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Solution. We have f'(z) = 2xe*”, so the tangent lineis y = f(1)+(z—1)f/(1) = e+(x—1)2e.

Exercise 1.2. Differentiate f(z) = e*+37+2)?*,

Solution. From the chain rule, f'(z) = 2(z? + 3z + 2)(2z + 3)el +37+2)*,
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Exercise 1.3. Let f(z) = z%¢®. Find the critical points of f. Classify these critical points
as local maxima, local minima, or neither.

Solution. We have f'(x) = r?e*+2ze” = x(x+2)e”. Since e” > 0 for all z, we have f'(x) =0
if and only if z = 0 or = —2. Since f'(z) > 0 for z < —2 and f'(z) < 0 for —2 <z < 0,
we know that x = —2 is a local maximum. Since f'(z) < 0 for —2 < x < 0 and f'(z) > 0
for x > 0, we know that x = 0 is a local minimum. O

Exercise 1.4. Let j be a positive integer. Let f(x) = x’¢®. Find the critical points of f.
Classify these critical points as local maxima, local minima, or neither.

Solution. We have f'(z) = x7e® + jai~'e® = 277 (x + j)e®. Since €* > 0 for all =, we have
f'(x) = 0 if and only if z = 0 or z = —j. We first consider the case that j is even. Since
f'(x) > 0 for z < —j and f'(z) < 0 for —j < = < 0, we know that x = —j is a local
maximum. Since f'(z) <0 for —j < x < 0 and f'(z) > 0 for z > 0, we know that z = 0 is
a local minimum. We now consider the case that j is odd. Since f’(z) < 0 for z < —j and

f'(x) > 0 for —j < z < 0, we know that z = —j is a local minimum. Since f'(z) > 0 for
—j <x<0and f'(z) >0 for z > 0, we know that x = 0 is neither a local minimum nor a
local maximum. O

Exercise 1.5. Evaluate the integral

5
/ e 1%y,
0

Solution. [} Wy = (~1/10)e™1%[1Z5 = (~1/10)(e™™ — 1) = (1/10)(1 — ™). 0

3 2
/ ye dy.
1

Solution. Substituting u = 3y? so that du = 6ydy, we have f13 yedV’ dy = f;:327(1/6)e“du =

(1/6)(e*" — €3). O

Exercise 1.7. Let f(z) = 2* — 2z, where f has the domain x > 1. Find a formula for f~1,
and then plot both f and 1.

Exercise 1.6. Evaluate the integral

Solution. Note that f'(x) = 2x — 2 and f'(xz) > 0 when = > 1. So, f has range [f(1),00) =
[—1,00). So, we need a function g with domain [—1, 00) such that f(g(z)) = z. That is, ¢
must satisfy (g(z))? — 2¢g(z) = z. That is, (g(z) —1)* =1 =z, so (g(x) — 1)* = x + 1, for
all z > —1. If x > —1, then z + 1 > 0. So, we must have g(z) — 1 = v/x + 1. That is,
g(x) =1+ +/x+ 1, where x > —1. O

Exercise 1.8. Let f(z) =5 — 4x. Graph f and f~! together. Evaluate f'(z) at z = 1/2,
evaluate (f~1)'(x) at x = f(1/2), and verify that 1/f'(1/2) = (f~1)(f(1/2)).
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Solution. To find the inverse, we need g(x) such that f(g(x)) = x. That is, g must satisfy
5 —4g(z) = z. That is, g(x) = (1/4)(5 — z). Note that f'(1/2) = —4, f(1/2) = 3, and
g(f(1/2)) = g'3) = —=1/4. So, 1/f'(1/2) = 1/(-4) = —1/4 = ¢'(f(1/2)).

O
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Exercise 1.9. Show that the function f(z) = (1—x)3 has an inverse on the domain (—o0, 00).
Find a formula for the derivative of this inverse.

Solution. Note that f has range (—o00,00). So, we try to find a function g with domain
(—00,00) and range (—oo,00) such that f(g(z)) = z, that is so that (1 — g(z))® = 2. That
is, g should satisfy g(z) = 1—2'/%. Indeed, we have f(g(z)) = (1—(1—2'3))% = (2'/3)3 = 1,
and g(f(z)) =1— (1 —2))3 =1— (1 —2) =z, so g is the inverse of g. O

Exercise 1.10. Let f(x) = a2 4 6z, where f has the domain x < —6. Let g be the inverse
of f. Compute ¢'(4).

Solution. We first solve for v/x2 + 62 = 4. We get z? 4+ 62 = 16, so that (z + 8)(z — 2) = 0,

so that x = 2 or x = —8. Since z < —6, we must choose x = —8. Then f(—8) = 4, so
9(4) = g(f(=8)) = =8. So, g'(4) = 1/f'(g(4)). Since f'(x) = (1/2)(a” + 62)""/*(2z + 6), we
have f'(g(4)) = f'(=8) = (—5)(64 — 48)71/2 = —5/4, so ¢g'(4) = —4/5. O

2. HOMEWORK 2

Exercise 2.1. Find

e®

. e
lim —.
rz—o00 et
. . e’ L'H ;. x e” . x
Solution. lim, o S5 "= limg o <5 = limy 00 € = 00. ]

Exercise 2.2. Using the Pythagorean Theorem, derive the following formula.

cos(sin ' (z)) = V1 — 22,

Solution. The right triangle with angle sin~!(x) and hypotenuse 1 has height x. So, this
triangle has base /1 — 22 by the Pythagorean theorem. So, cos(sin™(z)) = V1 — 22/1 =
V1 — 22 O

Exercise 2.3 (The shape of hanging cables and chains). Suppose we have a cable
hanging between two poles of equal height. We will derive the shape of the hanging cable.
That is, we will find a function y = f(z), with £ = 0 the midpoint of the cable, such that
the cable follows the curve y = f(x). At the outset, we assume that the function y = f(x)
is differentiable.

Consider a segment of the cable from z = 0 to x = b > 0. We consider this segment of cable
as a single body. Then there are three distinct forces acting on this segment of cable. At
x = 0, we assume that the curve y = f(x) has a horizontal tangent. First, there is a tension
force Ty pulling the cable in the negative x direction at x = 0, so that this force is tangent
to the curve at x = 0. Second, there is a tension force T' pulling the cable at x = b, and
this force is also tangent to the curve at x = b. Third, the force of gravity of the segment of
chain from = = 0 to = b pulls straight down. This third force is denoted —pgs(b), where
g is the force of gravity, p is a constant, and s(b) is the length of the chain from =z = 0 to
x =b.
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Adding all three forces together, we must get zero, since the cable is hanging in equilibrium.
Suppose at = b that the tangent line to y = f(x) makes an angle § with the x-axis.
Then the sum of forces in the z-direction is —7Tj + 7 cos(#), and the sum of forces in the y-
direction is —pgs(b) + T sin(f). So, Ty = T cos(f) and pgs(b) = T'sin(#). Since (df /dz)(b) =
sin(#)/ cos(), we have

df pgs(b)

W=7 ™

Now, s(b) is the length of f(z) from # = 0 to z = b. Let h > 0, and assume that s
is differentiable. From the linear approximation of the derivative, we have f(b + h) ~
f(b) + hf'(b). Consider the right triangle with vertices (b, f(b)), (b + h, f(b + h)), and
(b + h, f(b)). The length of the hypotenuse of this triangle is approximately s(b + h) —
s(b). Also, from the Pythagorean Theorem, the length of the hypoteuse of this triangle is
V12 + (f(b+ k) — f(b))2. Combining these facts,

s(b+h) —s(b) = V/h2+ (f(b+ h) — f(b))2 = \/h2+ h2(f'(b))2.

So, dividing both sides by h > 0 we have (s(b+ h) — s(b))/h ~ /1 + (f'(b))?. Letting
h — 07, and then taking a derivative of (x), we have derived the following equation

& f pg af .\’
@(b) = ?0\/1 + (%(b)) ) (%)

We can now solve for f. Show that the shape of the cable is described by

To (pgx)
= f(x) = —cosh | = | .
y = f(z) 0 T

The shape of the hanging cable, known as a catenary curve, also appears in architecture,
such as the St. Louis Gateway Arch or Gaudi’s Sagrada Familia. The idea is to freeze the
hanging cable in its position, and then flip it upside down to produce an arch. Then we can
repeat the derivation above to see that the forces of the arch are all the same as in the case
of the chain (though the signs of the forces are flipped). Also, for a very small segment of
the arch, we can essentially neglect the gravitational force exerted on this segment. So, by
reviewing the above analysis, the force on any particular point in the arch will be directed
along the arch itself. Therefore, the arch is very stable.

Solution. Recall that cosh’(z) = sinh(z), sinh’(z) = cosh(z), 1 4 sinh®*(z) = cosh®(z), and
cosh(z) > 0 for all x, so

V1t (f(2)? = \/1 + cosh®(pgz/Ty) = sinh(pga/Ty) = f"(z)To/(pg).

O

Exercise 2.4 (Towing an unconstrained object). Suppose I am standing on the shore
of a straight river, and I am pulling on a rope of length 1 connected to the front of a canoe. I
am walking at a constant speed in the positive y-direction. Suppose the canoe is in the river,
and the canoe’s front is at a distance z from the river shore. Suppose the initial position of
the canoe is (1,0). As I move in the positive y-direction, the canoe’s front is pulled along a
curve denoted by y = f(z). If the rope is taut, it will always be tangent to the curve f(z).
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(1,0)

Consider the right triangle formed by: me on the shore, the point (z, f(z)) and the y-axis.
Then the height of this triangle in the y-direction is v/1 — x2. Therefore,

ﬁ_ V1 — 22

dr x
Show that f(z) = sech™'(z) — V1 — a2 satisfies L = —¥1=2=,

Solution. Recall that (d/dz)sech™(z) = —1/(zv/1 —2?), so f'(x) = —m/ll_ﬂ + s =

a2 — .
a:\/ll—’——xe :_\/1I7’HSlng0<$< 1. n

Exercise 2.5. In this exercise, all velocities are measured with respect to meters per second,
and ¢ ~ 3 x 10% meters per second is the speed of light.

