22)

Exercise 6.5. The special linear group is defined as
SL(n) :={X e R"": det X = 1}.

(i) Prove that SL(n) is an (n? — 1)-dimensional C*° manifold in the space of n X n
matrices.
(ii) Show that the tangent space Ty, SL(n) is the space of matrices whose trace is zero.

Proof of (i). Let X € SL(n). Recall that, in Exercise[3.11fi), we found that det is polynomial
in the entries of X. Therefore, det € C*(SL(n)). It therefore remains to show that if
det X = 1, then det'(X) # 0. Recall that, in Exercise [3.12{1), we showed that

%ho det(X +tB) = det(X)Tr(X 'B).

In particular, if we take B := X, then (d/dt)|;—o det(X +tX) = det(X)Tr(I,,) = ndet(X) =
n # 0. Finally, note that det: R"*™ — R', so the manifold det " (1) has dimension n?—1. O
Proof of (ii). Recall that SL(n) = det™'(1). Using Exercise ,

T1,SL(n) = Nullspace(V det(1,,)) = {Y € R™™: 370" Yy Te(I, ley;) = 0}

— (Y e R™™: S0V, Tr(ey) = 0} = {Y € R S Y, = 0}

ij=1

— [V € R™™: Ti(Y) = 0)}.
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Exercise 6.6. The orthogonal group is defined as
On) :={X eR™: XTX =1,}.

(i) Show that O(n) is an @—dimensional C* manifold in the space of n x n matrices.
(ii) Show that the tangent space T7,O(n) is the space of antisymmetric matrices.

Proof of (i). Let X € R™". Define ¢(X) := X7X — I,. Note that (¢(X))" = (XTX)T —
I, = ¢(X). So, p: R™™ — R*" je. the image of ¢ is contained in the space of symmetric

sym

n X n matrices. Note that ¢ has polynomial components, so ¢ € C*(R™™; Ry*"). Also,

0 1(0) = O(n). So, to show that O(n) is a C* manifold, it suffices to show that ¢'(X) has
maximal rank if ¢(X) = 0. Note that R?" has dimension n + (n — 1) +--- + 1, i.e. it

sym
has dimension " i = n(n+ 1)/2. So, it remains to show that ¢’(X) has rank n(n + 1)/2
if p(X) = 0. Given this fact, note the dimension of O(n) would be n? — (n)(n +1)/2 =
n(n —1)/2, as desired. Let Y € R™" and observe

d d

d
= —li=o (XTX +tYTX +tXTY +2YTY - 1)
=YX +XTY. (¥
So, if we set Y := Xe;;, and use that o(X) = XTX — I, =0, we get

d
£|t:0g0(X + tY) = ez;XTX + XTXGZ‘]' = €j; + €ij- (**)
Now, define

Then FE contains n(n + 1)/2 distinct elements, and the set
{(d/d0)i—op(X +1Y): Y € F}

consists of n(n + 1)/2 linearly independent vectors in R™*"™, by (xx). That is, the rank of
¢©'(X) is at least n(n+1)/2. Therefore, ¢'(X) has maximal rank if ¢(X) = 0, as desired. [

Proof of (ii). Note that O(n) = ¢71(0). From part (i), if X = I,,, we saw that the set £

-----

the set {(d/dt)|t=op(I, +1tY): Y € E} is a spanning set for ¢'(I,,). So, using our derivative
formula (*) from part (i), and Exercise[6.3]

T1,0(n) = Nullspace(¢'(I,)) = {Y € R™™": V1 <i,j < n, (Y, (e/; ], + I, e;;)) = 0}
={Y e R"™:V1<14,5<n, (Y e +e; =0}
—{Y eR™™: V1< i,j<n, Y;+Y, =0}
— (Y eR™™: V1<ij<n,Y,=-Y;}
U
Exercise 6.7. Fix h > 0 and define the function f: U — R?® where U := (0,00) x R and
f(r,0) = (rcosf,rsind, ho).
Sketch the set M := f(U) and prove that it is a 2-dimensional C'*° manifold.
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Proof. Let (z,y) € R% 1In polar coordinates in R? we write z = rcosf, y = rsin6,
9 € (—m/2,3m/2]. So, for x # 0, we have y/x = tan 6, so that 6 = tan'(y/x) + 710y ().
Let D, E C R? be the following open sets

Di={(z,y) eR*: x £0},  E:={(x,y) e R*: y#0}.
We are then led to define g: D — R and h: E — R by

g(x, y) = (l’, Y, h[ﬂl{x<0}(x> + tan_l(y/x)])'

Wz, y) = (x,y, h[7lycoy(y) + 7/2 + tan™" (—z/y)]).