Einstein’s special theory of relativity implies the following fact. Suppose that I am running
with velocity vy, where we consider the earth to be fixed. Suppose I then throw a baseball at
a velocity vy, relative to my own frame of reference. Then, relative to the earth, the baseball
does not travel with velocity v; +v,. Relative to the earth, the baseball travels with velocity
V', where
tanh ™ (V/c) = tanh™'(v; /¢) + tanh ™" (v, /c).

Using a calculator or other electronic aid, find the velocity V' of the baseball relative to the
earth if v; = 2 x 10® and v, = 2.5 x 108.

Solution. We have tanh™'(V/c) = tanh™'(2/3) + tanh™'(5/6), so V = ctanh(.8047 +

1.1989) & ¢ - .9643 ~ 2.89 x 10® meters per second. U
Exercise 2.6. Compute the following limits
. x? —25
llm ——m—.
z——55 — 4y — x2
. 9 —14
lim )
z—00 4 — 21
sin(3x)

z—0 sin(5z)
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Solution. lim,_,_5 5"”;;2“;’62 Ln lim,_,_5 42f2x = fiolo =—5/3.
lim, o 252 2 —9/2.
. sin(3z) L'H 3 cos(3z
lim, o 5239 "= lim,, o 32258 — 3/5.
0
3. HOMEWORK 3
Exercise 3.1. Compute
lim (x — 7/2) tan(z).
/2
Solution.
—7/2
lim (z —7/2)tan(x) = lim zom/2
z—/2 e—n/2 1/ tan(x)
L'H . 1 ) . o
o2 —(cos(z))~2/ tan?(z) oomjz ()
0
Exercise 3.2. What is
lim tan~!(z) — 7r/3?
Solution. Recall that tan(m/3) = /3, and tan~'(v/3) = 7/3, so limx%\fW =
lim,_, 5 1y = 1/4. O

Exercise 3.3. Using integration by parts, compute the following integrals

o [t2etdt.
o [xsin(x/2)dx.

Uﬁ 22 sin~* (2%)dz.
o f2 (In z)%dz.

Solution.
/ P2etdr — / 2(1/4)(d/d)e dt = (1/4)24 — (1/2) / ettt

= (1/4)2e" — (1/8) / (d/dr)edt = (1/4)2* — (1/8)te" + (1/8) / o
= (1/4)%e" — (1/8)te* + (1/32)e" + C.
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/xsin(x/Z)dm = /Zm(d/dx)(— cos(x/2))dx = —2x cos(z/2) —I—/Qcos(x/Q)dx
= —2z cos(z/2) + 4sin(x/2) + C.

Recall that (d/dt)sin~!(t) = 1/3/1 — #2, so substituting u = 22, then substituting v = 1 —u?,

1/V2 1/2 1/2
/ 22 sin~ ! (2?)dr = / sin™! (u)du = / sin ™ (u)(d/du)udu
0 0 0

1/2
. .1 /2 U U
= [usin™ " (u)], i md
3/4
= (1/2)sin™}(1/2) + (1/2) / v V2du = (1/2) sin”'(1/2) + [v"/2]¥/*

1

= (1/2)(n/6) + (v3/2) =1 = (n/12) + (V3/2) — 1

/2 x(ln(x))2dx:/2 (lnx)Q(d/dx)(xQ/Q)dx:[(lnx)Q(xZ/Q)]g—/Z xIn(z)dz

— 8(In4)? — 2(In(2))? — /2 In(z)(d/dz)(2/2)dz

= 8(In4)? — 2(In(2)) — [(2%/2) In(x)]3 + / (w/2)da
= 8(In4)* — 2(In(2))* — 81n(4) + 2In(2) + (1/4)(16 — 4).

Exercise 3.4. Compute the following integrals

e [sin'(z) cos?(x)dz.
e [cos(z)sin''(z)dx.
e [tan®(z)sec?(z)dz.
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Solution.
/sin4(x) cos?(z)dx = /(1 — cos?(z))? cos?(z)dx = /COSG(I) — 2cos*(z) + cos®(z)dx
= /(1/8)(COS(2I) +1)% — (1/2)(cos(2z) 4+ 1)* + (1/2)(cos(2z) + 1)dz

= /(1/8)(0083(2x) + 3 cos?(21) + 3cos(2z) + 1)
— (1/2)(cos?(2x) + 2cos(2x) + 1) + (1/2)(cos(2z) + 1)dx

= /(1/8) cos®(2x) + (3/8 — 1/2) cos®(2z) + (3/8 — 1+ 1/2) cos(2x) +1/8 — 1/2 + 1/2dx
= /(1/8)(1 — sin®(27)) cos(2x) — (1/16)(1 + cos(4x)) — (1/8) cos(2x) + 1/8dx

= (1/16) /(1 —u?)du — (1/16)(z + (1/4) sin(4z)) — (1/16) sin(2z) + /8
= (1/16)(sin(2z) — (1/3)sin*(22)) — (1/16)(x + (1/4) sin(4x)) — (1/16) sin(2x) + /8 + C.

We substituted u = sin(2z), so that du = 2 cos(2z)dz.

We substitute v = sin(x) so that du = cos(x)dx,

/ cos(z) sin™ (z)dx — / WMy = (1/112)u2 = (1/112) sin2(z) + C.

We substitute u = tan(z), so that du = sec?(x)dz, and

/tang(:c) sec?(z)dxr = /u?’du = (1/4)u* = (1/4) tan*(z) + C.

4. HOMEWORK 4

Exercise 4.1. Using trigonometric substitution, compute
22
/ —dx.
V9 — 22

Solution. We substitute z = 3sin6, so that dz = 3cosfdf, and V9 — 22 = 31/1 —sin? 6 =
|cos @], du = cosf. Assuming —3 < z < 3, we have —7/2 < 6 < 7/2, so cosf > 0 and
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|cos O] = cos b, so

/ﬁdx: /98iﬂ290056’|0080|_ d0/9sin29d9
= /(9/2)(1 —cos(26))d0 = (9/2)(0 — (1/2) sin(26))

)
= (9/2)sin"*(2/3) — (9/4) sin(2sin~ ' (x/3))
= (9/2)sin"(x/3) — (9/2) sin(sin*(x/3)) cos(sin~*(x/3))
= (9/2)sin"'(z/3) — (9/2)(x/3)1/1 — x2/9
= (9/2) sin~'(z/3) — (2/2)V9 — 22 + C.

Exercise 4.2. Using trigonometric substitution, compute
/ dx
V2522 — 4

Solution. Substituting x = (2/5)(1/ cos ), so that dz = (2/5) sin 6/ (cos? #)df, and
V2522 — 4 = /4(cos0)~2 — 4 = 2|tan f|. Assuming |tan 6| = tan6, we get

/\/% = /(1/5) sin @(cos 0) 2 [tan 6] ' df
= /(1/5)((}080)_1d0 = (1/5)In|secd + tan 6|

—(1/5)In ’5:@/2 N 1‘ —(1/5)In ‘5:@/2 4/ (25/4) 72 — 1( +C

We used secf = 5x/2, so cos(f) = 2/(5x), so sinf = sin(cos™(2/(5x))) = /1 — 4/(25x2),
so tan 0 = (52/2)/1 — 4/(252%) = /(25/4)22 — 1, assuming = > 0. O

Exercise 4.3. Evaluate the following integrals using the method of partial fractions.
/ dx
22+ 2z
1
4
/ y2+ dy.
129ty
/ 42% — 21z
dx
(x —3)%(2z + 3)

Solution. We have 1/(2? + 2x) = A/z + B/(x + 2), s0 1 = A(z + 2) + Bz, so setting z = 0
gives A = 1/2, and setting x = —2 gives B = —1/2. So,

dx 1 1
= [ —— —dr=(1/2)1 —(1/2)1 2 .
[ 55~ [ - sgyde = /2 halsl — (/2 e+ 21+
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We have (y +4)/(y* +y) = AJy+ B/(y+1),s0 y +4 = A(y + 1) + By, so setting y = 0
gives A = 4, and setting y = —1 gives B = —3. So,

1 1
y+4 / 4 3
dy = —— ——dy=|4In|y| —3In|y + 1|]7Z
/1/2y2+y Yy y+1 4inly 1

= —3In(2) — 4In(1/2) + 3In(3/2) = In(16 - 27/8?%) = In(27/4).

We have
422 — 21z B A B C

(x —3)2(2x +3) (a;—3)+(a;—3)2+2x+3'

So,

4a® — 21x = A(x — 3)(2x + 3) + B(2x + 3) + C(z — 3)°.
Setting x = 3, we have 36 — 63 = —27 = B(9), so B = —3. Setting + = —3/2, we have
C(9/2)? =9+63/2, so C' = 2. Equating the 22 terms on both sides of our equality, we have
4=2A+C,sothat A= (4—C)/2 = 1. Therefore,

4% — 21z
dr =1 — —3) '+ In|2 !
/(I_3)2<2I+3> r=Inlz —3|+3(x—-3)"" +In|2z+ 3|+ C

0
Exercise 4.4. Compute the following integral
xdx
(22— 1)3/2°
Solution. Substituting u = 22— 1 so that du = 2zdz, we have [ $2—1)3/2 = (1/2) [u3du =
w M = (22— 1)712, ]

Exercise 4.5. Compute the following integral:

/ln($4 —1)dz.

Solution. Integrating by parts,

/1n(x4 — l)dx = /ln(x4 —1)(d/dz)xdr = xIn(z* — 1) —

Now, write 42 = 4(z* — 1) 4 4, so that 42*/(z* — 1) =4+ 4/(2* — 1). Then

Ad
/111(:,;4—1)dx:x1n(x4—1)—4x—/x4_‘”1.

Now, we have 1/(z* — 1) = A/(x + 1)+ B/(x — 1) + (Cz + D)/(2* + 1), so that
1=A(x —1)(2*+ 1) + Bz + 1)(2* + 1) + (Cz + D) (2* — 1).

Setting z = —1, we get 1 = A(—2)(2), so A = —1/4. Setting x = 1, we get 1 = B(2)(2), so
B = 1/4. Equating the x3 terms on both sides of our equality, we have 0 = A + B + C, so
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C=—-A—-B=1/4-1/4=0. Equating the 2? terms on both sides of our equality, we have
0=—A+B+D,soD=A—-B=-1/4—1/4=—1/2. In conclusion,

/1n(x4 —Ddr=zIn(z" —1) =4z +Injz+ 1| —In|z — 1] + 2tan"'(z) + C".

5. HOMEWORK 5

o
/ ze “dx.
0

Solution. Integrating by parts for any 0 < b < oo, we have fob xe dr = fob:c(—d/dx)e_mdx =
[—xe™ )8 + fob e ?dr = —be™® —e7® + 1. Letting b — 0o, we have lim,_,o be™® = 0 and

Exercise 5.1. Evaluate

. _ _ . b
limp o0 e =0, s0 [7 ze "dr = limy_os [, xe "dz = 1. O

Exercise 5.2. Compute

/llmcix.

Solution. f_ll Vx| de = fol o 2dx + ffl(—x)l/de = fol o 2dy — flo o 2dr = 2[01 22 dx =

2(2/3) = 4/3, using the substitution u = —x. O
Exercise 5.3. Compute

2

1
/ —dx.

-1 1:2
Solution. This integral diverges since f02 m—lgda: = limy_,o+ ff r%dr = limg o+ (—271)? =
lim; o+ (=2 +t71) = o0, O

Exercise 5.4. Compute the following integral, or show that the integral diverges.

/3 dx
o (3—x)32

Solution. This integral diverges. We have f03 (3_51% = limy_,3- fot (3_‘1% = lim; .,3-(1/2)(3—

xT

)2 h = limy_s- (1/2)(3 — t)~1/2 — (1/2)371/2 = 0. O

Exercise 5.5. Compute the following integral

/:(9 — 2%)dx.

Then, approximate this integral by computing the Trapezoid rule Ty, the Midpoint rule My,
and Simpson’s rule Sy for N = 4. Compute also the error bounds for these three integral
approximations. Which approximation is the best?
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Solution. f35(9 —2%)dz = 9z — (1/3)2%]5 = 9(5 — 3) — (1/3)(125 — 27) = 18 — (1/3)(98) =
—44/3.

The Trapezoid rule for N = 4 uses the points 3, 3.5,4,4.5,5, so that

5—3
T, = T((9 —3%)/2+(9—3.5%) + (9 —4%) + (9 — 4.5%) + (9 — 5?)/2) = —59/4 = —14.75.
5—3
M, = T((9 —3.25%) 4 (9 — 3.75%) + (9 — 4.25%) + (9 — 4.75%)) = —117/8 = —14.625.
5—3 2 2 2 2 2 ° 2
Sy = T((9—3 )+4(9—-3.5)+2(9—4°)+4(9—-4.5°)4+(9—-5%)) = —44/3 = [ (9—2")dx.
3
Simpson’s rule gives the best approximation, since it actually gives an equality.
Consider f(z) = 9—22. Then f”(x) = —2 for all z, so we can use K = 2 in the error bounds
for T, and M,. Using K = 2, we observe that the error bounds are correct, since
5 2(5 — 3)3
Ty— | (9—2a%)de|=|—-14.754+44/3| = 1/12 < —— = 1/12.
5 3
2(5—3)
My— | (9—2)de| =|-14.625+44/3| = 1/24 < ———— = 1/24.
1= [ 0= aa| = |tz asfs| = 124 < Sk~ 1)

Finally, since f(¥(z) = 0, we can use K = 0 in the error bound for S;. And indeed, this is
okay, since

5
54—/ (9 — 2%)dx| = 0.
3

Exercise 5.6. Compute the following integral

4
/ 2de.
0

Then, approximate this integral by computing the Trapezoid rule Ty, the Midpoint rule My,
and Simpson’s rule Sy for N = 4. Compute also the error bounds for these three integral
approximations. Which approximation is the best?

Solution. [ a*dx = [(1/4)x"]} = 64.
The Trapezoid rule for N = 4 uses the points 0, 1, 2, 3,4, so that
4
Ty = 1(03/2 +1°+2° + 3% +4°/2) = 68.

4

M4:Z

((1/2)° + (3/2)* + (5/2)° + (7/2)°) = 62.

4
54:E(03/2+4~13+2-23+4~33+43):64

Simpson’s rule gives the best approximation, since it actually gives an equality.
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Consider f(z) = 2%. Then f”(x) = 6z for all z. So, |f"(x)| = 6|z| < 24 when 0 < z < 4.
So we can use K = 24 in the error bounds for Tj and My. Using K = 24, we observe that
the error bounds are correct, since

4 24(4 — 0)®
T, — Sde| =168 — 64| =4 < =2 =3,
i | = tos—ea =4 < g
4 24(4 — 0)®
M, — 3dr| =162 — 64| =2 < 2 — 4,
‘ i [ | =t =2 T

Finally, since f((x) = 0, we can use K = 0 in the error bound for S;. And indeed, this is

okay, since
4
Sy — / z2dx
0

Exercise 5.7. Compute the surface area of revolution about the x-axis over the interval
0, 1] of the function

=0.

O

y =2z + 1.

Solution. The surface area is given by fol 2ry(z)\/1+ (v (x))? = fol 21 (2x + 1)v/bdxr =
21V/5 [ (22 + 1)dz = 27v/5(2) = 47V/5. O

Exercise 5.8. Compute the surface area of revolution about the z-axis over the interval
[1,2] of the function
y=v9—z?

Solution. The surface area is given by

/ () /T (7 () = 2 / : m\/l (g

2 2
/9
:27T/ V9 — 2 5 de:27r/ 3dx = 18m.
1 - 1

6. HOMEWORK 6

Exercise 6.1. Let r,h > 0 be constants. Let f(x) = 72, where 0 < 2 < h. Compute the
volume by revolution of f over 0 < z < h, where f is rotated around the z-axis. You should
find a formula for the volume of a circular cone of radius r and height h. (Hint: use the disk

method.)

Solution.

h h
/0 7(f(x))*dx = 7rr2h_2/0 22dr = 7T7“2h_2[(1/3)m3]};:0 = (1/3)7r?h.
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Exercise 6.2. Compute the volume of the solid obtained by revolving the region enclosed
by the ellipse 22 4+ 9y = 9 about the z-axis.

Solution. Since y*> = 1 —x2/9, we have y = /1 — 22/9 or y = —/1 — 22/9. Either curve,

when rotated around the z-axis, produces the same sohd region, which has Volume

w/ (F(x))2dz = 7r/ (1—22/9)dz = 7(6 — 2% /273, = 7(6 — 1 — 1) = dr.

-3 -3

O

Exercise 6.3. Consider the region in the plane contained between the lines y = x, y = 0,
x =0 and x = 1. Compute the volume obtained by rotating this region around the y-axis.

Solution. The cylinder of height 1 and radius 1 has volume 7. A circular cone with radius 1
and height 1 has volume 7 fol y*dy = 7 /3 by the disk method. So, the volume of the stated
region is the difference of these numbers, i.e. m — (7/3) = 27/3. Alternatively, if we use
cylindrical shells with f(z) = z, we get

1
27T/ 2idx = 27 /3.
0
U

Exercise 6.4. Suppose we take the region between the curves z = y? — 3y and x = 2y — y?
and we revolve this region around the line x = 3. Write an integral that computes the
volume of the resulting solid region. You do NOT have to evaluate the integral.

Solution. We first find the intersection of the curves. Intersection occurs when y? — 3y =
2y —y?, i.e. when 2y* — 5y = 0, i.e. y(2y —5) = 0. Also, when y = 1, we have y*> — 3y = —2
and 2y —y? = —1, so 2y — y* > y? — 3y when 0 < y < 5/2. So, intersection occurs when
y = 0 and when y = 5/2. Also, when 0 < y < 5/2, the function f(y) = y*> — 3y = y(y — 3)
has maximum value 0, and the function g(y) = 2y — 3*> = y(2 — y) has maximum value 0.
That is, both curves lie on the left side of the y-axis. And the curve f lies to the left of the
curve g. So, using the disk method, the volume is given by

5/2
W/ (y> — 3y —3)° — (2y — y* — 3)%dy.
0
O

Exercise 6.5. Find the arc length of y = 27%2% + (1/2)272 over the interval [1,4]. (Hint:
write 1+ (y/)? as the square of something.)

Solution. Note that y'(z) = (1/4)z®* —x 73, s0 1+ (y')? = 1+ (1/16)25 + 27— (1/2) = (1/2)+
(1/16)2% + 275 = ((1/4)x® — 273)%. The arc length is then given by f14 V14 (v(2))2de =
f14(1/2)(x3 —x73)dr = (1/2)[(1/4)z* + (1/2)x72]] = (1/2)[64 — 1/4 + (1/32) — 1/2]. O
Exercise 6.6. Using a comparison of integrals, show that the arc length of y = 2*/3
[1,2] is greater than or equal to 5/3.

over
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Solution. Note that y/(z) = (4/3)2'/3, so 1 + (v/(z))?> = 1 + (16/9)z*3. If x > 1, then
1+ (y(2)? > 1+ 16/9 = 25/9. So, the arc length is equal to [ /T + (v (z))2dz >
[2\/25/9dz = 5/3. O
Exercise 6.7. Compute the force on one side of a square plate of side length 2 meters, where

the plate is submerged vertically in a tank of water, and one side of the square is tangent
the surface of the water.