Note that g, h are the composition of C* functions, so g € C®(D;R?), h € C*(FE;R3). We
will now create a sequence of maps from g, h that cover M = f(U). For k € Z, define

gr(z,y) == g(x,y) + (0,0, 2wkh), hi(x,y) = h(z,y) + (0,0, 2wkh).

We claim that the set of coordinate patches {(gx, D)}rez U {(hr, E) }rez cover M. This
claim will conclude the exercise. To prove the claim, let (z,y,z) € f(U). Then there exists
r >0 and 6 € R such that (z,y,2) = f(r,0) = (rcos@,rsinf, ho). If x # 0, then (z,y) € D
and tan~'(y/z) + mlico1(z) = tan! (tan(f)) + mlg<o1(z) = 0 + 2k7 for some k € Z. So,
gx(z,y) = f(r,0). Similarly, if y # 0, then (z,y) € E and tan™'(—z/y) + 7/2 + 7wl (y) =
tan™!(— cot(0)) + /2 + wly<o1(y) = 0 + 2kx for some k € Z, so hy(x,y) = f(r,0).

We now prove the converse let (x,y) € D. Then using polar coordinates, there exist
(r,0") € (0,00) x R such that rcos¢’ = z and rsin@ = y. Let k € Z such that 6 := 0’ + 2kn
satisfies 71(,<0y(x) + tan~'(y/xz) = 0. Then gr(z,y) = (z,y,h0) = f(r,0). Similarly, let
(x,y) € E. Then there exist (r,0") € (0,00) x R such that rcos¢ = x and rsinf’ = y.
Let k € Z such that 6 := ¢’ + 2kr satisfies w1,y + 7/2 + tan'(—z/y) = 6. Then
hi(z,y) = (z,y,hd) = f(r,0). In conclusion,

M = f(U) = |J(gx(D) U hi(E)).

keZ
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7. APPENDIX: NOTATION

Let n be a positive integer. Let z = (z1,...,x,) € R", so that x; € R for i € {1,...,n}.
Let » > 0, and let A, B C R" be sets. Let v € R". Let f: R" - R™, f;: R" - R, i =
1,....,m, f=1(f1,--., fm). Assume that f is differentiable and g: R™ — R is differentiable.

Z:={...,-3,-2,—-1,0,1,2,3,...}, the integers
Zoo=1{0,1,2,3,4,5,...}
Q :={m/n: m,n € Z,n # 0}, the rationals
R denotes the set of real numbers
C:={r+yv/—1: z,y € R}, the complex numbers
() denotes the empty set
ANB:={re€ A:z ¢ B}
A :=R" \ A, the complement of A
AN B denotes the intersection of A and B
AU B denotes the union of A and B
max (or min) denotes the maximum (or minimum) of a set of numbers
sup (or inf) denotes the supremum (or infimum) of a set of numbers
2| = ||z|], == (X, 22)1/2, the 2-norm, or fy-norm
z]], == (020, |z:|")YP, the p-norm, or £,-norm for 1 < p < oo
= SUP;e1,.. oy |%il, the sup-norm, or co-norm, or £ norm
B,.(z) = By(z,r) :={y € R": |y — x| < r}, the open ball of radius r
By(x,r) :={y € R": ||y — z[|, < r}, the open £, ball of radius r for 1 < p < oo
Tr denotes the trace function
det denotes the determinant function
S, denotes the set of permutations on n elements
sign(o) = (—1)Y, where ¢ € S,, is the composition of N transpositions
1d = id,, = I,, denotes the identify map, or the n x n identity matrix
27 denotes the transpose of x
e1,...,e, denotes the standard basis of R"
D, f(x) denotes the derivative of f at x in the direction v
dg/0x; = D.,;g = D;g denotes the partial derivative of g with respect to ;
f'(x) denotes the matrix of partial derivatives (9f;/02;)1<i<mi<j<n
Vyg(z) = (D1g(x),...,Dyg(x)) denotes the gradient of g
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