Solution. The force is given by pg f02 y2dy = 4pg. 0

Exercise 6.8. Compute the force on one side of a circular plate of radius 3 meters, where
the plate is submerged vertically in a tank of water, and the top of the circle is tangent to
the surface of the water.

Solution. The force is given by pg f06 y2+/9 — (y — 3)2dy. Changing variables so that u = y—
3, we have fOG y24/9 — (y — 3)2dy = f_33(u +3)2v/9 — u2du. We know that f_33 V9 — udu =

(9/2)7, since it is half the area of the disc of radius 3. (Alternatively, we could use trigono-

metric substitution u = 3sinf.) Also, substituting v = 9 — u? so that dv = —2udu, we have
ff’g uV/9 — u?du = 0. In conclusion, the force is equal to 3(2)pg(9/2)m = pg27m. O

7. HOMEWORK 7

1
1+ 22

Exercise 7.1. Compute the Taylor polynomials 75 and T3 for the function f(z) =

at ©r = 1.

Solution. We have
F(@) = —20/(1 +2%)2.

f'(@) = [(1+2%)*(=2) + 22(2)(1 + 2%)(22)]/ (1 + 27)*
= [(1+2%)(=2) +827)/(1 +27)° = (62* — 2)/ (1 + 27)".
f(@) = [(1+2°)°(122) — (62” — 2)3(1 + 2%)*(22)]/(1 + 2*)".

—2/(22) = —1/2, f"(1) = 4/8 = 1/2, and f"(1) = [8(12) —

~— |

So, f(1) = 1/2, f/(1
4(3)(4)(2)]/16 = 0. So,
Ty(e) = 1/2— (1/2)(e — ) + (1/4) (@ — 1), Ty(x) = Ty(a).
[l
1

14+
x = 2. Then, compute the Taylor polynomials 75 and T3 for the function f at x = 1.

Exercise 7.2. Compute the Taylor polynomials Ty and T3 for the function f(z) = at

Solution. We have

fl(x) =-1/(1+z)*
f'(x)=21+2)/(1+2)"=2/(1+z)>
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f(@) =—6(1+2)*/(1+2)" = —6/(1 + )"
So, f(2) = 1/3, f'(2) = —1/9, f"(2) = 2/27, f"(2) = —6/81 = —2/27, and at x = 2, we

have
To(z) = (1/3) = (1/9)(z — 2) + (1/27)(x — 2)2.
Ty(x) = (1/3) = (1/9)(x — 2) + (1/27)(z — 2)* — (1/81)(z — 2)°

Also, f(1) = 1/2, f'(1) = —1/4, f"(1) = 2/8 = 1/4, and f"(1) = —6/16 = —3/8. So, at

r =1, we have
Ty(z) = 1/2 — (1/4)(x — 1) + (1/8)(x — 1)%.

Ty(w) = 1/2 = (1/4)(z — 1) + (1/8)(z — 1)* = (1/16)(x — 1)*.
UJ

Exercise 7.3. Let T,, be the nth Taylor expansion of the function f(z) = cos(x) at z = 0.
Find n such that the following error bounds holds:

lcos(.3) — T,,(.3)] <1077,

Solution. Note that all derivatives of cosine are bounded by 1. So, the error formula for the
Taylor expansion says we need the following error bound to hold: (1/3)"*/(n+1)! < 1077,
So, n = 6 suffices, since then (1/3)"*!/(n + 1)! = 377/5040 ~ 9.07 x 1075. O

Exercise 7.4. Let T, be the nth Taylor expansion of the function f(z) = sin(z) at z = 0.
Find n such that the following error bounds holds:

|sin(.5) — T,,(.5)] < 277,

Solution. Note that all derivatives of sine are bounded by 1. So, the error formula for the
Taylor expansion says we need the following error bound to hold: (1/2)"*/(n + 1)! < 275,
So, n = 14 suffices, since then (1/2)""!/(n + 1)! = 2715/15! ~ 2.33 x 1077, while 2753 ~
1.11 x 10716, 0

Exercise 7.5. Show that, for any integer n > 1,

“ o n(n+1)2n+1)
Zj o 6 )

J=1

(Hint: use induction.)

Solution. We induct on n. The base case is n = 1, in which the left side is 12 = 1 and the
right side is 1(1 + 1)(2+ 1)/6 = 1. So, the base case holds. We now do the inductive step.
We assume that the assertion holds for n, and we prove that it holds for the case n + 1.
Then, using the inductive hypothesis for the first n terms in the sum

n+1
n(n+1)(2n + 1)
1 1
Z] (n+ —I—Zy n+1)%+ 6
7j=1
n—+1 n+1

=+ D[n+1)+n2n+1)/6] = ——(6n+6+2n* +n) =

That is, the assertion holds in the case n+1. We have completed the inductive step, therefore
the proof is complete. O

——(2n* +Tn +6) =

n+1

(2n +:
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Exercise 7.6. For the following sequences, say whether or not they converge or diverge as
n — oo. If they converge, find the corresponding limit. If they diverge, determine if they
diverge to infinity.

o an = (-1/2)"
e a, =nl

e a, = (-1)"
°a,=1-— %

Solution. The first sequence converges to zero, since |a,| = 1/(2"), and lim,,_,, 2" = 00, so
lim,, 0o 1/2" = 0, so lim,,_, a, = 0 as well.

The second sequence diverges to infinity, since n! becomes an arbitrarily large number as
n — oo. (In particular, n! > n, so lim, ., n! > lim, ., n = c0.)

The third sequence diverges, since it does not get close to any particular number as n — oo.
(For n > 1, |an, — an41] = 2, so it cannot occur that the limit as n — oo of a,, exists.) Also,
la,| = 1 for any n > 1, so the sequence does not diverge to infinity, since its absolute value
is bounded for all n.

The last sequence converges to 1 since

lim anzgl)n;o(l—l/n)zl—nll_>n010(l/n):1—0:1.

n—oo

Exercise 7.7. Let a; = 1. For any n > 1, define

Gni1 =V 1+ ay,.

Show that the sequence aj,as,... is increasing and it is contained in the interval [1,2].
(Hint: use induction to show that 1 < a, < 2 for all n > 1. Then use induction to show
that the sequence is increasing.) (Second hint: to show that the sequence is increasing, the
inductive hypothesis is that a, < a,,1. Assuming this hypothesis, you should then deduce

QAp+1 S an+2~)

Since the sequence is increasing and bounded, lim, ., a, exists. So, this exercise gives a
meaning to the infinite repeated radical

\/1+\/1+\/1+m

(Optional: compute lim,, . a,.) (Computing this limit will not be covered on the quiz.)

Solution. We first show by induction that 1 < a,, < 2. The base case n = 1 holds since
a; = 1s01<a; <2. We now show the inductive step. Assume that 1 < a,, < 2. We need
to show that 1 < a,,; < 2. Since 1 < a,, < 2, we have

2<1+4a,<3 = 1<V2<V1+a,<V3<2 = 1<a,, <2
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The last line used the definition of a,,1. The inductive step is complete. We have therefore
shown that 1 < a, <2 for all n > 1.

We now show that a,, < a,.; for all n > 1. The base case is n = 1. Since a; = 1 and
as = V141 = /2 we have a; < as. So, the base case is true. We now do the inductive
step. Assume that a,, < a,.1. We need to show that a, .1 < a,,2. That is, we need to show

that
1+a, <1+ ay..

Using the inductive hypothesis, we have
anganJrl = 1+an§ 1+an+1 = \/1+0Jn S \/1+an+1-

The inductive step is complete. Therefore, a,, < a,y1 for all n > 1, i.e. the sequence is
increasing.

(Optional:) Since the sequence is increasing and bounded by 2, it converges to some limit L
(since monotonic bounded sequences converge). We have the informal expression

L:\/1+\/1+\/1+\/ﬁ.

Since L = lim,,_,, a,,, we also have
L= lim a,;; = lim V1i+a,=,/1+ lima, =+v1+L.
n—oo n—oo n—oo
That is, L? = L + 1, so that L? — L — 1 = 0. That is,
1+V1+4 1+V56
2 2

Since 1 < a, < 2 for all n > 1, we must have 1 < L < 2. So, L must be equal to the positive
root of L? — L — 1 = 0. That is,

I —

1++/5
2
This number is sometimes called the golden ratio.

L= ~ 1.618034...

O

Exercise 7.8. Let M be a positive real number. Recall that the Babylonian square root
algorithm is a sequence defined as follows. If M > 1 we define ay = M. f 0 < M < 1, we
define a; = 1. Then, if n is a positive integer and we know a,,, we compute a, 1 by

_ az—M 1 +M
R A

Show that {a,} is a decreasing sequence. Show also that {a,} is a positive sequence. Con-
clude that the sequence {a,} converges to some real number L. (In fact, a, converges to
V' M, but you do not have to show this.)

Solution. We know that a, is positive, and if a,, is positive for any n > 1, then a,., is also
positive, since it is defined as a sum of positive numbers. It therefore follows by induction
that a,, is positive for any n > 1. We now show that a,, > v/ M by induction.
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In the base case, we have a; = M > VM (when M > 1) and a; = 1 > VM (when
0 < M < 1), so the base case holds. We now do the inductive step. Assume a,, > v M. We
need to show that a,,; > v M. That is, we need to show that

1(anJrM) > VM.

2 an,
Consider the function

f(a) = la + M/x).

Then f'(z) = (1/2)[1 — M/2?. That is, f(VM) = VM, and f is increasing for x > v/ M.
That is, f(z) > VM when x > v/ M. By the inductive hypothesis, a,, > VM, s0 ap41 =
f(a,) > VM as well. Having finished the inductive step, we conclude that a,, > v M for all
n>1.

We now show that the sequence is decreasing by induction. That is, we show that a,, > a,,11
for all n > 1. The base case is n = 1. When M > 1, a; = M and ay = %(M+ %) <
J(M+M) = M,soa; > aswhen M > 1. When0 < M < 1,a; = landay = 3(M+2) = M,
S0 a; > as when 0 < M < 1. So, the base case is true. We now do the inductive step. Assume
that a, > a,+1. We need to show that a,,11 > a,2. That is, we need to show that

1 M 1 M
—|a, +— 2 5 | An+1 + :

Using the inductive hypothesis, we have a, > a,.1. Also, a, > a1 > VM , from above.
Also from above, the function f(z) = %(v+M/z) is increasing when « > v/M. Consequently,
f(an) > f(ans1), since a, > a,41. The inductive step is complete. Therefore, a,, > a,1 for
all n > 1, i.e. the sequence is decreasing. 0

8. HOMEWORK &

Exercise 8.1. For each of the following sequences, determine whether or not the sequence
converges. (You may need to use the Squeeze Theorem or monotonicity.) If the sequence
converges, compute its limit as n — oo.

e a,=n/2".

e, =1+ (-1)"
e a,=1/(0.9)".
®q,= (sinn)/zz.

® q, = (1 — %) .
®a, = (1/n)1/(1nn)

Solution.

e a, =n/2". This sequence converges to zero. Note that n < 2- 27/2 for all n > 1. To
see this, note that 1 < 2-2'2 and if f(r) = z and g(x) = 2-2%/2, then f(1) < g(1),
and f'(z) =1<2*2=g/(x) forallz > 1. So,0< a, <2-2¥227"=2.2""2
as n — 0o. So, by the Squeeze Theorem, lim,, ., a,, = 0.
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e a, =1+ (—1)". This sequence does not converge. If n is even, then a, = 2, and if n
is odd, then a,, = 0. So, a, does not converge.

e a, = 1/(0.9)". This sequence does not converge. We have a, = 1/(9/10)" =
(10/9)" — o0 as n — 0.

e a, = (sinn)/n. This sequence converges to zero. Since —1 < sin(z) < 1 for all z,
we have —1/n < (sinn)/n < 1/n. So, by the Squeeze Theorem, since 1/n — 0 and
—1/n — 0 as n — oo, we must have a,, — 0 as n — o0.

°a, = (1 — %)n We defined e* = lim,,_,o(1 + /n)™. So, this sequence converges to

e L.
o a, = (1/n)Y1")  Let f(z) = (1/2)Y®@) Then In f(z) = @ln(l/x) = oz _

Inx

—1. So, In f(n) = —1 for all n > 1. So, f(n) = e ! for all n. So, this (constant)
sequence converges to e~! as n — oo.

O

Exercise 8.2. From class, we saw that the sequence a,, = (—1)" does not converge as n — co.
Similarly, the sequence b, = (—1)""! does not converge as n — oo. However, a, + b, = 0
for all n, so a, + b, does converge as n — oo. Therefore, in this case, lim, . (a, + b,) is
not equal to lim,,_,, a, plus lim, . b,. Explain how this does not contradict the theorem
(limit laws for sequences) which stated lim,, o (a, + b,) = lim,, o0 a,, + lim,, . by,.

Solution. We only can conclude that lim,, ,(a, + b,) = lim,_,o a, + lim,,_,, b, when the
limit lim,, . a, exists, and when the limit lim,, ,,, b, exists. In the case a, = (—1)" and
b, = (—=1)"* neither of these limits exist. So, it does not follow that lim, . (a, + b,) =
lim,, oo @y, + lim,,_s o0 by, O

Exercise 8.3. Determine whether or not the following series converge or diverge. If the
series converges, find its sum.

. ;Oi?()(lﬂy;-
+3(5)

Solution.

e > (v/2)". This series diverges. Note that (v/2)" — oo as n — oo. So, the
Divergence test implies that the series >_°°  (/2)" diverges.
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oo n
° E <— . This series converges, since it is a geometric series. The series converges

n=0 \/§
to 1/(1—1/v/2) = V2/(v2 - 1),

o

° Z 0085(—;”). This series converges, since it is a geometric series. We can rewrite the
n=0
series as Yoy T = Y0070 (—1)"/5" = Yol g(—1/5)" = 1/(1 — (~1/5)) = 5/6.

° E —- This series diverges. Since n™ = n -n---n a total of n times, and since
n!

n=1
n!=n(n—1)(n—2)---2-1, it always holds that n™/n! > 1. So, the Divergence test
implies that the series "> :Ll—r,l does not converge.

° Z In < n ) This series diverges. Consider the Nth partial sum

— n+1
Sy=> In(n/(n+1))=> (In(n) — In(n +1)).

Then the series is a telescoping series, since Sy = In(1) — In(2) + In(2) — In(3) +
In(3) — -+ +In(N) — In(N + 1), so that Sy = —In(N + 1). Since Sy — —oo as
N — 00, the partial sums do not converge, so the series does not converge.

O

Exercise 8.4. Suppose a ball is dropped from a height of 4 meters. Each time the ball hits
the ground after falling from a height of h meters, the ball rebounds to the height of (3/4)h
meters. Find the total distance the ball travels up and down. Then, find the total number of
seconds that the ball is moving. (Hint: the formula s = (4.9)¢? implies that ¢t = \/|s| /4.9.)

Solution. The ball first falls 4 meters, then it goes up 4(3/4) = 3 meters, then down
4(3/4) = 3 meters, then it goes up 4(3/4)? = 9/4 meters, then down 3(3/4)? meters, then it
goes up 3(3/4)® meters, and so on. So, the total distance travelled is 4 + 8> > (3/4)" =

44 81354 =4+ 8% =4+ 8(3) = 28 meters. To find the traversal time, note that the ball

falls 4 meters from resting position, which lasts {/4/4.9 seconds. Then, at the next peak of
travel, the ball falls 3 meters from resting position, so the time between the first and second
hits to the ground is 24/3/4.9 seconds, followed by 24/3(3/4)/4.9 seconds, and so on. So, the

total travel time is y/4/4.9 + 24/3/4.9>" % ((1/3/9)" = \/4/4.9 + 2\/3/4'917\1/ﬂ ~ 12.58
U

seconds.

9. HOMEWORK 9

Exercise 9.1. Using appropriate convergence tests as necessary, determine whether the
following series converge or diverge.
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Solution.

= 1
o Z A e This sum converges by the integral test. Let f(z) = 1/(z(In(x))?).

Then, using the substitution © = Inx, we get

00 R

/2 " fla)dz = /2 " (In(e))2da/z — / wldu= lim | uldu

In2 R—o0 In2

= lim [—u ' 2] P%im [-R™'+ (In2)" Y =(n2)" < o0
—00

Boo u=Iln2 —

o0

2 1
nz:l #Z—i—l This sum diverges by comparison. Note that nff;l 1+1 > 1/n for all

n > 2, since n(2n+1) > n?+2n+1, i.e. n> +n?>+n >n?+n+n+ 1. Since, the

. . [e's) . . o0 2n+1 :
harmonic series )7 | 1/n diverges, the series > 7 | =58 must also diverge.

= 1

Z CE This series converges. For example, we have 0 < 1/(n + 1)! < 1/n? for
n !

n=1

all n > 1. So, by comparison, since Y - 1/n? converges, we know that Y -, m

converges.

o nl/n

Z R This series converges. Recall that L = lim, ., 21/ = 1. To see this, note
n

n=1

that In L = lim,_, 1“79” = lim, ,»(1/2) = 0 by L’Hopital’s Rule, so InL = 0 and

L = 1. So, there exists a constant C' > 0 such that 1 < n'/» < C for all n > 1.

So, by comparison, we have 0 < n'/"/n? < C'/n?, and so the series converges, since

>0 C/n? converges.
oo

Inn

E —=7 This series converges. Note that
nb/4

n=2

. Inx . 1/x , 18
i s = I (i) = A e =0
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So, there exists a constant C' > 0 such that In(n) < Cn'/® for all n > 1. So, by
comparison, we have 0 < (Inn)/n** < C/n®, and so the series converges, since
> 1/n%® converges.

O

Exercise 9.2. Using appropriate convergence tests as necessary, determine whether the
following series converge absolutely, converge conditionally, or diverge.

1+1 1+1 1+
3 22 32 2 3

Solution.

1 1 1 1 1 1
— — — 4+ — — — + ---. This series converges, but the alternating series

- +
2 3 22 32 23 33
test does not apply, since the terms are not monotone. However, we have |2in — 3% =

3"6;2"} < 2—: = 27". So, by comparison, the even partial sums Sy converge, where
Sy is the sum of the first NV terms of the series, and N is even. The odd partial sums

must then converge to the same value, since |Son — Soni1| < 27V,

X 1\n
° E ( 3 ) . This series converges by the alternating series test.
n3/2
n=1

oo .
sinn
o E 5~ This series converges by comparison. We have —1/n* < sinn/n* < 1/n?
n
n=1
for alln > 1. And Y >7 1/n* converges.

O

Exercise 9.3. Using the Ratio Test, determine whether the series converges, diverges, or
that the test is inconclusive.

oo
. E nle ™.
n=1

o0
lnn
[ ] e
n
n=1

Solution.

° nle . 1s series diverges. Let a,, = nle " en |pe1/an| = ((n+ el — oo
3" nle™. This series diverges. Let le™. Then |a,+1/a,| = |(n +1)/el
n=1

as n — 00. So, the series Y ° | nle™™ diverges by the ratio test.
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1
o Z DT This series diverges by the comparison test since (Inn)/n > 1/n whenn > 3,

n
n=1
. .. . 1
but the ratio test is inconclusive. Let a,, = (Inn)/n. Then |a,+1/a,| = HEZ—#)”T“‘ —
1 as n — o0, so the ratio test is inconclusive. (Note that lim, . ”TH =1 and
. 1 . ) : 9
lim, oo ngﬁzl) = lim, oo 1/(1"’;;1) = 1, both by L’Hopital’s Rule.)
]

Exercise 9.4. For the following power series, find the radius of convergence R. Describe
the set of all points where the power series converges absolutely, describe the set of all points
where the power series converges conditionally, and describe the set of all points where the
power series diverges.

M

(x+5)".
n=0

:L.'I’L

2n

n

M
S

n=0

n!

n=0
Solution.
o
o Z(w + 5)". Let x be a real number. Let a, = (z + 5)". From the ratio test,
n=0
|ani1/an| = |z + 5|. So, the series diverges when |z + 5| > 1, and the series converges
absolutely when |z 4+ 5| < 1. In the case |z + 5| = 1, we have x = —4 or z = —6. In
the case © = —4, the series is ), 1, which diverges. In the case z = —6, the series
is > ,(—1)", which diverges by the Divergence Test. So, the radius of convergence
i%O R=1.
o Z " . Let = be a real number. Let a, = 2”2 "n~Y2. From the ratio test,
= 2m\/n

|lans1/an] = |2| 271 (n+1)"12n1/2. Note that lim,,_o n'/?(n+1)""2 = (lim,_y0e n(n+
1)~1H1/2 = 172 = 1 by L’'Hopital’s Rule. So, lim,, o |ani1/an| = |2] /2. So, by the
ratio test, if |z| < 2, then the series converges absolutely, and if |z| > 2, then the

series diverges. In the remaining cases, we have x = 2 or x = —2. In the case
x = 2, the series is >~ \/Lﬁ, which diverges. In the case z = —2, the series is

Yoo (?/lﬁ)n, which converges conditionally, by the Alternating Series Test. So, the

radius of convergence is R = 2.

o0 n

x
° Z —. Let x be a real number. Let a, = 2™/n!. From the ratio test, |a,41/a,| =
n!
n=0
|z| /|n 4+ 1] = 0 as n — oco. So, from the ratio test, the series converges for all z. So,
the radius of convergence is R = oo.
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O

Exercise 9.5. For the following series, find the radius of convergence R. Describe the set
of all points where the series converges absolutely, describe the set of all points where the
series converges conditionally, and describe the set of all points where the series diverges.
Finally, find the sum of the series as a function of z.

= (zx— 1)
Z( 4n) '

o -1 2n
° Z —(:1: 1 ) . Let x be a real number. Let a, = (x — 1)?"/(4n). From the ratio

n=1

test, |ans1/an| = |z —1%|n|/|n+1] = (z — 1)? as n — oco. So, from the ratio
test, the series converges absolutely when |z — 1| < 1, and the series diverges when
|z — 1| > 1. So, the radius of convergence is R = 1. The only remaining cases are
z =0 and z = 2. In the case x = 0, the series is Y-, 1/(4n), which diverges,
since it is (1/4) multiplied by the harmonic series. In the case x = 2, the series is
> > . 1/(4n), which diverges, since it is (1/4) multiplied by the harmonic series.

Finally, recall that —In(1 —z) =Y 2"/n, so
S (@ — 1)/(dn) = —(1/4) In(1 — (z — 1)?),

n=1

oo
Z n(n—1)z""2 Let x be a real number. Let a,, = n(n—1)2"~2. From the ratio test,

n=0

|ani1/an| = | 2| [#] — |z] as n — oo. So, from the ratio test, the series converges
absolutely when |z| < 1, and the series diverges when |z| > 1. So, the radius of
convergence is R = 1. The only remaining cases are x = —1 and z = 1. In the case

x = 1, the series is ) >, n(n — 1), which diverges, by the Divergence Test. In the
case © = —1, the series is >~ n(n — 1)(—1)", which diverges, by the Divergence
Test.

Finally, recall that ﬁ = > , 2", so differentiating this series term-by-term twice,

we see that > 2 n(n —1)a"? = (d*/dz*)(1/(1 — z)) = 2/(1 — x)*.

O
Exercise 9.6. Find the Maclaurin series for the following functions. Find also the radius of
convergence.
e cosh(z) = ere

1 —coszx
. .
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e ¢“In(1+ x).

Solution.
e’ +e " 50 _ 00
e cosh(x) = — Recall that e* = Y >  a"/n!, so e™® = > ™ (—=1)"2"/n!, so
cosh(z) = (" +e ) /2 =" (1/2)(1 + (=1)")a™/n! = 377 ;2*"/(2n)!. Let = be
a real number. Let a, = 22"/(2n)!. From the ratio test, |ans1/an| = |2 /((2n +

2)(2n+ 1)) — 0 as n — oco. So, from the ratio test, the series converges absolutely
for all real x. So, the radius of convergence is R = oc.

) #. Recall that cos(z) = Y07 (—1)"z*"/(2n)!, so
(1 —cos(x))/z =Y (=1)"'a*""1/(2n)!.

Let x be a real number. Let a, = (—1)""12?"~1/(2n)!. From the ratio test, |a,1/a,| =
12> /((2n 4 2)(2n + 1)) — 0 as n — co. So, from the ratio test, the series converges
absolutely for all real x. So, the radius of convergence is R = co. (Note that the series
converges for all z, even though the function (1 —cosx)/z is technically undefined at
r=0.)

e ¢“In(1+z). Recall that e* =) >° (2™ /nl, and —In(1—z) = Y~ 2" /n,soIn(1+z) =
—(=In(1 = (—=x))) = >>2 (-=1)"'a"/n. Define a, = 1/n!, and define b, = 0 for

n=1

n =0 and b, = (=1)""'/n for n > 0. Then, define ¢, = 3°7 ja;b,—;. Then from

the multiplication formula for power series, the Maclaurin series of e”In(1 + x) is
Yo gt Cn.

O

10. HOMEWORK 10

Exercise 10.1. Show that the following series converges to zero.

Solution. Recall that sin(z) =Y o7  a?"*t1(—1)"/(2n+1)!, and from the ratio test, this series
converges absolutely for all real z. In particular, sin(z) converges absolutely for z = 7. Since
sin(r) = 0, the following series therefore converges to zero: Y - 7" (-1)*/(2n+1)l. O

Exercise 10.2. Express the following integral as an infinite series for |z| < 1

/ In(1 + t?)dt.
0

Solution. Recall that —In(1 —z) = > > 2™/n, and this series converges absolutely for all
lz| < 1. So, In(1+t%) = —(—In(1 — (—t?))) = >_°2 (=1)" 12" /n. and this series converges

n=1
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absolutely whenever [t?| < 1, i.e. whenever |t| < 1. Integrating the series term by term then
maintains the radius of convergence. That is, whenever |z| < 1, we have
T o T > 1
In(1 4 t*)dt = -1 "_1n_1/ 2 dt = e R A
[ =S [ =3

O

Exercise 10.3. The following integral often arises in probability theory, in relation to dif-
fusions, Brownian motion, and so on.

F(z) :%/jet2

Using a Taylor series for e=**, find a Taylor series for F. Then, find the radius of convergence
of this series. Finally, compute F(1/+/2) to four decimal places of accuracy, and then compute
F(2//2) to two decimal places of accuracy. The answers should remind you of the concept
of standard deviation. (F is also known as a bell curve, or the error function. Optional: give

an estimate for F(3/v/2).)

o0

Solution. Recall that e* = 32 2" /nl, so e = 3720 (=1)">"/nl. So, integrating term by
term, we have

v 1
E N~ 2 dt = § ' 2n+1
Flx) \/_ (n) /0 2n + 1"

From the ratio test, if a, = (=1)"(n!)"'5ig2> ™, then |apy1/an| = 53542 lz]> = 0 as

n — 00, so the series converges absolutely for all x, i.e. the radius of convergence is co.
Then

F(1/v3) = % Z(—l)”(n!)_Iin_l_ L

So, F(1/4/2) is an alternating series of decreasing numbers. So, from the error bound for
alternating series, if 7, denotes the nth Taylor polynomial at x = 0, we have

F(1/V2) - (1/\/_)‘ \/_ (n i 1)! 2n1—|— 3 2’“13/2

So, summing n = 5 terms should suffice, since then T(nil)' T 2n+3/2 ~ 1.33 x 107%. And

indeed, we have T}(1/v/2) ~ 0.682688, so the first four decimal places of F'(1/+/2) are 0.6826
(without rounding).

Now

F(2/V2) = v Z ;2”“/2.

2n+1

So, F(2/4/2) is an alternating series of decreasing numbers. So, from the error bound for
alternating series, if T, denotes the nth Taylor polynomial at = 0, we have

1 1
F(1/v/2) — <1/f>\s7< i T3

n+3/2
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So, summing n = 6 terms should suffice, since then 7 (nil), 2n1+3 sas ~ .0027. And indeed,

we have T(1/v/2) =~ 0.9567, so the first two decimal places of F(2/v/2) are 0.95 (without
rounding).

Optional: Lastly,
F(3/V2) = Z

Unfortunately, F'(3/ \/5) is not an alternating series of decreasing numbers. So, to get an
approximation for F(3//2) without guaranteed error bounds, we simply sum up the first 20
terms of the series. We then get Tho(3/v/2) ~ .9973.

(3/V2)

2—1—1

In summary, F'(1/ v/2) represents the area under the bell curve within one standard deviation
of the mean (which is zero), F(2/v/2) represents the area under the bell curve within two
standard deviations of the mean, and F'(3/+/2) represents the area under the bell curve within
three standard deviations of the mean. And we have the approximations F(1/y/2) =~ .68

F(2/v2) ~ .95 and F(3/v/2) ~ .99
O

Exercise 10.4. Let i = y/—1. Using the Maclaurin series for sin(x), cos(x) and e®, verify
Euler’s identity
" = cos(x) + isin(z).
In particular, using x = 7, we have
em+1=0.

Also, use Euler’s identity to prove the following equalities
ei:r; + e—i:r;

2
) v __ i
sin(z) = %
In particular, we finally see that the hyperbolic sine and cosine functions are exactly the
usual sine and cosine functions, evaluated on imaginary numbers.

cos(z) =

cos(z) = cosh(ix).
sin(z) = sinh(iz) /1.

Solution. Recall that e = > 2™ /nl, so

w_ N (2)" 3 (- 5 i(—1) (D2

! n! n!
n=0 n>0even n>0odd

= cos(z) + isin(z).

Setting x = 7, we get

'™ = cos(m) +isin(r) =1+0-i=1.
Since e = cos(x) + isin(z), we have ™ = cos(z) + isin(—z) = cos(x) — isin(z). Adding
and substracting these identities, we get

e’ +e " =2coszx, e’ —e " =2isinx.
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So, recalling that 2 cosh(z) = e¢” + ¢ * and 2sinh(x) = e* — e™*, we have
2 cosh(iz) = e + e = 2 cos(z), 2sinh(iz)/i = (e — e ™) /i = 2sin(x).
U

Exercise 10.5. Euler’s identity can be used to remember all of the multiple angle formulas
that are easy to forget. For example, note that

cos(2z) +isin(2z) = e** = (e™)? = (cos(z) +isin(z))? = cos?(z) —sin?(x) + 2i sin(x) cos(z).
By equating the real and imaginary parts of this identity, we therefore get
cos(2z) = cos?(z) — sin®(x)
sin(2z) = 2sin(x) cos(x).

Derive the triple angle identities in this same way, using e3® = (¢')3.

Solution. Note that cos(3z) + isin(3z) = €3 = (e™)? = (cos(x) + isin(x))® = cos®(z) +
3i cos?(x) sin(z) — 3 cos(x) sin?(z) — i sin®(z). Equating the real and imaginary parts, we get
cos(3z) = cos®(z) — 3 cos(z) sin?(z), and sin(3x) = 3 cos?(x) sin(z) — sin®(x). O
Exercise 10.6. Find the sum of the infinite series

2 3 7 2 3 7 2 3 7

14+ — 4+ = 4 4 = 4 ° 4 - L = 4L % 4 4
TL10+102—'—1O3+104—|—1O5+106+1O7+108+109jL

Solution. In decimal notation, the series is 1.237237237237237 .. .. In fraction notation, the
series is 1 + 237/999, which is 1236,/999. O

Exercise 10.7. Using Maclaurin series, evaluate the following limit

cos(z) — 1+ 2?/2

alzlgtl) x4
Solution. Recall that cos(z) =1 — 2%/2 + 2 /4! — 2°/6! — - - | so (cos(z) — 1+ 2%/2)/x* =
(1/41) + 2%/6! — - - - | so letting x — 0, we get lim, .o(cos(x) — 1 + 22/2)/z* = 1/24. O

11. HOMEWORK 11

Exercise 11.1. Consider the parametric curve s: R — R? defined for any real ¢ by
s(t) =+ 1, +1).

Find the tangent line to the curve when ¢ = 2. You can express this line either in parametric
form, or in the form y = ma + b. What is the slope of the tangent line?

Write a formula for the arc length of the curve between t = 0 and ¢ = 3. You do not have
to evaluate this integral.
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Solution. We have s'(t) = (2t,3t* + 1), so s'(2) = (4,13), and the tangent line is of the form
h(t) = s(2) + ts'(2) = (5,10) + t(4, 13).
The arc length is

/0 1s/(#)]| dt = / ST R T 1
]

Exercise 11.2. Using polar coordinates (r,0), plot the function 72 = siné for § € (0, ).
The end result should resemble a figure eight. Compute the area enclosed by the curve.
Write a formula that computes the length of the curve [you do NOT have to evaluate this
integral].

180

270

Solution. The area is i ~
2/ (1/2)(r(9))2d9:/ sin 0df = 2.
0 0

The arc length is

2/07r V(r(0)2 + (r(6))2d62 /Oﬂ \/sin@ + (cos0/(2Vsin 6))2d6.

O

Exercise 11.3. Using polar coordinates (r, ), plot the function r = 14cos . The end result
should resemble an apple, or a heart. Compute the area enclosed by the curve. Compute
the length of the curve.

Solution. The area is

/Ozw(l/Q)(r(H)fdé’ ~(1/2) /0% 1+ cos? 0 + 2cos 6d0 = (1/2) /0% 14 (1/2)d0 = 37/2.
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180

270

The arc length is

/27r V(r(0)2 + (r(0))2do = /QW V14 cos2 6 + 2cos  + (sin §)2dH
_ /% V2\/2c052(6/2)d6 — 2/% lcos(8/2)] 6

0

= 4/7r |cos(0/2)| df = 4/7T cos(0/2)d0 = 8sin(0/2)|5 = 8.
U

Exercise 11.4. Using polar coordinates (r, ), plot the function r = (1/2) + cos . Find the
tangent line to the curve when 6 = /4. You can express this line either in parametric form,
or in the form y = ma + b. What is the slope of the tangent line?

Solution. We have s(0) = (r(0)cosf,r(0)sin(f)) as the parametrization of the curve in
Euclidean coordinates, and s'(f) = (—rsin€ + 1/ cos 0,7 cos 0 +1'sinf), so s'(7/4) = (—[(1 +

v2)/2(v2/2) = (V2/2)%, [(1 + V2)/2](V2/2) - (V2/2)?) the tangent line is
h(0) = s(m/4) + 0s' (7 /4)
= ([(1+v2)/21(v2/2), [(1 + V2)/2](v2/2),)
+O(=[(1+Vv2)/2)(vV2/2) = (V2/2), [(1 + V2)/2](V2/2) — (V2/2)?).
[(1+v2)/2)(v2/2) - (v2/2)* 0
—[0+v2)/21(v2/2)-(vV2/2)*"
Exercise 11.5. Using polar coordinates (r,#), plot the functions r = V2 and r? = 4sin6,
and label their points of intersection. Find the tangent line to each curve when 6 = 7 /4.
You can express the lines either in parametric form, or in the form y = max +b. What is the
slope of each tangent line?

The slope of the tangent line is
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0 45

180

270

Solution. Solving for the points of intersection, we get 2 = 4sin @, so sinf = 1/2, so 0 = /6
and 57/6. Since both curves are preserved by changing r to —r, we also have points of
intersection at = 77/6 and 117/6. (At all points of intersection, r = /2.)

We have s(0) = (r(0)cosf,r(0)sin(f)) as the parametrization of the curves in Euclidean
coordinates, and s'(0) = (—rsinf + r' cosf,r cosd + r’'sin @), so for r = 2v/sin b, s'(w/4) =
(—23/4271/2 4 9=1/49=1/2 1 98/49=1/2 | 9=1/49-1/2) the tangent line is

h(e) — S(ﬂ_/4)+98/(ﬂ_/4) _ (23/42—1/2’)23/42—1/2’_‘_9(_23/42—1/2_‘_2—1/42—1/27 23/42—1/2_‘_2—1/42—1/2)‘
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23/4271/2_;'_271/4271/2 |:|
_23/42—1/2+2—1/42—1/2 .

The slope of the tangent line is

Exercise 11.6. Suppose you have a heavy chain that is 50 kg and 2 meters long. The chain
is resting on the ground. Calculate the work required to lift one end of the chain:

e 1 meter off the ground.
e 2 meters off the ground.
e 3 meters off the ground.

Ignore any effects of friction between the chain and the ground.

Solution.

e 1 meter off the ground: gfol(l — 1)25dx
e 2 meters off the ground. gf02(2 — x)25dx
e 3 meters off the ground. g f02(3 — x)25dx

O

Exercise 11.7. Suppose there is an underground oil deposit. The oil has density p. The
oil deposit is contained in a cavern that is the shape of a sphere of radius 100 meters. The
center of the sphere is 500 meters below the surface of the earth. The sphere is completely
full of oil. Determine the work require to pump all of the oil to the earth’s surface.

Solution. At depth 400 < z < 600, a thin horizontal slice of the sphere is a disk described by
2% 4+ y? = 100? — (2 — 500)2, so it has a radius /1002 — (2 — 500)2. This thin slice of liquid
is transported a distance of z. So, the work required is

600
pg/ 24/1002 — (z — 500)2dz = pg25000007.
400

O

The Exercises below are OPTIONAL. The Exercises below will NOT be covered
on any quiz. These exercises are meant to help with your final exam studying.

Exercise 11.8 (Optional). If the following limit exists, calculate it:

lim(1 + Sin(3l’2))6¢%.

z—0
Solution. Let L be the limit. Then by continuity of In,
In(1 + sin(3z?%)) o 6 3z 3z 1
In L = lim ln(l—ksin(SxQ))ﬁs%2 = lim n(l + sin(3z7) " i x.cos( ) = lim COS(, z) = —.
20 20 62 2=0 [1 +sin(322)]122  2—0 2[1 + sin(322)] 2

In the last equality, the function is continuous in x, so we can just “plug in” to get the
answer. ]

Exercise 11.9 (Optional).
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e Evaluate fow/m sin?(3z)dx.
e Calculate [ Y152 dz. (Hint: cot'(zx) = — csc?z)

Solution.

w/12 w/12
/ sin?(3z)dxr = / (1/2)(1—cos(6z))dx = (1/2)(z—(1/6) sin(62))|, A2 = (1/2)(w/12—-1/6).
0 0
Using the substitution x = sin, dx = cosf, (noting that —7/2 < 6 < 7/2, so cosf > 0)

V1-— x2 vV cos2 cos?
5 / cos df = /
x

SlIl

df = / cos? 6 csc? 0 do

sin® 0

:/00320(—(:0’5'9) df = —(30520(:01:9—/2005981n900t9d0

= —cos®0/sinf — /2cos2 0df = —cos® 0/ sin ) — /(1 + cos(26)) do
= —cos®0/sinf — 0 — (1/2)sin(20) + C.
Using 0 = sin™!(z), cos(sin ™ (z)) = v/1 — 22 and sin(26) = 2sin d cos §, we get

1= 2
! 5 T = —(1—a???/z —sin Y (z) —2V1 — 22 + C. = —V1 — 22 /x — sin~' (x) + C.
T

O

Exercise 11.10 (Optional). Write the following function as a partial fraction.

3x? —b5r + 8
(x 4+ 1)(x? — 22 +5)

Solution. The factor 2 — 2x + 5 does not have real roots since 22 — 4(1)(5) < 0, so we write

3x2 — 5x + 8 A Bz +C

(x +1)(2? =22 +5) _x+1+x2—2x+5’
and solve for A, B,C. That is, we solve
322 —5r+8 = A(2? —2x+5) + (Bx+C)(x+1) = 2*(A+ B) + 2(—2A+C + B) + (5A+ C).

So, A+ B=3, —2A+(C+ B = -5 and bA 4+ C' = 8. Adding copies of the first equation to
the second and third, we get

A+B=3 (C+3B=1, —-5B+C=-T.
Subtracting the second equation from the third,
A+B=3 (C+3B=1, —-8B=-8.
So, B=1,C=1-3B=1-3=-2 and A=3—-B=3—-1=2. Thatis
3x? — bx + 8 2 r—2
(x+1)(932—2:v—|—5):z+1+:r2—2$+5'
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Exercise 11.11 (Optional). Decide whether or not the following integrals converge or di-
verge. You do not have to compute the values of the integrals.

/°° 2 cos(x?)
0o P4+ Vr+1

/310
o x(z?+2)

Solution. For any x > 1, we have

4
2 cos(z*) < 2 P
4+ 1| T b
And for any 0 < x < 1,
2 cos(z*) < 2 _ 9y 1/2
4+ Vr+1| T Vo
So,
9 4 oo 2 4 1 o
/ cos(z?) dr S/ L(m) da:g/ 2961/2dx+/ 22 °dr < oo.
o T+ T+1 EEEE VR 0 !

Therefore, the first integral converges.

The second integral diverges, since for any 0 < z < 3, 22 +2 < 11, so

10 S 10
z(x?+2) ~ z(11)’

/3—10 >E/Sldx—oo
o (@2 +2) ~ 11 )y

SO

O

Exercise 11.12 (Optional). Compute the volume of the solid of revolution obtained by
rotating the region D bounded by the curves z = 0, y = In(x), and y = 0 about the line
r=—1
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Solution. The volume is given by e.g. the method of cylindrical shells:
1 1 1
277/ (z — (=1)) [In(z)| dz = 271'/ (z+ 1) In(1/z)dz = 27r/ 222 + o)/ In(1/z)dz
0 0 0
1
= 27[In(1/x)(2?/2 + z)]§ — / [2?/2 4 2][In(1/2)) dz
0

= 27 lim [In(1/2)(2*/2 + )]} — /0 [2%/2 + 2]x - (—2%)dx

s—0t

— 9 Tim [— In(1/s)(s2/2 + 5)] — /0 222 + 2]z - (—22)da

s—0t
1
= 27r/ [2/2 4+ 1)dx = 2n|x + 2*/4]; = 27[1 + 1/4] = 57/2.
0
We used here that lim, ,o+ sln(1/s) = 0 and lim, o+ s*In(1/s) = 0, which follows by
L’Hopital’s rule. 0

Exercise 11.13 (Optional). Determine whether or not the following series converge or
diverge.

[
= n
—1)"
Z( )n2+4
n=4
[ ]
- of 4e™ —4 \n-1
— e" + be
[ ]
ZZnsin(Z/n).
n=2
[

- 1
;1n<1+$>.

Solution. The first sum converges because it is an alternating series of decreasing positive

numbers. That is, it is of the form >~ ,(—1)"a,,, where ay > a5 > ag > - -+ and lim,_, a, =
0, where a,, = n/(n* + 4). Indeed,
anyr 41 0?44  n+l n’+4 P40’ +dn+1
a, n (n+1)24+4 n n2+4+2n nd3+2n2+4n ’

since n?2 > 1 when n > 4.
For the second series, we use the ratio test to get

42n_4 nfll/n 42n_4
i [ (54 e

5em + Ge2n

n—o00 5e™ + Ge2n = Jim

n—oo
Since this limit is less than 1, the ratio test says the sum converges.
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The third series diverges by the divergence test, since lim,, o 2nsin(2/n) = 4 # 0. (This
follows either by Taylor expanding the sin function, or by L’Hopital’s rule.)

For the fourth sum, note that, by definition of In,

1<z<14n=—3

1+n=3
0<In(l1+n?) = / e <n? max a'=n"3
1

So, by comparison,

0<Zln(1+n3) Zn < 00.

The last sum converges by e.g. the integral test, since f A r73dxr < co. So, the fourth sum
converges. 0

Exercise 11.14 (Optional). Define f(z) = =% for any real .

e Show that f is an increasing function, and for any z in [0, 3], f(x) is also in [0, 3].

e Let by = 5/2, and for any n > 1 define b, = f(b,—1). Show that, for any n > 0,
0 < b, < 3. Then show that the sequence by, by, ... is decreasing.

e Show that the sequence by, by, ... converges to a limit L. Find the value of L.

Solution. Note that f'(x) =4/(5 —x)> > 0 so f is always increasing. Also, f(0) = 4/5 and
f(38) =4/2=2,s00 < x < 3 implies that 4/5 < f(z) < 2, so that 0 < f(z) < 3 holds for
any z in [0, 3].

We now show that 0 < b, < 3 by induction. The base case holds since by € [0,3]. We now
induct on n. We assume b, € [0,3] and we need to show that b,, € [0,3]. Recall that f
is an increasing function on [0,3]. That is, for any = € [0,3], f(0) < f(x) < f(3). That
is, for any = € [0,3], 4/5 < f(z) < 2. By the inductive hypothesis, b, € [0, 3], so that
b1 = f(b,) € [4/5,2] C [0,3]. Having completed the inductive step, the assertion follows
by induction.

We now show that by, by, ... is decreasing by induction. The base case holds since by = 5/2
and by =4/(5—5/2) = 4/(5/2) = 8/5 < by. We now induct on n. We assume b,1 < b,
and we need to show that b,,2 < b,,1. Recall that f is an increasing function on |0, 3].
Since b,1 < by, we therefore have f(b,.1) < f(b,). By definition of b, 1, this says that
bpio < byy1. That is, we have completed the inductive step. Having completed the inductive
step, the assertion follows by induction.

The sequence by, by, ... is monotonic and bounded by part(b). It therefore converges. Let
L =lim,, ., b,. Then, using the definition of b,,; and the continuity of f on [0, 3],

L = lim b, = hrn bot1 = hm f( n) = f(h_{n b,) = f(L).

n—oo
That is, L = f(L). Thatis, L = 4/(5 — L), i.e. —L*+5L —4 =10, ie. L =[5+
V25 —16]/(—2) = (5/2) £ 3/2. That is, L = 4 or L = 1. Since by = 5/2 and the sequence
is decreasing, we conclude that L = 1. O
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Exercise 11.15 (Optional). For any real z, define

[e.e]

Fla) = D=1t

n=1

e Find the interval of convergence of f. That is, find all points where the sum converges.
e Find a simple formula for f (that does not involve any ) signs).

Solution. Let a, = (—1)""nz3 1. From the ratio test,

(TZ + 1)x3n+4
nx3n+1

Ant1
an

lim

n—o0

= lim |z = |z)® .
n—oo

= lim
n—oo

n

So, the ratio test implies that the sum converges when |z| < 1 and it diverges when |z| > 1.
To check the convergence when x = +1 we just plug in. We get

FO =) (=", f(=1) =) ()"

Both sums diverge, by the divergence test. So, the interval of convergence is (—1,1), and
the sum diverges elsewhere.

To find a formula for f, recall that, for any |z| < 1,

1 =
1—x_nzzox

So
= o =

Taking derivatives of both sides (which can be done term-by-term within the radius of

convergence)

-3 >

n 3n—1
I
(1 T ) n=0
Multiplying both sides by —z?/3 then gives
! i( )L+l
— = —1)" g
3)2
(1+ 23) —

Exercise 11.16 (Optional). Approximate the value of the integral

1
/ * dz
0 3+x3

within four decimal places of accuracy.
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Solution. When |z| < 1 we have by Taylor series (and the previous problem)

1
1+a% =
1 1 - n,.3n
5ram 32V
1 1 - n 1/3\3n 1 - nq—mn,.3n
TS 3 2 (D@3 = 2 (—1)"3 7"
n=0 n=0
z 1 S no-—n, .3n+1
T2 (1),
3+ 3 =

The first series converges whenever |z| < 1. Since we replaced x with 2/3'/3, the last series
converges whenever |z| < 3'/3. Integrating both sides term by term (which is allowed when
0 < x <1, since this is inside the radius of convergence), we get

1 00 1 o0
x 1 1 1
de = = 1 n37n 3n+1d — = -1 n3fn )
/03+x3x 3;< ) /Ox v 3;( U
This series S is an alternating series. Consider its partial sum
al 1
Sy=> (13! :
N n:O( ) 3n + 2

The error bound for alternating series says that
1S — Sn| < any1,
where ay = 371255, So, we just have to find N such that ay4; < 107°. This holds when
N = 6, since 378/23 < 107°. And
1 1 1 1 1 1
3(2)  9(5) | 27(8)  BI(11) ' 243(14) _ 729(17)

In conclusion, the first four decimal places of the integral fol Tosde are: 1481

~ .1481

S =
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